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1 IntroductionThis paper is concerned with systems of delay di�erential equations (DDEs),_x = f(x(t); x(t� �1); : : : ; x(t� �m)); (1)with one or several �xed, discrete delays �j 2 R+; j = 1 : : :m,x 2 Rn; f : Rn�Rn� : : :�Rn! Rn:Note that we do not demand commensurability of the delays (whichwould, for instance, prove impractical when one wants to use one of severaldelays as a continuation parameter (see section 4.2)).Stability analysis of steady state solutions of (1) is the subject of some re-cent papers [4, 1, 2]. Most of these studies consist of analytical determinationof bifurcation curves (especially Hopf bifurcations) in a two-dimensional pa-rameter space. The stability of a given equilibrium is then determined fromits location with respect to these curves. The problem with this approachis that it is restricted to systems where the right hand side and its deriva-tives are known analytically. Moreover, the computational costs becomeunfeasible when the system has more than just a few dimensions.In [13] an algorithm is described to compute the number of zeros of thecharacteristic equation in the right half plane. The method presented here isan extension of this, in the sense that it computes the rightmost zeros of thecharacteristic equation, instead of just their number. These computed zerosprovide insight in the systems behaviour, can be used for robust detectionand e�cient calculation of bifurcations points.2 Stability of steady state solutions of DDEsThe DDE system (1) has the same steady state solutions as the system ofordinary di�erential equations that is formed from (1) by putting all itsdelays to zero. An equilibrium x 2 Rn of (1) can therefore be computed asa zero of the n-dimensional nonlinear systemf(x; x; : : : ; x) = 0:Once a steady state solution x� is found, its stability is determined bythe zeros of the characteristic equation. If we de�ne the n � n-dimensionalcharacteristic matrix � as:�(x�; �) , �I � A0(x�)� mXj=1Aj(x�) e��j�;2



with I the n by n identity matrix,A0(x�) , @f@x(t)(x�; x�; : : : ; x�) 2 Rn�n (2)and Aj(x�) , @f@x(t� �j)(x�; x�; : : : ; x�) 2 Rn�n; j = 1 : : :m; (3)then the characteristic equation readsdet(�(x�; �)) = 0: (4)The steady state solution x� will be asymptotically stable if all the zeros�k of (4) have strict positive real part [6, p. 23]. Remark that, in general,(4) will have in�nitely many zeros.An alternative to system (4) is the n + 1-dimensional system( �(x�; �)v = 0cTv � 1 = 0 : (5)At a zero �k of (4), �(x�; �k) is singular and (�k; vk) is a solution of (5) withvk the eigenvector, normalized by cTvk = 1. Note that c should not be or-thogonal to vk. Similar approaches have been used to construct determiningsystems for turning points and other branching points, see e.g. [15].For complex � = a + b i 2 C , we can avoid complex arithmic using:8>>><>>>: <(�(x�; a+ b i)) v�=(�(x�; a+ b i))w = 0=(�(x�; a+ b i)) v+ <(�(x�; a+ b i))w = 0cTv � 1 = 0cTw = 0 (6)The last two equations are normalisations of the real, respectively, the imag-inary part of the null-vector. The vector c should not be orthogonal to thespan of v and w at the solution point.The extended equations have the same solutions for � as (4). Doublereal respectively complex roots of (4) will become two single roots of (5)respectively (6) if there are two independent eigenvectors.3 The algorithmOne could seek roots of the characteristic equation using Newton's method.However even if a grid of starting values in a certain region is taken there isno guarantee that all zeros with a desired property will be found. For ourpurposes an iteration scheme that converges automatically to the rightmostroots is desired. 3



3.1 Outline of ideasA straightforward method to check the asymptotic stability of a given equi-librium solution of (1) would be to start close to it and see whether timeintegration either converges or diverges. To avoid missing the possible smalldomain of attraction of an attracting �xed point one can work with thelinearization of the system around the equilibrium because it enlarges theattraction domain of the �xed point to the whole space. This intuitive sta-bility test based on time integration must, in some way, be related to thestability theory outlined in section 2. The correspondence can be seen inthe following way.The linearization of (1) around x� is a linear n-dimensional DDE, calledthe variational equation, which reads:_y = A0(x�)y(t) + mXj=1Aj(x�)y(t� �j): (7)When integrating DDEs one needs to specify an initial function segmentinstead of an initial vector. Let�max = maxf�j; j = 1 : : :mg;then a solution y(t) of (7) is uniquely de�ned by an initial function segment' 2 C([��max; 0];Rn). We repeat a theorem from [5, p. 34]:Theorem 3.1 Let y(t) be a solution of the linear DDE (7) corresponding tosome initial function segment '(�); � 2 [��max; 0]. For any 
 2 R such thatdet(�(x�; �)) 6= 0 on the line <(�) = 
, we have the asymptotic expansion:y(t) = lXk=1 pk(t)e�kt + o(e
t) for t! +1 (8)where �1; : : : ; �l are the �nitely many zeros of det(�(x�; �)) with real partexceeding 
 and where pk(t) is a C n -valued polynomial in t of degree less thanor equal to mk� 1 with mk the multiplicity of �k as a zero of det(�(x�; �)).For 
 < 0, an immediate consequence is the stability theory given insection 2. For the sake of the argument we assume all roots �k; k = 1 : : : lto have multiplicity mk = 1, the polynomials pk(t) are then just constants,pk(t) � ck. The e�ect of time integration over a �xed length of time t0 canbe seen from:y(t0 + t) = lXk=1 ĉke�kt + o(e
(t0+t)) for t! +1; with ĉk = cke�kt0 (9)4



Assuming o(e
(t+t0)) is negligible (because either (t+t0) or l is large enough),we see that the coe�cient pk(t) = ck of expansion (8) has been multipliedwith �k = e�kt0 . The exponential transformation � = e�t0 maps eigenvalues�k with large positive real part to �k having large modulus and eigenvalues�k with large negative real part to �k having small modulus. Hence the termsof (9) corresponding to the rightmost zeros �k of the characteristic equationhave become relatively more important. We could say that time integrationof (7) automatically evolves towards the rightmost modes of the system. Aconclusion which is in some sense trivial because, as seen in expansion (8)they correspond to the fastest growing or least decaying modes of (7).If we can extract �1 and perhaps also c1 from the asymptotic trajectoryc1e�1t, we have found a method to automatically calculate the rightmostmode of (1). To �nd more than one rightmost mode we could integrate a setof functions and periodically keep them independent to prevent convergenceto the same, rightmost mode.This method can be seen as an in�nite-dimensional form of subspaceiteration, a numerical technique used to compute the largest (in modulus)eigenvalues of a matrix. In the next section we will formalize this equivalenceand reformulate the traditional algorithm in our setting.3.2 Subspace iterationLet y(t;�) be the solution of (7) corresponding to the initial condition � 2C([��max; 0];Rn). We de�ne the function segment yt(�) 2 C([��max; 0];Rn)as follows: yt(�)(�) = y(t+ �;�); � 2 [��max; 0]:Let S(x�; t0) be the linear operator which transforms � to the function seg-ment yt0(�): S(x�; t0)� , yt0(�): (10)We state the following result:Theorem 3.2 If (� 2 C , v 2 C n) is a simple root of (5) then � = ve��,� 2 [��max; 0] is an eigenfunction of S(x�; t0) corresponding to a simpleeigenvalue e�t0.Proof: Because the characteristic equation in the form (5) can be ob-tained from (7) by �lling in the sample solution y(t) = ve�t, the fact that(� 2 C , v 2 Cn ) is a root of (5) means that y(t) is a solution of (7). Thisimplies that for � 2 [��max; 0],(S(x�; t0)yt(�))(�) = y(t+t0)(�)(�) = ve�t0e�(t+�) = (e�t0yt(�))(�); (11)5



with � the appropriate initial condition,�(�) = ve��; � 2 [��max; 0]:Equation (11) states that yt(�)(�) = ve�� is an eigenfunction of S(x�; t0)corresponding to an eigenvalue e�t0.An equivalent theorem with proof for a more general class of equationsand including the case of multiple roots can be found in [5, p. 126].When an eigenvalue � 2 C of S(x�; t0) is given, the real part of � caneasily be found provided t0 6= 0,<(�) = ln(k�k)t0 : (12)The imaginary part of � is found modulo �=t0, using=(�) � arccos(<(�)k�k )t0 (mod �t0 ); (13)or, =(�) � arcsin(=(�)k�k )t0 (mod �t0 ): (14)However, for the purposes of stability analysis and detection of bifurca-tions, the real part of � su�ces. If it is of interest, the full imaginary partcan be extracted from the calculated eigenfunction (see section 3.3).The dominant eigenvalues of S(x�; t0) will, due to transformation (12),correspond to the rightmost solutions of the characteristic equation. Sub-space iteration [17] is a well known and well understood method to computethe largest eigenvalues of a matrix. We rewrite the basic subspace iterationalgorithm with projection [17, p. 156] in our in�nite-dimensional setting andnotations.Algorithm 3.1Start:Choose an initial set of functions:Y = fy1; : : : ; ylg; yi 2 C([��max; 0];Rn):Orthonormalize the functions yi, i = 1 : : : l, using the inner product,(yi; yj) , Z 0��maxyi(�)yj(�)d�: (15)6



Choose t0 > 0.Iterate:Until convergence do:(a) Integrate functions yi using (7), i = 1 : : : l:Z = fS(x�; t0)y1; : : : ; S(x�; t0)ylg:(c) Compute B 2 Rl�l (using the inner product (15)):Bi;j = (yi; zj):(d) Use the QR algorithm to compute eigenvectors �i and the Schurvectors ui of B, i = 1 : : : l:U = [u1; : : : ; ul] 2 Rl�l; �i 2 C ; i = 1 : : : l:(e) Recombine the functions zi into Y new = fynew1 ; : : : ; ynewl g:ynewi = lXj=1 ui;jzj ; i = 1 : : : l:(b) Orthormalize the functions ynewi , i = 1 : : : l, using the inner product (15).(f) Test for convergence. If not converged, repeat with Y := Y new.At convergence the eigenvalues �i; i = 1 : : : l � 1 of B will be good ap-proximations of the l�1 most dominant eigenvalues of S(x�; t0). Eigenvalue�l may not converge if it forms a complex pair of eigenvalues with �l+1. Be-cause the convergence speed of the �i depends on its distance to �l+1 oneusually takes l a little larger than necessary to obtain good convergence ofthe eigenvalues that are of actual interest.The method thus obtained is automatic and robust but expensive. Sev-eral time integrations are necessary before convergence is achieved. Someways of improving the e�ciency (and at the same time the accuracy of theresults) are explained in the next section. We end this section with tworemarks.Although in actual computations the problem necessarily has to be dis-cretized we prefer an in�nite dimensional reformulation of the subspace iter-ation. Indeed, the advantage is that we do not need a global discretisation,instead we want the representation of the function segments to be able tochange during the course of the computations. This is important because asmore and more modes are calculated the imaginary parts tend to increase7



drastically. When these modes are still of interest, adaptive time integrationof the functions yi decreases its steplength and the corresponding discreti-sation of the functions yi should re�ne in accordance with the integrationcode.If the derivatives of the right hand side (2), (3) cannot easily be com-puted one can avoid their use by an approximation of the action of S(x�; t0),through time integration of the original system (similar to [12, section 3.2]):(S(x�; t0)�)(�) � xt0(�)(�)� x�� ; � 2 [��max; 0]; (16)with �(�) = x� + ��(�); � 2 [��max; 0] and with xt0(�) obtained from � byintegration of (1) over time t0. Although this can be useful in some cases, onemust be very careful because (16) can produce breakdown of convergenceand, which is probably worse, the computation of faultive spurious modes.3.3 Improving e�ciency and accuracyA common practice to improve the e�ciency of algorithm 3.1 is the use ofa technique called locking [17, section 3.1]. Because of the di�erent con-vergence speeds of the di�erent modes, the �rst modes will converge earlierthan less dominant modes. The corresponding eigenfunction can be kept�xed because its behaviour under time integration is known. Only in theorthogonalization (step (b) of algorithm 3.1) we still have to orthogonalizewith respect to the 'locked' modes.The implementation of locking is usually done using the last iterate of theeigenfunction yi together with its integration zi. However in our situation wecan do better because the form of the eigenfunctions is known analytically.If we have the corresponding zero (�; v) of characteristic equation (5) wecan construct the corresponding eigenfunction ve��.After deriving an approximation to (�(0); v(0)) from yi we can easily useNewton's method on the characteristic equation to obtain the pair (�; v)with full accuracy. Indeed, while subspace iteration is robust and automati-cally converges to the modes of interest, Newton's iteration is much cheaperand has asymptotic quadratic convergence once we have a good enough ap-proximation of a mode.To extract the information (� = a + bi; v) from (�i; yi) we use formula(12) for the real part a and v can be obtained fromv = ve������=0 = yi(0):8



The imaginary part b can be obtained from a curve �tting procedure on yi,or alternatively, b is proportional to the distance of its zeros and the signcan be extracted from @(yi(�))=@�. If no two zeros in the function segmentyi(�); � 2 [��; 0] exist the formulas (13) and (14) can be used and theycomplement nicely provided t0 � �max.Remark that for roots where Newton's iteration fails to converge (be-cause of nearby other roots or because the starting value was not goodenough) we still extract the root from the subspace iteration, thereby keep-ing the robustness of the original algorithm.To conclude this section we give some details of the Newton-Raphsoniteration schemes.When good starting values are available real, simple zeros of (5) can befound quadratically with the iteration scheme:( �(k+1) = �(k) + ��v(k+1) = v(k) + v� (17)with [v� ��]T the solution of" �(x�; �(k)) ��(x�; �(k))v(k)cT 0 # " v��� # = � " �(x�; �(k))v(k)cTv(k) � 1 # ;and ��(x�; �) , @�@� (x�; �) = I + mXj=1 �jAj(x�) e��j�:Complex zeros � = a+ bi can be found with:8><>: �(k+1) = �(k) + (a� + b�i)v(k+1) = v(k) + v�w(k+1) = w(k) + w�with [v� w� a� b�]T the solution of26664 <(�) �=(�) d11 d12=(�) <(�) d21 d22cT 0 0 00 cT 0 0 3777526664 v�w�a�b� 37775 = �26664 <(�)v(k)� =(�)w(k)=(�)v(k)+ <(�)w(k)cTv(k) � 1cTw(k) 37775 ;(18)where the dependencies of � on x�, � and a(k)+b(k)i have been omitted and" d11 d12d21 d22 # = " @<(�)@a v(k) � @=(�)@a w(k) @<(�)@b v(k) � @=(�)@b w(k)@=(�)@a v(k) + @<(�)@a w(k) @=(�)@b v(k) + @<(�)@b w(k) # :9



The use of the extra vector v in (5) raises the dimension of (1) from oneto n + 1, but the computational costs of the Newton iteration are reducedbecause almost everything can be precomputed (see (17) and (18)) and nodeterminants have to be evaluated.3.4 Continuation and bifurcation analysisIf equation (1) contains some physical parameters,_x = f(x(t); x(t� �1); : : : ; x(t� �m); �); � 2 Rp;one is interested in the movement of the eigenvalues of the characteristicequation as a function of these parameters.The above procedure can be used for every point x�(s), �(s) 2 R ofa branch of steady state solutions, parameterized by some arclength s, tocompute the stability evolution on the branch and in particular to detectHopf bifurcations. One could also follow a branch of Hopf bifurcations in atwo-dimensional parameter space � 2 R2 using [13], and compute the right-most eigenvalues �k to detect double Hopf points (complicated dynamicscan arise in the neighbourhood of double Hopf points, see [3] and for ODEs[10, section 8.6]).The use of locking as described in the previous section is of special in-terest in a continuation context because the modes of the previous pointx�(sk�1) are approximations of the modes of the current point x�(sk) andcan be used as starting values in the Newton process (17). The values thatconverge can already be put in the locked subspace.To detect bifurcations we are interested in parameter values for which areal zero or a complex pair of zeros of the characteristic equation crosses theimaginary axis. We can, for instance, de�ne the following scalar test function�(s) based on the real parts of the computed rightmost zeros �k(s); k =1; : : : ; l, of the characteristic equation at s,�(s) , minf<(�k(s)); k = 1; : : : ; lg:Although this function has discontinuities with sign change it will be contin-uous in a neighbourhood of a regular bifurcation point where one can safelyuse linear interpolation to calculate its zeros.10



4 Test examples4.1 A model for recurrent neural feedbackAs a �rst example we study a model developed by Plant [16] of which abifurcation diagram and periodic solutions are given in [4]. The model isbased on the system( v0(t) = h(v(t))� w(t) + �(v(t� �)� v�)w0(t) = �(v(t) + a� bw(t)) (19)with h(v) = v � v33 ; a = 0:7; b = 0:8; � = 0:08; � = 25and v� � �1:1994 the unique real root of h(v�) � (v� + a)=b = 0 which,together with w� = (v� + a)=b corresponds to the unique equilibrium of thesystem. � is used as the continuation parameter.
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Figure 1: The convergence during subspace iteration of the real parts of the 8 right-most roots of the characteristic equation of (19) at (v�; w�), � = �0:5. Since all rootsconsist of complex pairs only four lines are indicated. The symbols are as follows: 'o' for�1;2, '+' for �3;4, 'x' for �5;6 and '*' for �7;8. The theoretical asymptotic convergencerate is indicated in the upper right part of the picture.11
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Figure 2: The location of the rightmost roots of the characteristic equation of (19) at(v�; w�), � = �0:5. The computation of the 8 rightmost roots of this picture is shownin �gure 1.To illustrate the convergence of the subspace iteration we �xed � = �0:5and used a basis of size l = 8 and t0 = � = 25. Each subspace iterationthus requires 8 time integrations over an interval of length t0. The conver-gence of the real parts of the computed rightmost �k, k = 1 : : :8, is depictedin �gure 1. Only four di�erent lines are seen because all computed eigen-values consist of complex pairs. The asymptotic convergence rate is givenby k�l+1kk�ik = exp((<(�l+1) � <(�i))t0) and is depicted in the upper rightpart of �gure 1 using the corresponding symbols. The error of the eigenval-ues at each step was computed using the corresponding eigenvalue obtainedthrough Newton iteration. We clearly see that the maximal accuracy ob-tained by subspace iteration di�ers for di�erent eigenvalues. This is not onlydue to the di�erent position of the eigenfunctions in the subspaces, throughwhich they depend on each other; but also due to the discretisation errormade in the representation of the function segments and the time integra-tion. In particular our example seems to indicate a correspondence betweenthe imaginary part of � and the maximal accuracy obtained by subspaceiteration (compare �gures 1 and 2 and note that the maximal accuracy of�5;6 is smaller than those of �1;2 and �3;4).In �gure 3 the real parts of the rightmost roots of the characteristic equa-tion are plotted along the constant equilibrium branch (v�; w�) for varying12



�. A solid line indicates a complex pair of roots, hence when such a linecrosses the dashed-dotted null-line a Hopf bifurcation occurs. The resultingbranches of periodic solutions can be found in [4, �gure 4.1]. When � goes tozero the delay term of (19) disappears. The resulting ODE system has onlytwo modes which can easily be calculated as the eigenvalues of the Jacobian,lim�!0�1;2(�) � �0:2513� 0:2119i:The real parts of all other modes tend to �1 when � decreases towardszero.The left part of picture 3 was computed with a �xed steplength �� =0:01 and a basis of size l = 24. At each point the iteration was haltedwhen the relative change of the real parts of the �rst 18 modes between twosubspace iteration steps was less than 0.01. For every point but the �rst onewe used the last subspace basis of the previous point as initial set in step (a)of algorithm 3.1. This resulted in 9 subspace iterations for the �rst pointand a mean of 2.26 subspace iterations for all subsequent points, giving atotal mean of 2:33� 24 � 56 time integrations of length t0 = 25 per point.If we denote the unknown absolute error at the k-th subspace iteration asek , the halting condition can be written as, i = 1 : : :18,(<(�i) + ek�1)� (<(�i) + ek)<(�i) � 0:01: (20)Assuming the asymptotic convergence rate has been reached,ek � exp((<(�l+1)�<(�i))t0)ek�1;we can rewrite (20) asek<(�) � 0:01exp(�(<(�l+1)� <(�i))t0)� 1 � 0:01exp(�(<(�l�1)�<(�i))t0)� 1 :This error estimate depends on � and can be monitored during continua-tion. In our situation we conclude that the largest relative error of <(�1;2),<(�10;11) and <(�17;18) in the interval � 2 [�1;�0:01] is smaller than re-spectively 2.3e-3, 7.1e-3 and 2.8e-2.When applying locking as described in section (3.3) the purpose of thesubspace iteration is reduced to �nding starting values for the Newton iter-ation. The left part of picture 3 was again computed with the same �xedsteplength �� = 0:01 and a basis of unlocked vectors of size l = 6. Eachtime a computed root satis�es (20) it is used as a starting value for the New-ton iteration. Upon success it is removed from the active basis of unlocked13
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Figure 3: The real parts of the 19 rightmost roots of the characteristic equation of(19) along the constant solution branch (v�; w�) for varying � (left: � 2 [�1; 0], right:� 2 [�0:001; 0]). Real roots are indicated as dashed lines, complex pairs of roots assolid lines, Hopf bifurcations are indicated with a 'o'.vectors. In such a way, the rightmost 18 roots of the �rst point are com-puted. For subsequent points the computed roots of the previous point canalready be used as starting values for the Newton iteration. The purpose ofthe subspace iteration is then further reduced to watch for new upcomingmodes. If the �rst unlocked mode satis�es (20) and its real part is smallerthan all locked modes, we go on to the following point. If its real part islarger, it is re�ned using the Newton iteration and interchanged with theleftmost locked mode. This scheme resulted in 29 subspace iterations for the�rst point and a mean of 1.98 subspace iterations for all subsequent points,giving a total mean of 2:25� 6 � 14 time integrations of length t0 = 25 perpoint. The roots are now obtained to full accuracy.4.2 A two-delay modelOur second test case is a model that was used to study the in
uence ofmultiple negative delayed feedback loops [1]. It is a scalar delay di�erential14



equation with two delays and a unique equilibrium at x� = 0._x(t) = � tanh(x(t� �1))� A tanh(x(t� �2)) (21)
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Figure 4: The real parts of the rightmost roots of the characteristic equation of (21)along the constant solution branch x� = 0 for �1 = 1:75, �2 = 5 and varying A 2 [0; 2].All calculated roots consist of complex pairs, Hopf bifurcations are indicated with a 'o'.In �gure 5 we see regions of linearized stability of the �xed point ofdecreasing size. As such regions get smaller they are easily overlooked whenmonitoring only the number of unstable modes. A similar region of linearizedstability is seen in �gure 4. The di�erent movement of the eigenvalues �ksuggests di�erent dynamical behaviour in the neighbourhood of this regioncompared to those of �gure 5.5 Brief discussion of alternativesIn [11] a method is proposed to calculate a scalar function �(r) : R ! Rthat has a pole at every r = <(�i) with �i a root of characteristic equation(4). Although the calculation of �(r) for speci�c r is cheap when n is notvery large this method has certain disadvantages. Finding all rightmostpoles of a function is not easily done automatically. Determining doubleor near double poles is a di�cult task. Also, when following a branch ofHopf points in two-parameter space the detection of double Hopf points ishindered by the constant pole at r = 0. The method is further restricted15
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Figure 5: The real parts of the rightmost roots of the characteristic equation of (21)along the constant solution branch x� = 0 for A = 0:15, �1 = 1:5 and varying �2 2[0; 40]. All calculated roots consist of complex pairs, Hopf bifurcations are indicatedwith a 'o'.to commensurate delays which is impractical in cases of multiple delays,for instance when using one of the delays as a continuation parameter. Onthe other hand when one wants to calculate a large number of roots of thecharacteristic equation, especially with large imaginary parts our methodbecomes infeasible because of the accuracy needed in the time integration.An alternative to our approach would be to approximate the variationalequations (7) by a high dimensional system of ordinary di�erential equa-tions. The Jacobian of the right hand side of this system evaluated in anequilibrium solution has a sparse structure that depends on the number andthe relative position of the delays. One still seeks the rightmost roots ofthis large matrix (in contrast with our approach). Techniques have been de-veloped for this purpose [14], but when there is a large 'tail' of eigenvalueswith large negative real parts the robustness of these methods is limited ifno good guesses of the wanted eigenvalues are available. Because the actualdelay di�erential equation has a tail of eigenvalues with real parts going to�1, the situation gets worse when the number of discretisation points is in-creased. On top of this, approximating a DDE by a high-dimensional ODEmay be dangerous, speci�cally because stability of time integration codes ofODEs and DDEs di�ers [8, 7, 9]. 16



6 ConclusionsIn this paper we presented a robust and automatic numerical method tocompute the rightmost roots of the characteristic equation of a �xed pointof a DDE. These roots determine the stability of the �xed point, provideinside in the systems behaviour, can be used for accurate bifurcation detec-tion and e�cient indirect calculation of bifurcation points. Examples werepresented that demonstrate the usefulness of the algorithm. We also believethis method can be extended to other types of functional di�erential equa-tions and we intend to use the algorithm to study the in
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