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of the Floquet Multiplers of the periodic solution have small modulus. This isthe case for many ODE systems arising from the space discretization of a PDE.In this paper, we study the behaviour of the modulus of the Floquet multiplierswhen the periodic solutions approach a homoclinic orbit, and we show that mostof the Floquet multipliers become small, such that a Newton-Picard scheme canbe used to compute periodic solutions as an approximation to a homoclinic orbit.Speci�cally, we suppose that the autonomous ODE system_x(t) = F (x(t); �); x 2 RN ; � 2 R; N >> 1 (1)has a nondegenerate homoclinic orbit (x�(t); ��) connecting p(��), where p(�) is ahyperbolic �xed point of ODE system (1). As a starting point, we recall Theorem3.1 from (Beyn (1989))Theorem There exits T0 > 0 large enough and � > 0, such that for anyT > T0, the approximate periodic boundary value problem8><>: _x(t) = F (x(t); �); t 2 J = [�T; T ]x(�T ) = x(T )_x�(0)T (x(0)� x�(0)) = 0 (2)has a unique solution (x(t;T ); �(T )) inf(x; �) : jjx� x�jj1 + j�� ��j < �gFurther, for any � > 0, the solution (x(t;T ); �(T )) satis�es the estimatesjjx(t;T )� x�(t)jj1 = O(exp (�(min(�+; ��)� �)T ))j�� ��j = O(exp (�(2min(�+; ��)� �)T )) (3)with the critical exponents�+ =MinfRe(�) : � is an eigenvalue of A(��) with Re(�) > 0g�� =Minf�Re(�) : � is an eigenvalue of A(��) with Re(�) < 0g (4)and A(�) = Fx(p(�); �). �In this paper, we relate the Floquet multipliers of the periodic solution x(t;T ) tothe eigenvalues of the �xed point p(��) in terms of the period T . We show that lowdimensional dynamics of the �xed point (most of the eigenvalues of Fx(p(��); ��)have a very large negative real part) produces low dimensional dynamics of theperiodic solutions (most of the Floquet multipliers are very small in modulus).2. Low dimensional dynamics of the �xed point and periodic solutionsapproaching an homoclinic orbitWe discuss the relation between the low dimensional dynamics of the �xed pointp(��) and that of the periodic solutions which approach the homoclinic orbit. The2



discussion is based on the fact that near the �xed point, the vector �eld of (1) isessentially linear, and when periodic solutions approach the homoclinic orbit, thetime they spend in the small linear region goes to in�nity. The local linearizationvector �eld of the �xed point plays an important role in our discussion. In fact,for three dimensional systems, Glendinning and Sparrow ([1984]) show that theeigenvalues of the local linearization vector �eld determines the stability of theperiodic solutions when they approach the homoclinic orbit. For higher dimen-sional ODE systems, the periodic solutions in a neighbourhood of the homoclinicorbit have di�erent bifurcation and stability behaviours, depending on the relativesize of the critical exponents �� (4), see Kuznetsov Yu.A. [1997]. The estimate(3) also illustrate that the eigenvalues of the �xed point determine the approxim-ate order of the solution of the approximate periodic boundary value problems.We discuss two di�erent cases: a) all eigenvalues of the �xed point are real; b)there are some complex conjugate pairs of eigenvalues. Since the topology of thephase space of the local linearization vector �eld is qualitatively di�erent in thesetwo cases, we expect that the modulus of the Floquet multipliers will also vary inqualitatively di�erent ways. In fact, Kuznetsov (1997) has shown that the Floquetmultipliers may contract to zero or expand in�nitely when the periodic solutionsapproach the homoclinic orbit. In this paper, we derive some more quanlitativeinformation, e.g. how many Floquet multipliers contract to zero and how manyexpand to in�nity. First, we obtain a prediction from the analytical analysis ofthe simplest situations with the help of Sil'nikov's standard analysis methods forthe local behaviour near a homoclinic orbit (Sil'nikov (1965), (1970)); Then theprediction is further veri�ed by numerical experiments.2.1 All eigenvalues are realWhen all eigenvalues are real, the simplest situation is a two - dimensional sys-tem whose hyperbolic �xed point p(��) has two simple real eigenvalues �1; �2 with�2 > 0 and �1�2 < 0. For two-dimensional periodic solutions, no period-doublingbifurcations and bifurcations to torus can occur. Theorem 6.5 in Guckenheimer &Holmes (1983) implies that when the periodic solutions approach the homoclinicorbit, saddle-node bifurcations can not occur either. Thus the unique nontrivialFloquet multipliers always stays within or outside the unit circle. To relate theirmodulus to the eigenvalues of the �xed point, we compute an asymptotic estim-ate for it by Sil'nikov's standard analysis method. An important observation inSil'nikov's analysis is that the 
ow near p(�) is essentially linear. Then the 
owis divided into two regions as shown in Figure (1), the linear region bounded by abox B=fjxj � l; jyj � hg and the nonlinear region outside this box. In the box B,there exist local coordinates (x; y) so that the local stable manifoldW sloc = fy = 0gand the local unstable manifold W uloc = fx = 0g. In the box B, the vector �eld can3
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Figure 1: Within the box, the 
ow is essentially linear.be written as ( _x = �1x+ f(x; y; �);_y = �2y + g(x; y; �) (5)where f(x; y; �) and g(x; y; �) are higher order terms. When � = ��, there is ahomoclinic orbit. Thus there exists a global nonlinear 
ow which takes trajectoriesclose to the unstable manifold away from the linear region and then back into it.The global nonlinear 
ow induces a return map�� = �2� � �1� : (l; y)! (l; �(y; �)) (6)With jyj < h << 1 and j����j << 1. �1� maps the plane x = l to the plane y = hand is determined by the local linearised 
ow of (5). Thus it is easy to check that�1� : (l; y)! (l(y=h)�; h) (7)with jyj < h << 1 and � = j�1�2 j. The time needed to perform the linear map �1�from x = l to y = h is T1(y) = 1�2 lnhy (8)�2� speci�es how trajectories leave y = h into the nonlinear region and then returnto the linear region at x = l, and can be written as�2� : (x; h)! (l;  (x; �)) (9)4



where jxj < l << 1 and j�� ��j << 1.At � = ��, we have  (0; ��) = 0. If the linear region is taken small enough, (x; �) will be given by its Taylor expansion until the �rst order term, that is, (x; �) = ax + b(�� ��) (10)here a = @ (0;��)@x and b = @ (0;��)@� . Combining (7) with (10), we get the return map�� : y ! cy� + b(�� ��) (11)with c = alh� , jyj < h << 1 and j�� ��j << 1. The �xed point y(�) of the returnmap �� satis�es cy� + b(�� ��) = y (12)In equation (12), ignoring the higher order terms of y, the �xed point can be takento be y(�) = 8><>: b(�� ��); if � > 1( bc(�� � �)) 1� ; if 0 < � < 1 (13)and the eigenvalue �(�) of the return map �� at the �xed point is�(�) = 8><>: c�(b(�� ��))��1; if � > 1c�(( bc(�� � �)) ��1� ; if 0 < � < 1 (14)The relation (14) gives the stability information of the periodic solutions ( seeGuckenheimer & Holmes [1983] ). To derive an asymptotic estimate for the non-trivial Floquet multiplier in terms of the period, we notice that if the linear regionis small enough, the time spent in the linear region (8) is the main contributionto the period T (�) of the periodic solution corresponding to the �xed point y(�),and we can take T (�) ' T1(y(�)). In view of (8) and (13), we have the followingasymptotic estimate for the periodT (�) � 8><>: � 1�2 lnj�� ��j; if � > 11�1 lnj�� ��j; if 0 < � < 1 (15)which implies that �� �� � 8><>: e��2T (�); if � > 1e�1T (�); if 0 < � < 1 (16)Substituting (16) in (14), we obtain an asymptotic estimate for the nontrivial Flo-quet multiplier �(�) � e��2(��1)T (�); if � 6= 1 (17)5



Thus the nontrivial Floquet multiplier varies exponentially with exponent ��2(��1) as T ! 1. If � > 1, the nontrivial Floquet multiplier contracts to zero; inparticular, the contraction is very strong when j�1j is very large. If 0 < � < 1, thenontrivial Floquet multiplier expands to 1. Thus depending on the relative sizeof the eigenvalues of the �xed point, the nontrivial Floquet multiplier would eitherexpand in�nitely or contract toward zero. Based on the analysis above, we expectthat for higher dimensional systems, the moduli of the Floquet multipliers vary inthe same way. More precisely, a typical case is that only one of the eigenvalues�i; i = 1; 2; � � � ; N , say �1, is positive. Then depending on whether �i = j �i�1 j;i = 2; 3; � � � ; N is larger or smaller than 1, a Floquet multiplier will contract orexpand with the exponent ��1(�i � 1). To verify this, we have done numericalexperiments.To make sure that the numerical computation is accurate enough and reliable,we give some details of the numerical methods for computing Floquet multipliersand of our computational strategies. Following (Fairgrieve (1994)), a numericalmethod for computing Floquet multipliers is considered to be robust if the error inthe computed Floquet multipliers is directly proportional to the truncation errorof the computed periodic solution and is not badly in
uenced by the roundo� errorin the eigenvalue calculation. The numerical method implemented in the AUTO97software package is robust (Fairgrieve et al.(1991), (1994)). In the AUTO97, aspline collocation scheme with adaptive mesh selection is applied to compute theperiodic solution. The truncation error (Ascher et al.(1979) and Houstis (1978))is determined by the number of mesh subintervals and the number of colloca-tion points per subinterval. In our numerical computations, we have used set 4collocation points per subinterval and we have chosen the number of mesh subin-tervals large but not too large so that the roundo� error does not dominate thetruncation error. In addition, we set all the relative convergence tolerances in theNewton/Chord methods small enough such that the error in the computed periodicsolution is dominated by the truncation error. Moreover, throughout the numer-ical computation, we always use adaptive mesh selection strategy and repeat thecomputation with di�erent number of mesh subintervals. These are e�ective safe-guards to avoid spurious solutions. The trivial Floquet multiplier is monitored andcontrolled within an acceptable accuracy, and in most runs, is obtained to max-imal accuracy. Except that some of the Floquet multipliers become so small thatnumerical noise becomes visible, the Floquet multipliers computed within AUTOare accurate and reliable.For the case of three real eigenvalues �i; i = 1; 2; 3, if considering the ODEsystem in reverse time, we only need to verify the situation with �1 > 0; �3 < �2 <
6
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bFigure 2: Periodic Solutions of the Lorenz equations: period versus logarithm of the moduli ofthe Floquet multipliers, indicating that the nontrivial Floquet multipliers vary exponentially withthe period. (a) Floquet multiplier which expands to 1; (b) Floquet multiplier which contractsto 0.0. As our computational model, we take the well-known Lorenz equations8><>: _x = �(y � x)_y = rx� y � xz_z = xy � bz (18)As usual, we take � = 10; b = 8=3 and 0 < r < 1. When r = �r ' 13:92, thereis a homoclinic orbit connecting the origin and the three real eigenvalues of theorigin at �r are (�1; �2; �3) = (7:1299; �2:6667; �18:1299).We trace a branch of periodic solutions, which bifurcates from a Hopf pointat r ' 24:74 and terminates at the homoclinic orbit. Since this branch doesnot contain any further local bifurcations, the Floquet multipliers do not crossthe unit circle. Their modulus should change in the same way as two-dimensionalsystems. More precisely, since the eigenvalues of the origin for �r satisfy the relation�1 = j�3�1 j > 1, the two dimensional analysis predicts that the modulus of one of thetwo nontrivial Floquet multipliers should contract to zero with exponent ��1(�1�1) ' �11:0. The fast contraction is due to the large negative real eigenvalue�3 ' �18:13. The modulus of the other nontrivial Floquet multiplier shouldexpand to 1 with exponent ��1(�2 � 1) ' 4:4632 since �2 = j�2�1 j < 1.The computed nontrivial Floquet multipliers are shown in Figure 2, demonstrat-ing that the nontrivial Floquet multipliers indeed expand or contract exponentiallywith the period T . The computed smaller nontrivial Floquet multiplier quickly be-7



comes so small that the computational results are subject to noise for T > 2. Usingleast squares �tting, we that the exponents for the smaller and larger nontrivialFloquet multiplier is -14.847 and 4.012, respectively. Compared with the predictedexponents �11:0 and 4:4632, the computed exponent for the larger one is moreaccurate than that for the smaller one.2.1 A pair of complex conjugate eigenvaluesFor the case where there are complex conjugate pairs of eigenvalues, the ana-lysis is more complicated. A three-dimensional system with a pair of complexconjugate eigenvalues is the simplest situation we need to consider. We assumethat the three eigenvalues �i; i = 1; 2; 3, satisfy Re(�3) = Re(�2) < 0 and �1 > 0.Using Sil'nikov's standard analysis method, Glendinning and Sparrow (1984) dis-cuss the stability of periodic solutions of 3-dimensional ODE systems which ap-proach the homoclinic orbit. Their results state that if � = jRe(�2)�1 j > 1, there isa branch of stable periodic solutions which approach the homoclinic orbit withoutany local bifurcations and the two nontrivial Floquet multipliers contract to zero;if � = jRe(�2)�1 j < 1, there is a branch of periodic solutions which approach the homo-clinic orbit through an in�nite sequence of pairs of two successive saddle-node andtwo successive period-doubling bifurcations. The two nontrivial Floquet multipli-ers will oscillate around 1 and �1, respectively. It is not easy to compute theirasymptotic estimates in terms of the period T as we did in the two dimensional set-ting. Instead, following the stability analysis in Glendinning and Sparrow (1984),we have performed numerical experiments to show the relation between the twonontrivial Floquet multipliers and the period. To �nd out how large or how smallthe modulus of the Floquet multipliers would be, we take Arneodo's equations for� > 1 and Chua's circuit equations for � < 1 as model problems.Arneodo's equations can be written as8><>: _x = y_y = z_z = �z � by + cx� x2 (19)Arneodo et al.(1982) have located homoclinic orbits at some values of theparameters b and c. We �x b = 0:5 and take c > 0 as a free parameter. Forc = c� ' 0:9641494, there is a homoclinic orbit connecting the �xed point at theorigin. The eigenvalues (�1; �2; �3) of the origin at c� are (0:629;�0:814� i0:928).The periodic solutions arising from the Hopf point do not undergo any local bifurc-ations when they approach the homoclinic orbit. Thus the moduli of the Floquetmultipliers do not cross the unit circle, but in this case, the moduli of the Floquetmultipliers contract to zero in an oscillatory way in function of the period. ForT > 28, the smallest Floquet multipliers (Figure 3b) is computed inaccurately due8
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Figure 3: The modulus of the Floquet multipliers of the periodic solutions of Arneodo'sequation in function of the period. Both of the Floquet multipliers contract to zero. The peaksin curve (b) indicate an increasing trend, but they become more and more sharp when the period!1.to numerical noise and is omitted from the Figure, see Figure 3. The oscillationsof the moduli of the Floquet multipliers have peaks. Although in Figure 3b, thepeaks indicate a increasing trend as the period goes to in�nity, both the modulusand the width of the peaks become smaller so that numerically it is not easy to�nd the sharp points by solving the approximate periodic boundary value problem(2). Ignoring the sharp points, we can say that this situation is similar to the casewith three real eigenvalues with both �1 > 1 and �2 > 1.For the case of complex conjugate eigenvalue with � < 1, we deal with Chua'scircuit equations 8><>: _x = �(y � �(x))_y = x� y + z_z = ��z (20)Following Huang, et al.(1996), we take �(x) = (x3=16 � x=6), � = 8:0 and � tobe the free parameter. The system has three �xed points, i.e, P0 = (0; 0; 0); P� =((8=3)1=2; 0;�(8=3)1=2) for any � 2 R. When � = 4:684658, P� are Hopf bi-furcation points, from which a branch of periodic solutions bifurcates. The sta-bility analysis in (Glendinning et al.(1984)) shows that as the periodic solutionsapproach the homoclinic orbit, a saddle-node bifurcation and a period-doublingbifurcation occur successively and between them, there is a short section of un-stable periodic solutions. This pattern of stability changes is repeated until theperiodic solutions end at the homoclinic orbit when � = �� ' 4:5965. The periodic9
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Figure 4: If the sharp points are ignored, the modulus of the Floquet multiplier of Chua'sequations in (a) expand to in�nity; the one in (b) contracts to zero. They vary in a somewhatsimilar way to the real eigenvalues case shown in Figure (2).solutions approach the homoclinic orbit through a sequence of local bifurcations,contrary to the situations in Lorenz's equations and Arneodo's equations. The�xed point on the homoclinic orbit is the origin, whose eigenvalues at � = �� are(�1; �2; �3) = (2:2776;�1:0891� 1:6357i).Since there is an in�nite sequence of saddle-node and period-doubling bifurc-ations, the moduli of the Floquet multipliers do not increase or decrease in amonotonous way as in Lorenz's equations, but oscillate around �1. The computedmoduli of the Floquet multipliers, presented in Figure 4, indeed re
ects the bifurc-ation information. The peaks of the curves of the computed modulus result fromthe saddle-node and period-doubling bifurcations. The intervals between thesetwo successive bifurcations are so small that the two nontrivial Floquet multiplierscross �1 almost for the same value of the period; thus the moduli of the Flo-quet multipliers will change very quickly. In addition, these intervals will becomesmaller and smaller when the period tends to in�nity. Successive saddle-node andperiod doubling bifurcations and the unstable periodic solutions between them arenot found by numerical computation with AUTO when T is larger than 15, evenwith T = 10�5. Ignoring the peaks, caused by the local bifurcations, the generalbehaviours of the Floquet multipliers is as follows: one fo the Floquet multipliersexpands to in�nity, similar to the case of real eigenvalues with � < 1; the otherFloquet multipliers contracts to zero, similar to the case of real eigenvalues with� > 1.The discussion above has shown that for a pair of complex conjugate eigenval-10



Eigenvalues of �xed point RealReal part Imaginary part Floquet multipliers7.8152504E+00 -1.0452187E+02 9.9997384E-017.8152504E+00 1.0452187E+02 -3.6455148E-13-3.5554418E+01 0.0000000E+00 -8.5525090E-20-4.3258700E+02 0.0000000E+00 6.8230858E-18-1.6085723E+03 0.0000000E+00 1.4981425E-19-3.9081603E+03 0.0000000E+00 7.1584459E-18-7.8728384E+03 0.0000000E+00 5.1133315E-19-1.4111208E+04 0.0000000E+00 4.4722867E+11Table 1: Kuramoto-Sivashinsky equation: The eigenvalues of the �xed point and the Floquetmultipliers of the periodic solutions with � = 3:5174067E+ 01.ues, numerically the moduli of the Floquet multipliers vary in a similar way as inthe case of three real eigenvalues, i.e., depending on the relative size of the positiveand negative real part of the eigenvalues, the Floquet multipliers will expand in�n-itely or contract to zero. For higher dimensional systems, we expect that the sameconclusion is true. A typical case is when there is only one pair of complex conjug-ate eigenvalues with positive real part, say, �i; i = 1; 2, with Re(�1)=Re(�2)> 0,and j�3j � j�4j � � � � � j�N j are negative real eigenvalues. Consider this system inreverse time and let �i = j �iRe�1 j; i = 3; � � � ; N , then we predict that if �3 < 1, twoof the nontrivial Floquet multipliers expand to in�nity; if �1 > 1, one of nontrivialFloquet multipliers expands in�nitely and another nontrivial Floquet multiplierwill contract to zero. Moreover, depending on �i (i � 3) < 1 or > 1, one of theother nontrivial Floquet multipliers will expand or contract. When one eigenvaluehas a large real part, one of the nontrivial Floquet multipliers becomes quicklyvery small. To verify this further, we consider an in�nite dimensional model,Kuramoto-Sivashinsky equation (K-S Equation)@u@t + 4@4u@x4 + �(@2u@x2 + u@u@x) = 0 (21)subject to spatial periodic boundary conditions u(x; t) = u(x+2�; t) with 0 � x �2�. Using the traditional Galerkin method to discretize the space variable, Jollyet al.(1990)) obtain the following ODE system_xk = (�4k4 + �k2)xk � ��mk ; 1 � k � m (22)where �mk = 1=2 mXj=1 jxj[xj+k + sgn(k � j)xjk�jj] (23)The index m represents the number of modes used in the discretization. We setxj = 0 if j < 0 and j > m, respectively. At � = 34:299, there are two Hopf11
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3. ConclusionsWe have related the eigenvalues of the �xed point having a homoclinic orbit withthe Floquet multipliers of the periodic solutions which approach to the homoclinicorbit. We have shown that the Floquet multipliers expand to in�nity or contractto zero, depending on the relative size of the positive and negative real parts ofthe eigenvalues. Speci�cally, we have studied the following two typical� if all eigenvalues �i; i = 1; 2; � � � ; N are real and only one of them, say �1, ispositive, then depending on whether �i = j �i�1 j; i = 2; 3; � � � ; N is larger orsmaller than 1, a Floquet multiplier will contract or expand asymptoticallywith exponent ��1(�i � 1);� Now suppose that there is only one pair of complex conjugate eigenvalues withpositive real part, say, �i; i = 1; 2, with Re(�1)=Re(�2)> 0, and that �i (i � 3)are negative real eigenvalues. Then if �3 < 1, two of the nontrivial Floquetmultipliers expand to in�nity; if �3 > 1, one of nontrivial Floquet multipliersexpands in�nitely and another nontrivial Floquet multiplier will contract tozero. Moreover, depending on �i (i > 3) < 1 or > 1, one of the other nontrivialFloquet multipliers will expand or contract. Here �i = j �iRe(�1) j; i = 3; � � � ; N .References[1] Beyn W.-J., 1989, Global bifurcations and their numerical computation,In Continuation and Bifurcations: Numerical Techniques and Applications,edited by D. Roose, B.D. Dier and A.Spence, Kluwer Academic Publisher,pp. 169-181, 1990.[2] Beyn W.-J., 1990, The numerical computation of connecting orbits in dy-namical systems, IMA J. Numer. Anal., 9(1990), pp. 379-405.[3] Moore G., 1995, Computation and parameterization of periodic and con-necting orbits, SIAM J. Numer. Anal., 15(1995), pp. 245-263.[4] Doedel E.J., Friedman M.J. and Kunin B.I., 1997, Successive continuationfor locating connecting orbits, Numerical Algorithms, 14(1997), pp. 103-124.[5] Yu.A. Kuznetsov, 1990, Computation of Invariant Manifold Bifurcations, inContinuation and Bifurcations: Numerical Techniques and Applications, edsby D.Roose, Bart De Dier and A. Spence, Kluwer Academic Publisher, pp.183-195, 1990. 13
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