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1 IntroductionIn this paper we study periodic solutions of neutral functional di�erential equations (NFDEs)of the form _x(t) = f(x(t); x(t� �); _x(t� �); �); (1)with one time delay � > 0 andx 2 Rn; � 2 R; f : Rn�Rn�Rn�R! Rn; f 2 C2:Here � denotes a physical parameter. Such equations - also called neutral di�erential di�erenceequations - arise for example in models of distributed networks [15, 14], combustion [19] andthe control of structures through delayed forcing depending on the acceleration [2]. Recently,the stabilization and control of systems described by partial di�erential equations throughthe application of boundary forces has been studied. It has been pointed out that even asmall delay in the boundary forces can lead to the destabilization of the system. To study thee�ect of delays, this problem can be transformed to a system of NFDEs (see [6] and referencestherein).Until now, not much work has been done on the study of the dynamical behaviour ofmodels described by (1). Bifurcation analysis of branches of steady state solutions for suchmodels is done in [1, 2] and [14, section 1.3.4] through the analytical determination of Hopfbifurcation curves. Recall that a steady state solution x0 2 Rn of (1) is a solution of then-dimensional nonlinear algebraic systemf(x0; x0; 0; �) = 0:This paper deals with periodic solutions of (1). Determining a periodic solution of an NFDEis an in�nite-dimensional problem, because NFDEs are de�ned in an in�nite-dimensional space.Moreover, compared with the study of systems of retarded functional di�erential equations(RFDEs) [18] where f does not depend on _x(t � �), the behaviour of NFDEs has a numberof important new features that have to be taken into account. In contrast with RFDEs with�nite delays, the solution operator of (1) is not compact and it does not smooth the initial dataas time increases. For this reason, the stability of a periodic solution of (1) is determined notonly by a �nite number of dominant Floquet multipliers (as is the case for RFDEs), but alsoby the stability of an extra operator, the so-called di�erence operator. The theory on neutralfunctional di�erential equations is considerably more complicated and much less developed.The main results are proved in [5, 15, 14, 7] and subsequent articles (see, e.g., [4, 9, 13, 6, 23]and the references therein). In this paper, we have collected the theoretical results relevantfor anyone interested in the stability and bifurcation analysis of periodic solutions of NFDEs.As far as we know, no prior work on the numerical study of the bifurcation behaviour ofperiodic solutions of NFDEs exists. Note that some software packages were developed for timeintegration of NFDEs (and other types of FDEs) [20, 8, 25].Our main aim is to show how the speci�c properties of NFDEs in
uence the dynamics andhow they can be taken into account in a numerical study. We describe some new dynamicalphenomena and we discuss the main problems that arise during the computation, continuationand stability analysis of periodic solutions of NFDEs.In section 2 we outline the relevant theorems and their numerical implications. In section3 we present the numerical method we used to compute periodic solutions and their stability2



and to continue the solutions with respect to a system parameter. In section 4 we present themodel under investigation. We describe our numerical results in section 5. Section 6 containssome conclusions.2 Theoretical Aspects2.1 The initial value problemA solution x(t) of (1) on t 2 [0;1) is uniquely de�ned by specifying as initial condition afunction segment, x(�) = x0(�); �� � � � 0;where x0 2 C([��; 0];Rn);with C the Banach space of continuous, bounded functions with bounded derivative mappingthe delay interval [��; 0] into Rn. Even if both f and x0 are in�nitely smooth, the solutionx(t) may have discontinuities in its �rst derivative. This is becausedx0(�)d� �����=0�generally di�ers from the right-hand side of (1) evaluated at t = 0. In contrast with RFDEs,the solution pro�le does not smooth as time increases, instead discontinuities in the derivativeare sustained through the dependency of f on _x(t� �). Thus x(t) can have a discontinuity inits �rst derivative at every t = k� with k 2 N, which considerably complicates the analysis.Discontinuities in the derivatives of x0 will be propagated in a similar way. However, forperiodic solutions continuity properties can be proved under certain conditions [5, theorem12.6.2].2.2 Stability analysisLet z(t) be a periodic solution of (1) with period T > 0,z(t+ T ) = z(t); 8t:The variational equation around this solution is an n-dimensional neutral functional di�erentialequation of the form _y(t) = A(t)y(t) +B(t)y(t � �) + C(t) _y(t� �): (2)Here, using f � f(u; v; w; �),A(t) , @f@u(z(t); z(t� �); _z(t� �); �);B(t) , @f@v (z(t); z(t� �); _z(t � �); �)and C(t) , @f@w (z(t); z(t� �) _z(t� �); �);are such that A(t + T ) = A(t); B(t + T ) = B(t); C(t+ T ) = C(t); 8t:3



Before we state some important theorems, we introduce the following notations. Let yt 2C([��; 0];Rn) denote the solution segment of y(t) such that yt(�) = y(t+ �), � 2 [��; 0], andlet SL(t+T; t) denote the solution operator of (2) which maps the state at time t to the stateat time t+ T . This operator is the linearized Poincar�e operator and its spectrum determinesthe stability of the periodic solution z(t).2.2.1 Spectrum of the solution operatorIf the periodic solution z(t) of (1) is continuously di�erentiable, then the variational equation(2) can be rewritten as:(d=dt)[y(t)� C(t)y(t� �)] = A(t)y(t) + (B(t)� _C(t))y(t� �): (3)Equation (3) is a particular case of the equation(d=dt)[y(t)�G(t; yt)] = L(t; yt); (4)where G : R� C([��; 0];Rn) ! Rn and L : R� C([��; 0];Rn) ! Rn are continuous in botharguments, linear in the second argument and T -periodic in t. The existing Floquet theoryrestricts itself to systems of the form (4), because a full generalization of the Floquet theoryfor NFDEs is impossible (as is shown by speci�c examples in [15, section 3.9.1]).The linearized Poincar�e operator SL(t+T; t) is the sum of an �-contraction operator and acompact operator [5]. Hence, the spectrum of SL (�(SL)) consists of a point spectrum �p(SL),plus possibly zero, and an essential spectrum �e(SL). The existence of �e(SL) is a consequenceof the 'neutral' term G(t; yt) in (4). The essential spectrum of SL coincides with the spectrumof the solution operator SD(t+ T; t) of the di�erence equationy(t)�G(t; yt) = 0;that is �e(SL) = �(SD) [6]. The point spectrum of SL asymptotes towards the essentialspectrum, and possibly towards zero. Recall that for RFDEs the solution operator SL iscompact and its spectrum is just the point spectrum with zero the only cluster point.2.2.2 Floquet theoryIn the theory of NFDEs of the form (4), the stability of the di�erence operator D(t; yt),D(t; yt) � y(t)�G(t; yt); (5)plays an important role. If the operator D : R� C([��; 0];Rn) ! Rn is continuous in botharguments and linear in yt, it is said to be stable if the zero solution of the di�erence equationD(t; yt) = 0; t � 0; (6)with y0 2 f' 2 C([��; 0];Rn) : D(0; ') = 0g is uniformly asymptotically stable [5]. Letre � r(�e(SL)). If D is stable, �(SD) or, equivalently, �e(SL) is inside the unit circle andbounded away from it (re < 1).A complex number � is a characteristic multiplier, or Floquet multiplier, of z(t) if it is anormal eigenvalue of the operator SL(t+T; t). An eigenvalue � of SL(t+T; t) is called normal4



if it is an isolated point of �(SL) and if its generalized eigenspace is �nite dimensional. It isshown that the Floquet multipliers are independent of t [5]. For stable D, the spectrum of SLoutside a disk with radius r > re centred around the origin consists only of a �nite number ofFloquet multipliers [5]. These Floquet multipliers describe the (local) stability properties ofthe periodic solution z(t) in the usual way.Let m(�) 2 N denote the number of Floquet multipliers of SL(T; 0) with modulus greaterthan re + �, � > 0. Because m(�) is a nondecreasing function as � goes to zero, we either havelim�!0+ m(�) =1;in which case �p(SL) asymptotes to �e(SL) 'from the outside' and we call the essential spectruminvisible from the outside. Or, we havelim�!0+ m(�) = m� 2 N;in which case �p(SL) asymptotes to �e(SL) 'from the inside' and we call the essential spectrumvisible from the outside.Along a branch of periodic solutions stability can change by means of a 'normal' bifurcation(i.e. when Floquet multipliers move into or out of the unit circle in the complex plane) orwhen the radius of the essential spectrum re crosses through 1. When the essential spectrumis invisible from the outside, we expect the stability loss of D to be preceded by an in�nitesequence of 'normal' bifurcations. If the essential spectrum is visible from the outside, thenumber of unstable modes changes from a �nite number (even zero) to an in�nite number.For steady state solutions, z(t) � x0, the spectral radius of SD depends noncontinuously onthe delays in the multiple delay case if the delays are rationally dependent [6]. Our numericalresults suggest a similar dependency with respect to the delay � and the period T , and we willcome back to this issue in section 5.3 Computation of Periodic SolutionsTo compute branches of periodic solutions of (1), we used a numerical procedure based onsingle shooting, which takes into account the fact that only a few Floquet multipliers arelarger in modulus than a 'threshold' � < 1. This scheme, called the Newton-Picard scheme, wasoriginally developed for periodic solutions of partial di�erential equations [21, 17] based on theearlier work [12, 24]. We previously used this scheme to compute periodic solutions of RFDEs[18]. The basic idea of the Newton-Picard algorithm is to combine a cheap Picard iteration(consisting of time integration and projection) with an expensive Newton iteration. This isachieved by projecting the high-dimensional linearized shooting equation onto two orthogonalsubspaces, chosen such that a partial decoupling is achieved. The resulting subsystems aresolved in di�erent ways. In the low-dimensional subspace corresponding to the dominantinvariant eigenspace of the Poincar�e map of the periodic solution a Newton iteration is used.As a by-product, the dominant Floquet multipliers of the periodic solution are computedduring continuation, which allows accurate stability analysis and detection of bifurcations. Inthe high-dimensional subspace a Picard iteration is used.In the following subsections, we �rst introduce the shooting equation and its discretization.Then we discuss the computation of the dominant Floquet multipliers using subspace iteration.5



This algorithm is used to compute the splitting necessary for the Newton-Picard scheme.Although some of the basic assumptions of the Newton-Picard scheme are violated for NFDEs,we show how the method can be used when re < 1 and not too close to it. After the derivationof the Newton-Picard method we give some remarks on the stability of D and the continuationtechnique.3.1 Single shootingSince a solution pro�le is uniquely determined by an initial function segment on the delayinterval, z0 2 C([��; 0];Rn), a periodic solution (denoted by z0 and the period T > 0) is asolution of the nonlinear system ( r(z0; T ) := zT � z0 = 0s(z0; T ) = 0;where s is a suitable phase condition needed to remove the translational invariancy. Usingthe notation Sf(T ; z0) for the nonlinear solution operator of the original system (1) whichintegrates the initial condition z0 over time T , this can be rewritten as( Sf (T ; z0)� z0 = 0s(z0; T ) = 0: (7)Since equation(7) is nonlinear, we can solve it iteratively using a Newton iteration," @Sf (T ;z0)@z0 � I @Sf (T ;z0)@T@s@z0 @s@T #�����(z(k)0 ;T (k)) " �z(k)0�T (k) # = " rs #�����(z(k)0 ;T (k)) ; (8)z(k+1)0 = z(k)0 +�z(k)0 ; T (k+1) = T (k) +�T (k):The Fr�echet derivative @Sf (T ;z0)@z0 ���(z(k)0 ;T (k)) equals the solution operator of the variationalequation (3) around z(k)(t) even if z(k)(t) is not fully periodic (yet). At convergence it is thelinearized Poincar�e operator SL(T; 0).Because the unknown z0 is an element of an in�nite-dimensional space, it is discretized inactual computations. A function segment is represented on a mesh �N of L grid points,�N = fti; i = 1; : : : ; L : �� = t1 < t2 < : : : < tL�1 < tL = 0g ;where N = n�L. We denote the discrete initial condition by � 2 RN and introduce two newoperators Interp(�N) and Discret(�N) as follows:Interp(�N) : RN ! C([��; 0];Rn)interpolates the discrete representation � on �N such that the resulting function segment is inC, while Discret(�N) : C([��; 0];Rn)! RNdiscretizes a function segment by taking its value on the mesh points of �N . Both operatorsare linear in their only argument and we haveDiscret(�N)(Interp(�N)(v)) = v; 8v 2 RN:6



After discretization (8) is approximated by" M (k) � I g(k)c(k)T d(k) # " ��(k)�T (k) # = " r(k)s(k) # ; (9)where M (k) = Discret(�N)0@ @Sf(T ; Interp(�N)(�))@z0 �����(�(k);T (k))1A 2 RN�N; (10)and similar formulas hold for g(k) 2 RN, c(k) 2 RN, d(k) 2 R, r(k) 2 RN and s(k) 2 R.M (k) is a high-dimensional dense matrix which requires at least N time integrations toconstruct (see section 3.2.1). This makes 'full' Newton prohibitively expensive for large N =n � L. At convergence M (k) is a discrete approximation of the linearized Poincar�e operatorSL(T; 0) and we call it the monodromy matrix M .3.2 Floquet multipliersWhen the linearized Poincar�e operator is approximated by the matrix M one expects that thespectrum of the matrix in some sense approximates that of the operator. The nature of thiscorrespondence and its asymptotic behaviour, when the mesh is re�ned, is an important opentheoretical question. Even the correspondence of the numerically computed periodic solutionwith the 'actual' periodic solution is not completely understood; for stable periodic solutionswe refer to [11]. This question seems especially pertinent for NFDEs because our tests indicatethat only the eigenvalues of SL with modulus larger than re are approximated in a consistentway (section 5).We discuss two ways to compute approximations of the Floquet multipliers of a periodicsolution, based on the monodromy matrix. The �rst method starts by constructing the fullmonodromy matrix M of the discretized system and subsequently computing all or some of itseigenvalues. The second method directly tries to compute the dominant eigenvalues iterativelywithout constructing the full monodromy matrix.3.2.1 Construction of the monodromy matrixThe matrix M is de�ned as the discretization of a linear operator (10). A matrix-vectorproduct with M can be computed in several ways. Let v 2 RN, thenMv = Discret(�N)(SL(T; 0)Interp(�N)(v)): (11)If the pro�le z(t), t 2 [��; T ], is known, (11) can be evaluated using one time integration ofthe variational equation (3). Alternatively, one can use a �rst order �nite di�erence formulaMv � Discret(�N ) Sf(T ; z0 + � Interp(�N)(v))� zT� ! ; (12)which requires one extra time integration of the original equation (1). Using higher order �nitedi�erence formulas for (12) requires more time integrations.The complete monodromy matrix can now be constructed using N matrix-vector products.Indeed, the j-th column ofM is equal toMej with ej 2 RN the j-th unit vector. The function7



Interp(�N)(ej) usually has, depending on �N , a very compact support and thus its derivativeattains large values, especially for large N . Such initial functions may be di�cult to integrateaccurately. Instead, we use a set of initial vectors hj 2 RN, j = 1; : : : ; N , columns of aregular N � N matrix H of which the corresponding functions Interp(�N)(hj); j = 1; : : : ; N,have better smoothness properties. This amounts to computing M �H , where the factor Hshould subsequently be removed.The construction of M requires at least N time integrations which is expensive for largeN . As we indicate in section 5, it may be necessary to discretize with a large number of points(e.g. N = n � L = 2� 400), because both the initial function segment and its �rst derivativehave to be represented accurately. After the construction of the complete monodromy matrix,the spectrum can be computed using standard packages, either completely or partially. Onlythe computed eigenvalues larger in modulus than re are of interest and can be trusted (section5). Although we show some spectra computed with this method in section 5, more e�cienttechniques are needed to monitor the Floquet multipliers during continuation.3.2.2 Subspace iterationSubspace iteration is a well known and well understood method to compute the dominanteigenvalues of a matrix using only a limited number of matrix-vector products. We repeat thebasic algorithm from [22]. Assuming N � 1, let ptot = p+ pe � N , where p is the number ofeigenvalues of interest and pe is the number of extra or 'guard' eigenvalues.Algorithm 3.1 Subspace iteration with projectionStart: initial, orthonormal set of vectors V = [v1; : : : ; vptot] 2 RN�ptotIterate: until convergence do:(a) Compute W = MV 2 RN�ptot.(b) Compute B = V TW 2 Rptot�ptot.(c) Use the QR algorithm to compute the eigenvalues �1; : : : ; �ptot,and the Schur vectors S = [s1; : : : ; sptot] 2 Rptot�ptot of B.(c) Replace V by WS.(d) Orthonormalize V .As indicated above, a matrix-vector product with M (step (a)) can be computed withoutthe construction of M and requires at least one time integration. The eigenvalues �1; : : : ; �ptotof B approximate the ptot dominant eigenvalues �1; : : : ; �ptot of M . The asymptotic conver-gence factor of the k-th eigenvalue �k equals�k = j�ptot+1jj�pk j : (13)This is the reason ptot is usually taken larger than necessary (pe > 0) to minimize �k for theeigenvalues of interest. Using pe 'guard' eigenvalues also allows to adapt the value of p andthus the size of the subspace V during the computations.The spectrum of the monodromy matrix can be thought of as divided in two parts: onepart approximates �p(SL) and a second part approximates �e(SL). This distinction is ofcourse blurred in reality. The part which approximates �e(SL) is unwanted, and because theessential spectrum can contain a continuous or densely packed part, this part can be very8



badly separated (in the sense of (13)), especially for large N . If the essential spectrum isinvisible from the outside, all p dominant eigenvalues of M are part of the approximation of�p(SL). For growing p the convergence speed decreases when the modulus of the eigenvaluestends to re. If the essential spectrum is visible, the subspace iteration may try to captureeigenvalues belonging to the discretized essential spectrum. For growing p the convergencewill break down abruptly when p > m�.When using subspace iteration on the monodromy matrix of an RFDE [18], the numberof eigenvalues of interest p can easily be determined by �xing a threshold � such that alleigenvalues with modulus greater than � are computed. This approach is no longer feasiblehere. Indeed, if this threshold happens to be smaller than re, the number of eigenvalues to becomputed might become very large or even close to N , and the convergence may get extremelyslow. p and pe should be determined in accordance with re and, when existing, m�.Because both re and m� may not be known a priori, we use the following rules to halt theiteration and determine the eigenvalues of interest. The total number of eigenvalues ptot is kept�xed during subspace iteration. It is either user chosen or determined in a continuation context(see section 3.5). The iteration is halted when all eigenvalues with modulus greater than orequal to the modulus of the computed trivial Floquet multiplier have converged with a usergiven accuracy �1. After convergence, this set is extended with the dominant set of eigenvalueswith modulus smaller than the computed trivial Floquet multiplier that have converged witha second accuracy �2 > �1. The number p is the size of this extended set.3.3 Newton-PicardIn this section we apply the Newton-Picard scheme to the 'full' Newton iteration (9) to reduceits computational costs. We only brie
y present the main ideas of the method. More detailedinformation can be found in [17]. To avoid complex notations, we drop the superscript whichdenotes the Newton step.3.3.1 SplittingSuppose �1; : : : ; �p are the p most dominant eigenvalues of M such thatj�1j � j�2j � : : : � j�pj > � > j�p+1j � : : : � j�N jand p� N; � < 1: (14)When �N is a good discretization, (14) is only possible for � > re and hence re < 1.Suppose the columns of Vp 2 RN�p form an orthonormal basis for the low-dimensionaleigenspace U corresponding to the p eigenvalues �1; : : : ; �p of M . The number p is determinedduring the computation of Vp using subspace iteration (section 3.2.2). Suppose further thatthe columns of Vq 2 RN�q, q = N � p, form an orthonormal basis for U?, the orthogonalcomplement of U in RN. The high-dimensional basis Vq is only used to derive the necessaryformulas, it is not constructed in the actual implementation. By construction U is an invariantsubspace ofM , but, because of the possible nonnormality of M , U? need not be. The Newtoncorrection �� 2 RN has a unique decomposition�� = Vp��̂p + Vq��̂q; ��̂p 2 Rp; ��̂q 2 Rq: (15)9



We now project the �rst N equations of (9) on the two subspaces U and U? and substitute��̂p and ��̂q for �� using (15). This results in264 V Tq (M � I)Vq V Tq MVp V Tq gV Tp MVq V Tp (M � I)Vp V Tp gcTVq cTVp d 375264 ��̂q��̂p�T 375 = �264 V Tq rV Tp rs 375 : (16)Because U is an invariant subspace of M , we have V Tq MVp = 0q�p. At the periodic solutiong corresponds to the discretized eigenfunction of the trivial Floquet multiplier. The corre-sponding eigenvalue of M is approximately 1 and if � is not too close to 1, the correspondingeigenvector belongs to U . Hence the term V Tq g is zero at convergence and can be neglectednear the periodic solution.System (16) is now partially decoupled: one can �rst solve the large, q � q systemV Tq (M � I)Vq��̂q = �V Tq r; (17)and, using its solution ��̂q, solve the small p� p system" V Tp (M � I)Vp V Tp gcTVp d # " ��̂p�T # = � " V Tp rs #� " V Tp McT #Vq��̂q: (18)3.3.2 Picard schemeThe high-dimensional system (17) is solved iteratively with a Picard scheme,��̂[0]q = 0; ��̂[i+1]q = V Tq MVq��̂[i]q + V Tq r; i = 0; : : : ; � � 1:To avoid the use of Vq, this is rewritten as��[0]q = 0; ��[i+1]q = QMQ��[i]q + Qr; i = 0; : : : ; � � 1;where ��[i]q = Vq��̂[i]q ; Q = VqV Tq = I � VpV Tp :The asymptotic convergence factor of this scheme is equal tor(�(V Tq MVq)) = r(�(QTMQ)) = j�p+1j < �: (19)The factor � < 1 can be close to 1 (it is determined by the subspace iteration and it isbounded from below by re) and we adopt the number of Picard steps � according to �, using�0 = dln(�user)= ln(�)e, which we bound between 1 and �max, � = max(1;min(�max; �0)). Thequantities �max and �user are user chosen.3.3.3 Newton partOnce ��q = Vq��̂q is known, the small subsystem (18) can be solved using a direct expen-sive method like Gauss elimination with pivoting or a least squares approach based on thegeneralized inverse. The factor MVp can be recovered from the subspace iteration (step (a)).10



3.3.4 Computational costsThe overall cost is determined by the number of Newton-Picard iterations necessary for con-vergence and the cost per iteration step. It is shown in [17] that the overall convergence rateis dominated by the convergence rate of the Picard scheme (19).The costs of one Newton-Picard iteration step can be summed up as follows:Compute or solve: Cost:splitting ls subspace iterationsright-hand side 1 time integrationPicard scheme � � 1 matrix-vector productsNewton part 1 extra matrix-vector productUsing formulas (11) or (12) this totals a number of nIVP = 1 + ls � (p + pe) + � initial valueproblems (IVP). Whether nIVP < N (the number of time integrations needed for a 'full'Newton iteration) depends largely on re since re both a�ects � and ls. For re close to 1 themethod necessarily looses its e�ciency.3.4 Stability of DThe value of re or an upper bound on re is of crucial importance when computing a periodicsolution and determining its stability. Indeed, as we mentioned above, due to the presenceof the essential spectrum of the operator SL, the normal situation, described by the Floquettheory, is only valid outside any disk with a radius r > re.In the following we assume that T > � . Let SD(t + T; t) be the Poincar�e operator of thedi�erence equation y(t)� C(t)y(t� �) = 0; (20)where C(t) = C(t+ T ); 8t. Let the period T be such that k� < T < (k + 1)� . Then one caneasily see that the solution of (20) can be written asyT (�) = (SD(T; 0)y0)(�) = 8<: hQk�1i=0 C(� � i�)i y0(� + T � k�) for � 2 [��; k� � T ]hQki=0 C(� � i�)iy0(� + T � (k+ 1)�) for � 2 (k� � T; 0]:If k� = T , thenyT (�) = (SD(T; 0)y0)(�) = "k�1Yi=0 C(� � i�)# y0(�) for � 2 [��; 0]:Since the Poincar�e operator is a bounded operator, its spectral radius satis�es (see, e.g.,[10]) r(�(SD)) = limj!1 kSjDk1=j; (21)where SjD = SD(jT; 0). Using (21), the value of re = r(�(SD)) can either be derived analyti-cally (in certain special situations) or it can be approximated numerically.We now show how upper and lower bounds for re can be derived when (20) is a scalarequation. In this case, the operator SD is determined by the continuous scalar periodic function11



c(t) and its norm can be de�ned as follows. When T is not a multiple of � , we have k� < T <(k + 1)� for some k and we de�nekSD(T; 0)k= max( maxt2[��;k��T ] j k�1Yi=0 c(t� i�)j; supt2(k��T;0] j kYi=0 c(t� i�)j):Otherwise k� = T and we de�nekSD(T; 0)k= maxt2[��;0] j k�1Yi=0 c(t� i�)j:We further de�ne rj and sj as follows. When jT is not a multiple of � , we have k� < jT <(k + 1)� for some k, and we de�nerj =  max(maxt2[0;T ] j k�1Yi=0 c(t� i�)j; maxt2[0;T ] j kYi=0 c(t� i�)j)!1=j ;and sj =  min( mint2[0;T ] j k�1Yi=0 c(t� i�)j; mint2[0;T ] j kYi=0 c(t� i�)j)!1=j :Otherwise k� = jT and we de�nerj =  maxt2[0;T ] j k�1Yi=0 c(t� i�)j!1=j and sj =  mint2[0;T ] j k�1Yi=0 c(t� i�)j!1=jAs a consequence sj � kSjDk1=j � rj .It is straightforward to prove that rj � rmj � kSmjD k1=mj, 8m � 1 and, hence, rj � re. So,we calculate a �nite sequence rj ; j = 1; : : : ; jmax and use rmax = minj rj as an upper boundon re.Similarly, sj � smj � kSmjD k1=mj, 8m � 1 and, hence, sj � re. Again, we computea �nite sequence sj ; j = 1; : : : ; jmax and use rmin = maxj sj as a lower bound on re. So,rmin � re � rmax, and our numerical experiments (section 5) show that these bounds can bemade quite strict.In the special, 'resonance' case mT = l� (m; l 2 N0), the value of re can be obtainedanalytically. Indeed, because of the periodicity of c(t),kSkmD k = maxt2[��;0] j kl�1Yi=0 c(t� i�)j = ( maxt2[��;0] j l�1Yi=0 c(t� i�)j)k = kSmD kk;we have kSkmD k 1km = kSmDk 1m , 8k � 1 and hencere = kSmD k1=m: (22)12



3.5 ContinuationWhen studying a parameter-dependent system, one wants to follow branches of periodic solu-tions as function of a parameter. This is usually done in a predictor-corrector like way. Thepreviously computed branch points are used to predict a new point and hence starting values�(0) and T (0) are readily available. To be able to pass through turning points, a common prac-tice is to free the continuation parameter � 2 R and to add a new equation, which determinesthe steplength along the branch. The resulting system has the unknowns x0, T , and �,8><>: Sf(T ; x0; �)� x0 = 0s(x0; T; �) = 0�(x0; T; �) = 0: (23)The Jacobian of (23) has an extra bordering, and the Newton-Picard method can still beapplied using an additional Picard scheme [3]. The delay � can be treated as any othercontinuation parameter after rescaling time,_x(t) = �f(x(t); x(t� 1); 1� _x(t� 1); �):The subspace V of the last computed branch point is reused as a starting basis in thesubspace iteration at the new point. Its size ptot can change according to the number ofaccepted eigenvalues at the previous Newton-Picard step (or the previous point) plus a �xednumber of extra eigenvalues pe, thus allowing it to shrink or grow. The extra eigenvalues servethe second purpose of watching for new upcoming eigenvalues. Indeed, the subspace of thelast point may still be accurately invariant but no longer dominant if a new eigenvalue hascome up. The extra vectors, which can further be perturbed for this reason, serve to guardagainst this.Even when the continuation parameter is not present in formula (5), the stability of Dmay change during continuation due to its dependency on the solution pro�le. Any reliablebifurcation analysis should be able to monitor the stability of D during continuation to distin-guish a 'normal' bifurcation from a stability loss of D, for which the essential spectrum leavesthe unit circle and the Floquet theory ceases to exist.4 Test ModelThe model we study is the harmonic oscillator with delayed forcing depending on the secondderivative of the state, �x(t) + b _x(t) + ax(t) = �hf(�x(t� �)) (24)or ( _x1(t) = x2(t)_x2(t) = �bx2(t)� ax1(t)� hf( _x2(t� �)); (25)with nonlinearity f(v) = 11 + exp(4v) :In [2], one can �nd the stability analysis of its unique steady state solution x0 = � h2a . Asteady state solution can lose its stability via a Hopf bifurcation. Curves of Hopf points were13



obtained analytically in the space of parameters h and � , for several values of b, and a = 1.Two curves of Hopf points intersect in a double Hopf point. It was also shown that when thedamping is zero (b = 0), the double Hopf points are resonant.For a periodic solution z(t) = [z1(t) z2(t)]T of (25) the system of di�erence equations (20)has the form y1(t) = 0; (26)y2(t)� c(t)y2(t� �) = 0; where c(t) = 4h exp(4 _z2(t� �))(1 + exp(4 _z2(t� �)))2 : (27)So the stability of D is determined by the stability of the zero solution of the scalar di�erenceequation (27). From (21), if jc(t)j < 1 for t 2 [0; T ] then re < 1. This means that for jhj < 1the zero solution of (27) is always stable, and �e(SL) is inside the unit circle. However, insome cases this condition is too strong (section 5).Our numerical tests indicate that for b = 0 (no damping) the period of a periodic solutiondoes not change along a branch and it is in 'resonance' with the delay, in which case re can becalculated analytically (22).5 Numerical ResultsIn this section we present our numerical results on periodic solutions of (24). We show thenormal and, compared with RFDEs, the new dynamical behaviour of branches of periodicsolutions of (24).To compute and continue periodic solutions and their dominant Floquet multipliers, weused the Newton-Picard method described in section 3.3. The number of computed dominantFloquet multipliers is determined during subspace iteration (see section 3.2.2). Upper andlower bounds on re are computed during continuation using the algorithm described in section3.4. If one requires a very precise estimate of re, the computation of a long sequence ofrj, j = 1; : : : ; jmax is necessary in some cases. The initial function on the delay interval isdiscretized using �xed equidistant and nonequidistant meshes. The number of mesh pointsL is generally higher than for RFDEs [18] because both the solution pro�le and its �rstderivative have to be presented accurately. Time integration of (1) and (2) within the Newton-Picard algorithm is implemented using the code Archi [20] developed for solving di�erent kindsof FDEs, including NFDEs. Archi is based on the �fth-order Dormand & Prince explicitRunge-Kutta method with a �fth-order Hermite interpolant (see [20] for references). A fourthorder interpolation scheme is used to compute the values of the periodic solution and its timederivative on the delay interval at mesh points required by Archi. Matrix-vector products withthe monodromy matrix are implemented using �rst and second order �nite di�erences and thevariational equation.In addition to this, we show the full spectra of some computed monodromy matrices fordi�erent periodic solutions and di�erent mesh sizes, in order to study the e�ect of the dis-cretization on the essential spectrum and the possible appearances the spectrum can have.5.1 Nonzero damping (b 6= 0)Since the solution pro�les we encountered for b 6= 0 show no special di�culties, we use equidis-tant meshes �N = f� �L�iL�1� �; i = 1; : : : ; Lg of di�erent mesh sizes L.14



Normal behaviour. Figure 1 shows a branch of periodic solutions for varying h. Thebranch emanates from a Hopf bifurcation at h ' �0:8247 with zero amplitude. In Fig.2 the modulus of the dominant Floquet multipliers is depicted versus h. At h ' �1:035the branch gains stability as a complex pair of Floquet multipliers crosses the unit circle,signalling a torus bifurcation. In the same �gure the computed upper and lower bounds on reare depicted. Using sequences sj and rj of length jmax = 200, rmin and rmax are visually thesame (rmax = rmin +O(10�5)).To show the e�ect of the discretization, we study the spectrum of SL in the neighbourhoodof the Hopf point. Using the techniques described in [16], we computed (to full digit accuracy)the zeros 
 of the characteristic equation at the Hopf point in a region in the complex plain,shown in Fig. 3(a). The zeros 
 are related to the Floquet multipliers � of the degenerateperiodic solution at the Hopf point through � = exp(
T ) (Fig. 3(b)). The zeros of thecharacteristic equation asymptote to a vertical line at <(
) = ln(jhj)=� which is mappedto the circle indicated in Fig. 3(b). Figs. 3(c) and 3(d) show the spectrum of the monodromymatrix for di�erent mesh sizes for a periodic solution near the Hopf point. These �gures andanalogous �gures below show that our method does not approximate the essential spectrumin a consistent way. In contrast with this, the Floquet multipliers with modulus greater thanre are the same for di�erent mesh sizes in all pictures. The discretized essential spectrumsomehow captures the minimal decay present in the actual essential spectrum and thereforethe error is towards greater decay. Figure 4 shows the spectrum of the monodromy matrix ofan unstable periodic solution on the same branch at h ' �0:9324 for di�erent mesh sizes. Theresults are very similar. Table 1 gives the values of the computed dominant Floquet multipliers,the period and re for the same point and di�erent mesh sizes. The accuracy obtained with 50points is already good because the pro�le of this solution is very smooth.L j�1;2j �3 j�4;5j �6 T re30 1.1484316 1.0001669 0.8409503 0.8322805 7.8168683 0.689745750 1.1486875 0.9999966 0.8424190 0.8319117 7.8167594 0.6897240100 1.1486723 0.9999975 0.8425734 0.8317515 7.8167269 0.6897044200 1.1486726 1.0000002 0.8425803 0.8317774 7.8167348 0.6897056Table 1: Moduli of the 6 dominant Floquet multipliers, the period and re for a point onthe branch of periodic solutions of (24) (a = 1; b = 0:5; � ' 6:745; h ' �0:9324). re isapproximated using a sequence rj of length jmax = 400.Stability loss of D. As a second example, we start from a point on the previous branch andcontinue with respect to the delay � . In Fig. 5 we see the modulus of the dominant Floquetmultipliers and the computed upper and lower bounds on re. As � grows, re goes towards 1and a growing number of Floquet multipliers leave the unit circle. During this continuationwe detected 10 torus bifurcations. At the last computed point re ' 0:9878 and the moduli of15
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Figure 1: The amplitude along a branch of periodic solutions of (26). � - Hopf bifurcation, o- torus bifurcation. a = 1; b = 0:5; � ' 6:745; L = 400.
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Figure 2: The dominant Floquet multipliers and bounds on re (dashed curve) along the branchof periodic solutions of (26), shown in Fig. 1. 16
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�Figure 3: Roots (
) of the characteristic equation of the steady state solution at a Hopf point(a) and their transform � = e
T (b). The eigenvalues of the monodromy matrix of a periodicsolution near the same point ((c), (d)). Dashed circle is the upper bound on re, � - Floquetmultipliers computed within the Newton-Picard algorithm. a = 1; b = 0:5; h ' �0:8247; � '6:745, L = 200 (c), L = 400 (d). 17
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Figure 5: The dominant Floquet multipliers and bounds on re (dashed curves) along thebranch of periodic solutions of (26). a = 1; b = 0:5; h ' �1:180; L = 400.
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Resonance points. Although this is not visual in our �gures, the radius of the essentialspectrum, re, can change noncontinuously during continuation (even though z(t) and _z(t)change continuously). We could �nd no theory on this subject, but our numerical resultssuggest a similar situation as described in the theory of steady state solutions for multipledelay NFDEs (section 2.2.2). If so, re is continuous at all points where the delay and theperiod are rationally independent and it can be discontinuous at points where the delay andthe period are in 'resonance', i.e. mT = l� (m; l 2 N0). The continuity at irrational pointssuggests that the jump at a resonance point will generally diminish for 'weaker' resonance (m,l large and indivisible).The lower and upper bounds sj and rj are continuous along the branch (for a �xed value ofj) except at points where jT = k� , for some k 2 N0. At any resonant point where T > � onecan choose a subset of the rj and sj such that the bounds are continuous in a neighbourhoodaround it. For a resonant point, mT = l� (m; l 2 N0), we have skm = sm, rkm = rm = re,8k � 1; and in general sm 6= re. This can be seen in Fig. 5: the distance between rminand rmax grows considerably in the neighbourhood of the resonances (m; l) = (3; 4) (left) and(m; l) = (5; 6) (right). A blow up for di�erent values of jmax can be seen in Fig. 6. For largevalues of jmax the discontinuity in re becomes apparent and can easily be overlooked. Thesame phenomena is the cause of the sensitivity to delay in the application of boundary forcesto control PDEs [6]. Figure 7 shows the spectrum of the monodromy matrix for a periodicsolution near the (5; 6) resonance for di�erent mesh sizes.5.2 Zero damping (b = 0)For b = 0 steep gradients occur in the �rst derivative of the solution pro�le _z(t) at somepoints. Because of this, we use equidistant and nonequidistant meshes. The local grid size ofthe nonequidistant meshes is chosen proportional to the second derivative of the pro�le, �z2(t),with some upper and lower cuto�s (0:004 < jti+1 � tij < 0:115; i = 1; :::; L� 1).When b = 0, the period of the periodic solution is in resonance with the delay over thecomplete branch, mT = l� (m; l 2 N0 up to numerical accuracy).In Fig. 8 we show the modulus of the dominant Floquet multipliers and the computedrmin and rmax for a branch of periodic solutions with � = 8, T = 16=3 + O(10�4) and thus(m; l) = (3; 2). The branch starts at a Hopf point, h ' �0:2795. In this special situation theradius of the essential spectrum can be derived analytically. Using (22) and the symmetry_z2(t+T=2) = � _z2(t), it is easy to show that re = jhj2=3 along the branch which is equal to thecomputed upper bound on re (rmax = re +O(10�5), jmax = 400) . According to this formula,D looses its stability at h = �1. Unlike Fig. 5, this stability loss is not proceeded by an in�nitesequence of 'normal' bifurcations. Our numerical results indicate that for this special situationthe stability loss of D coincides with the forming of a discontinuity in the �rst derivative ofz2(t). Figure 9 shows z2(t), _z2(t) and �z2(t) for the periodic solution at h ' �0:9569. Figure10 shows the amplitude of z2(t), _z2(t) and �z2(t) along the branch. Using the Newton-Picardmethod, the branch cannot be continued past h = �1. Simulation beyond this value indicatesthat a stable solution exists (and looks much like Fig. 9), but the nature of this solution(whether it is still periodic and continuous) cannot be determined by our method. Figure11 shows the spectrum of the monodromy matrix for the periodic solution of this branch ath ' �0:6023. The special form of the spectrum is due to the resonance.20
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Figure 6: The upper and lower bounds on re in the neighbourhood of the resonant point (5,6)on the branch of periodic solutions shown in Fig. 5. jmax = 80 (dashed curves), jmax = 200(solid curves).
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Figure 7: The eigenvalues of the monodromy matrix at a stable periodic solution. Dashedcircle is the upper bound on re, � - Floquet multipliers computed within the Newton-Picardalgorithm, a = 1; b = 0:5; h ' �1:180; � ' 5:974, L = 200 (a), L = 400 (b).21
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Figure 8: The dominant Floquet multipliers and bounds on re (dashed curves) along thebranch of periodic solutions of (26). a = 1; b = 0; � = 8; L = 500.
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Figure 10: The amplitude of the solution (a) and its �rst (b) and second (c) time derivativesalong the branch shown in Fig. 8.
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Figure 11: The eigenvalues of the monodromy matrix of a stable periodic solution with theresonance 3T = 2� . Lower and upper bounds on re (dashed curves), � - the trivial multipliercomputed within the Newton-Picard algorithm, a = 1; b = 0; h ' �0:6023; � = 8; L = 500.24



6 ConclusionWe presented some results on numerical bifurcation analysis of periodic solutions of the systemof neutral functional di�erential equations (NFDEs) described by (24). The existing theory onNFDEs is considerably complicated and still under development. Drastic di�erences exist inthe behaviour of solutions when comparing neutral to retarded FDEs: the solution operator of(1) does not smooth the initial data as time increases and it is no longer a compact operator.The stability of a periodic solution of (1) is determined not only by a �nite number of dominantFloquet multipliers (as for RFDEs), but also by the location of the essential spectrum of thePoincar�e operator (�e(SL)).As far as we know, no prior work on numerical study of bifurcation behaviour of periodicsolutions of NFDEs exists. Using the Newton-Picard approach to compute periodic solutionsand their stability and to continue branches of periodic solutions, we show the special featuresof NFDEs. We emphasize the crucial role of �e(SL) in the stability analysis: during continu-ation a periodic solution can change its stability not only by means of a 'normal' bifurcationbut also when �e(SL) crosses the unit circle. It is thus important to monitor the spectralradius re of �e(SL) during continuation. As a further complication, re can be noncontinuousalong a branch at 'resonance' points where the delay and the period are rationally dependent.We derive upper and lower bounds on re which are valid even in the neighbourhood of such'resonance' points. During our analysis we present a number of important open questions andcheck our computational results with analytical results whenever possible.We conclude that the in�nite-dimensionality of NFDEs is much more pronounced than forRFDEs. Although we have restricted our discussion to a speci�c example, we strongly believethat the issues we discuss (essential spectrum, resonance) are representative for a general classof NFDEs.AcknowledgementsThe authors thank J. K. Hale and S. M. Verduyn Lunel for helpful discussions on the stabilityproperties of NFDEs. This research presents research results of the Belgian programme onInteruniversity Poles of Attraction, initiated by the Belgian State, Prime Minister's O�ce forScience, Technology and Culture (IUAP P4/02). The scienti�c responsibility is assumed by itsauthors. K. Engelborghs is a research assistant of the Fund for Scienti�c Research - Flanders(Belgium).References[1] R. K. Brayton. Bifurcations of periodic solutions in a nonlinear di�erence-di�erentialequation of neutral type. Quarterly of Applied Mathematics, 24(3):215{224, 1966.[2] S. A. Campbell. Resonant codimension two bifurcation in a neutral functional di�eren-tial equation. Nonlinear analysis, Proceedings of the 1996 World Congress of NonlinearAnalysis, 30(7):4577{4584, 1997. 25
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