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Abstract

The characteristic equation of a system of delay differential
equations (DDEs) is a nonlinear equation with infinitely many
zeros. The stability of a steady state solution of such a DDE
system is determined by the number of zeros of this equation
with positive real part. We present a numerical algorithm to
compute the rightmost, i.e. stability determining, zeros of the
characteristic equation. The algorithm is based on the applica-
tion of subspace iteration on the time integration operator of the
system or its variational equations. The computed zeros provide
insight in the systems behaviour, can be used for robust bifurca-
tion detection and for efficient indirect calculation of bifurcations
points.
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1 Introduction

This paper is concerned with systems of delay differential equations (DDEs),
= f(z(t),z(t —71),...,2(t — ™)), (1)
with one or several fixed, discrete delays 7; € Ry, 7 =1...m,
zeR™ fIR"XR"X...xR" - R"

Note that we do not demand commensurability of the delays (which
would, for instance, prove impractical when one wants to use one of several
delays as a continuation parameter (see section 4.2)).

Stability analysis of steady state solutions of (1) is the subject of some re-
cent papers [4, 1, 2]. Most of these studies consist of analytical determination
of bifurcation curves (especially Hopf bifurcations) in a two-dimensional pa-
rameter space. The stability of a given equilibrium is then determined from
its location with respect to these curves. The problem with this approach
is that it is restricted to systems where the right hand side and its deriva-
tives are known analytically. Moreover, the computational costs become
unfeasible when the system has more than just a few dimensions.

In [13] an algorithm is described to compute the number of zeros of the
characteristic equation in the right half plane. The method presented here is
an extension of this, in the sense that it computes the rightmost zeros of the
characteristic equation, instead of just their number. These computed zeros
provide insight in the systems behaviour, can be used for robust detection
and efficient calculation of bifurcations points.

2 Stability of steady state solutions of DDEs

The DDE system (1) has the same steady state solutions as the system of
ordinary differential equations that is formed from (1) by putting all its
delays to zero. An equilibrium z € R™ of (1) can therefore be computed as
a zero of the n-dimensional nonlinear system

f(z,z,...,2)=0.

Once a steady state solution z* is found, its stability is determined by
the zeros of the characteristic equation. If we define the n X n-dimensional
characteristic matrix A as:

m
A(z*,X) £ AT - Ao(z*) — ) Aj(z*) e,

=1



with I the n by n identity matrix,

Ag(z*) & ai{t)(m*,m*, conzt) e RM (2)
and
Aj(z*) & 37]‘(3:* 5. .,z ) ER™", j=1...m (3)
oz(t—7;) 7~ 77 ’ ’
then the characteristic equation reads
det(A(z*,A)) = 0. (4)

The steady state solution z* will be asymptotically stable if all the zeros
Ak of (4) have strict positive real part [6, p. 23]. Remark that, in general,
(4) will have infinitely many zeros.

An alternative to system (4) is the n + 1-dimensional system

{ A(z*,X\)v =0 ‘ (5)

cfv—-1=0

At a zero g of (4), A(z*, \g) is singular and (A, vg) is a solution of (5) with
vy the eigenvector, normalized by ¢Zv; = 1. Note that ¢ should not be or-
thogonal to vg. Similar approaches have been used to construct determining
systems for turning points and other branching points, see e.g. [15].
For complex A = a + bi € C, we can avoid complex arithmic using:
R(A(z*,a+ bi))v—S(A(z*,a+ bi))w =0
S(A(z*,a+ bi)) v+ R(A(z*,a+ bi))w=0 (6)
cTv—1=0
cTw =0

The last two equations are normalisations of the real, respectively, the imag-
inary part of the null-vector. The vector ¢ should not be orthogonal to the
span of v and w at the solution point.

The extended equations have the same solutions for A as (4). Double
real respectively complex roots of (4) will become two single roots of (5)
respectively (6) if there are two independent eigenvectors.

3 The algorithm

One could seek roots of the characteristic equation using Newton’s method.
However even if a grid of starting values in a certain region is taken there is
no guarantee that all zeros with a desired property will be found. For our
purposes an iteration scheme that converges automatically to the rightmost
roots is desired.



3.1 Outline of ideas

A straightforward method to check the asymptotic stability of a given equi-
librium solution of (1) would be to start close to it and see whether time
integration either converges or diverges. To avoid missing the possible small
domain of attraction of an attracting fixed point one can work with the
linearization of the system around the equilibrium because it enlarges the
attraction domain of the fixed point to the whole space. This intuitive sta-
bility test based on time integration must, in some way, be related to the
stability theory outlined in section 2. The correspondence can be seen in
the following way.
The linearization of (1) around z* is a linear n-dimensional DDE, called
the variational equation, which reads:
m
g = Ao(z*)y(t) + D A;(e*)y(t — 7). (7)
j=1
When integrating DDEs one needs to specify an initial function segment
instead of an initial vector. Let

Tmax = max{rj, 7 =1...m},

then a solution y(¢) of (7) is uniquely defined by an initial function segment
¢ € C(|—Tmax, 0], R™). We repeat a theorem from [5, p. 34]:

Theorem 3.1 Let y(t) be a solution of the linear DDE (7) corresponding to
some initial function segment ©(0), 6 € [—Tmax,0]. For anyy € R such that
det(A(z*, X)) # 0 on the line R(\) = v, we have the asymptotic expansion:

l
o(8) = 3 pe(8)e™ + ofe™) for ¢ +oo ®)
k=1

where A1, ..., A are the finitely many zeros of det(A(z*, X)) with real part
ezceeding y and where pg(t) is a C*-valued polynomial in t of degree less than
or equal to my — 1 with my, the multiplicity of Ar as a zero of det(A(z*, A)).

For v < 0, an immediate consequence is the stability theory given in
section 2. For the sake of the argument we assume all roots Ag, £ = 1...1
to have multiplicity mg = 1, the polynomials pg(¢) are then just constants,
Pk(t) = cx. The effect of time integration over a fixed length of time ¢, can
be seen from:

4

y(to+1t)=> ére™t + o(e"B+) for ¢t — +o0, with & = cxe o (9)

k=1



Assuming o(e?(t+%)) is negligible (because either (t+1,) or  is large enough),
we see that the coefficient pg(t) = ¢ of expansion (8) has been multiplied
with oy = e***o. The exponential transformation ¢ = e*° maps eigenvalues
A with large positive real part to of having large modulus and eigenvalues
Ar with large negative real part to o having small modulus. Hence the terms
of (9) corresponding to the rightmost zeros A; of the characteristic equation
have become relatively more important. We could say that time integration
of (7) automatically evolves towards the rightmost modes of the system. A
conclusion which is in some sense trivial because, as seen in expansion (8)
they correspond to the fastest growing or least decaying modes of (7).

If we can extract A\; and perhaps also ¢; from the asymptotic trajectory
Mt we have found a method to automatically calculate the rightmost
mode of (1). To find more than one rightmost mode we could integrate a set

ci1€

of functions and periodically keep them independent to prevent convergence
to the same, rightmost mode.

This method can be seen as an infinite-dimensional form of subspace
iteration, a numerical technique used to compute the largest (in modulus)
eigenvalues of a matrix. In the next section we will formalize this equivalence
and reformulate the traditional algorithm in our setting.

3.2 Subspace iteration

Let y(t; ¢) be the solution of (7) corresponding to the initial condition ¢ €
C([—Tmax, 0], R™). We define the function segment y:(¢) € C(|—Tmax, 0], R™)
as follows:

v(9)(0) = y(t + 6, 8), 0 € [~Tmax, 0].
Let S(z*,to) be the linear operator which transforms ¢ to the function seg-

ment Yz, (P):
' 5(z*,t0)¢ = v, (9). (10)

We state the following result:

Theorem 3.2 If (A € C, v € C*) is a simple root of (5) then ¢ = ve*?,
6 € [—Tmax, 0] s an eigenfunction of S(z*,ty) corresponding to a simple
eigenvalue e,

Proof: Because the characteristic equation in the form (5) can be ob-
tained from (1) by filling in the sample solution y(t) = ve, the fact that
(A€ C, ve C) is aroot of (5) means that y(t) is a solution of (7). This
implies that for 6 € [—Tmax, 0],

(S(2*,t0)3e(6))(6) = Yu110)(9)(8) = ve 0 eA+0) = (Noy,(¢))(60),  (11)



with ¢ the appropriate initial condition,
$(8) = ve*, 0 € [~Timax, 0].

Equation (11) states that y;(¢)(8) = ve® is an eigenfunction of S(z*, o)
corresponding to an eigenvalue e,

An equivalent theorem with proof for a more general class of equations
and including the case of multiple roots can be found in [5, p. 126].

When an eigenvalue o € C of S(z*,to) is given, the real part of A can
easily be found provided ¢, # 0,

R — 0ol 12)

The imaginary part of A is found modulo 7 /tg, using

R(a)
arccos
F()) = % (mod ti), (13)
0 0
or,
. S(o)
arcsini o
F()) = # (mod tl). (14)
0 0

However, for the purposes of stability analysis and detection of bifurca-
tions, the real part of X suffices. If it is of interest, the full imaginary part
can be extracted from the calculated eigenfunction (see section 3.3).

The dominant eigenvalues of S(z*,ty) will, due to transformation (12),
correspond to the rightmost solutions of the characteristic equation. Sub-
space iteration [17] is a well known and well understood method to compute
the largest eigenvalues of a matrix. We rewrite the basic subspace iteration
algorithm with projection [17, p. 156] in our infinite-dimensional setting and
notations.

Algorithm 3.1
Start:
Choose an initial set of functions:

Y = {yl: .- -:?/l}: Y € C([_Tmaxao]7Rn)'

Orthonormalize the functions y;, i = 1...l, using the inner product,

wou) 2 [ w@s(0)d0 (15)

—Tmax
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Choose tg > 0.

Iterate:

Until convergence do:

(a) Integrate functions y; using (7), 1 =1...1:

Z ={S(z*,to)y1,...,S(z*, to)y}.

(c) Compute B € R*! (using the inner product (15)):
By = (yir 2)-

(d) Use the QR algorithm to compute eigenvectors o; and the Schur
vectors u; of B, i =1...1:

U=[uy,...,m] e R™: g;€C, i=1...1

(e) Recombine the functions z; into Y™V = {y7°v, ..., ypV}:

4
Y = Zui,jzj, i=1...L
i=1

new

b) Orthormalize the functions y?*V, ¢ = 1...l, using the inner product (15).
2
(f) Test for convergence. If not converged, repeat with Y := Y™V,

At convergence the eigenvalues o;, ¢ = 1...l — 1 of B will be good ap-
proximations of the / — 1 most dominant eigenvalues of S(z*,%y). Eigenvalue
o7 may not converge if it forms a complex pair of eigenvalues with o;11. Be-
cause the convergence speed of the g; depends on its distance to 041 one
usually takes [ a little larger than necessary to obtain good convergence of
the eigenvalues that are of actual interest.

The method thus obtained is automatic and robust but expensive. Sev-
eral time integrations are necessary before convergence is achieved. Some
ways of improving the efficiency (and at the same time the accuracy of the
results) are explained in the next section. We end this section with two
remarks.

Although in actual computations the problem necessarily has to be dis-
cretized we prefer an infinite dimensional reformulation of the subspace iter-
ation. Indeed, the advantage is that we do not need a global discretisation,
instead we want the representation of the function segments to be able to
change during the course of the computations. This is important because as
more and more modes are calculated the imaginary parts tend to increase



drastically. When these modes are still of interest, adaptive time integration
of the functions y; decreases its steplength and the corresponding discreti-
sation of the functions y; should refine in accordance with the integration
code.

If the derivatives of the right hand side (2), (3) cannot easily be com-
puted one can avoid their use by an approximation of the action of S(z*, o),
through time integration of the original system (similar to [12, section 3.2]):

z, (2)(0) — 2”

(5(3*,750)45)(9) ~ € ) 6 € [_Tmax:0]7 (16)
with ®(8) = z* 4 €¢(8), 0 € [—Tmax, 0] and with z;,(®) obtained from @ by
integration of (1) over time ¢y. Although this can be useful in some cases, one
must be very careful because (16) can produce breakdown of convergence

and, which is probably worse, the computation of faultive spurious modes.

3.3 Improving efficiency and accuracy

A common practice to improve the efficiency of algorithm 3.1 is the use of
a technique called locking [17, section 3.1]. Because of the different con-
vergence speeds of the different modes, the first modes will converge earlier
than less dominant modes. The corresponding eigenfunction can be kept
fixed because its behaviour under time integration is known. Ounly in the
orthogonalization (step (b) of algorithm 3.1) we still have to orthogonalize
with respect to the "locked’ modes.

The implementation of locking is usually done using the last iterate of the
eigenfunction y; together with its integration z;. However in our situation we
can do better because the form of the eigenfunctions is known analytically.
If we have the corresponding zero (A, v) of characteristic equation (5) we
can construct the corresponding eigenfunction ve*?.

After deriving an approximation to ()\(0), v(o)) from y; we can easily use
Newton’s method on the characteristic equation to obtain the pair (A,v)
with full accuracy. Indeed, while subspace iteration is robust and automati-
cally converges to the modes of interest, Newton’s iteration is much cheaper
and has asymptotic quadratic convergence once we have a good enough ap-
proximation of a mode.

To extract the information (A = a 4 bi,v) from (o;,y;) we use formula
(12) for the real part a and v can be obtained from

— perf —
v = ve ‘6:0 = ;(0).



The imaginary part b can be obtained from a curve fitting procedure on y;,
or alternatively, b is proportional to the distance of its zeros and the sign
can be extracted from 0(y;(8))/00. If no two zeros in the function segment
v:(0), 0 € [—7,0] exist the formulas (13) and (14) can be used and they
complement nicely provided tg > Tmax-

Remark that for roots where Newton’s iteration fails to converge (be-
cause of nearby other roots or because the starting value was not good
enough) we still extract the root from the subspace iteration, thereby keep-
ing the robustness of the original algorithm.

To conclude this section we give some details of the Newton-Raphson
iteration schemes.

When good starting values are available real, simple zeros of (5) can be
found quadratically with the iteration scheme:

AEFL) — A(R) 1 ),
{ o) = (k) 4 o (17)

with [ve A¢]T the solution of

Az*, AF)) Ay (z*, AF)p(k) Ve
cTo(R) —1

A(z*, )\(k))v(k)
T 0 Ae B ’

and
A (:c* )\) £ —(:c* )\) =1+ E T, A -(:c*)e_Tj}‘
A b aA ? J ot 7 7 ‘

Complex zeros A = a + bi can be found with:

AR+L) — A(k) o (@ + bel)
'v(k‘l'l) = 'v(k) + Ve
w(k+1) = 'w(k) _|_ We

with [ve we ae be]T the solution of

R(A) —S(A) dir dio Ve R(A)E) — S(A)wk)
S(A)  R(A) dy day we | S(A)v*) + R(A)w k)
T 0 0 0 a | T Ty 1 ’
0 T 0 0 be cTw*)

(18)
where the dependencies of A on z*, u and a®) + p(R)i have been omitted and
e ] _ [ 0 SO0 S0 ) )00 ]
P R I ANEINE SHERE SHENE AW
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The use of the extra vector v in (5) raises the dimension of (1) from one
to n + 1, but the computational costs of the Newton iteration are reduced
because almost everything can be precomputed (see (17) and (18)) and no
determinants have to be evaluated.

3.4 Continuation and bifurcation analysis

If equation (1) contains some physical parameters,

= f(z(t),z(t —71),...,2(t — Tm), 1), € RP,

one is interested in the movement of the eigenvalues of the characteristic
equation as a function of these parameters.

The above procedure can be used for every point z*(s), u(s) € R of
a branch of steady state solutions, parameterized by some arclength s, to
compute the stability evolution on the branch and in particular to detect
Hopf bifurcations. One could also follow a branch of Hopf bifurcations in a
two-dimensional parameter space u € R? using [13], and compute the right-
most eigenvalues A to detect double Hopf points (complicated dynamics
can arise in the neighbourhood of double Hopf points, see [3] and for ODEs
[10, section 8.6]).

The use of locking as described in the previous section is of special in-
terest in a continuation context because the modes of the previous point
z*(sk—1) are approximations of the modes of the current point z*(st) and
can be used as starting values in the Newton process (17). The values that
converge can already be put in the locked subspace.

To detect bifurcations we are interested in parameter values for which a
real zero or a complex pair of zeros of the characteristic equation crosses the
imaginary axis. We can, for instance, define the following scalar test function
p(s) based on the real parts of the computed rightmost zeros Ag(s), k& =
1,...,1, of the characteristic equation at s,

p(s) £ min{R(Ax(s)), k= 1,...,0}.

Although this function has discontinuities with sign change it will be contin-
uous in a neighbourhood of a regular bifurcation point where one can safely
use linear interpolation to calculate its zeros.

10



4 Test examples

4.1 A model for recurrent neural feedback

As a first example we study a model developed by Plant [16] of which a
bifurcation diagram and periodic solutions are given in [4]. The model is
based on the system

W(8) = h(o(t)) - w(t) + u(u(t - 7) - v*)
{ w'(t) = p(o(t) + a - buw(?)) (19)

with
3

h(v):v—%; a=0.7,6=08, p=0.08, 7=25

and v* ~ —1.1994 the unique real root of A(v*) — (v* + a)/b = 0 which,
together with w* = (v* + a)/b corresponds to the unique equilibrium of the
system. p is used as the continuation parameter.

10
*
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0% * % ]
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+ % Kk
3 fx, Xx O%E%E Ky
10° 8 e, S f
*%* o +J>i><
*
-4 X * O Tix
10 o %%* o i El
= ¥ ¥ o
= ox+
S 5 Ky o
810 + ° ]
% tut+ T * Ky
= +
=, -6 + *
< 10 o 4 + « *K i
o o * O RRX g
= * K x
S X + * *
<] -7 le] +4 *
510 o & * *x &k
2 oy * ¥ Kok KKK
*
0L . B e A
g o
" Q QOOOooeao@oooooooooooooooooooooooooooooe
10 ¢ « E!
X
1070L x XX « 1]
) OO XHHKXX XK XXX XK XXX XXX
10’11 | | | | | | | | |
0 5 10 15 20 25 30 35 40 45 50

number of subspace iterations

Figure 1: The convergence during subspace iteration of the real parts of the 8 right-
most roots of the characteristic equation of (19) at (v*, w*), p = —0.5. Since all roots
consist of complex pairs only four lines are indicated. The symbols are as follows: "o’ for
A2, '+ for Az 4, X' for As g and '*’ for A7 g. The theoretical asymptotic convergence
rate is indicated in the upper right part of the picture.
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imag(lambda)
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real(lambda)

Figure 2: The location of the rightmost roots of the characteristic equation of (19) at
(v*,w*), p = —0.5. The computation of the 8 rightmost roots of this picture is shown
in figure 1.

To illustrate the convergence of the subspace iteration we fixed . = —0.5
and used a basis of size [ = 8 and t{g = 7 = 25. Each subspace iteration
thus requires 8 time integrations over an interval of length ¢;. The conver-
gence of the real parts of the computed rightmost Ag, £ = 1...8, is depicted
in figure 1. Ounly four different lines are seen because all computed eigen-
values consist of complex pairs. The asymptotic convergence rate is given
by ﬁfT'l = exp((R(Ai41) — R(X;))to) and is depicted in the upper right
part of %gure 1 using the corresponding symbols. The error of the eigenval-
ues at each step was computed using the corresponding eigenvalue obtained
through Newton iteration. We clearly see that the maximal accuracy ob-
tained by subspace iteration differs for different eigenvalues. This is not only
due to the different position of the eigenfunctions in the subspaces, through
which they depend on each other; but also due to the discretisation error
made in the representation of the function segments and the time integra-
tion. In particular our example seems to indicate a correspondence between
the imaginary part of A and the maximal accuracy obtained by subspace
iteration (compare figures 1 and 2 and note that the maximal accuracy of
As6 is smaller than those of ;5 and A3 4).

In figure 3 the real parts of the rightmost roots of the characteristic equa-
tion are plotted along the constant equilibrium branch (v*, w*) for varying
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t. A solid line indicates a complex pair of roots, hence when such a line
crosses the dashed-dotted null-line a Hopf bifurcation occurs. The resulting
branches of periodic solutions can be found in [4, figure 4.1]. When y goes to
zero the delay term of (19) disappears. The resulting ODE system has only
two modes which can easily be calculated as the eigenvalues of the Jacobian,

lim Ay () ~ —0.2513 + 0.2119:.
Hn—

The real parts of all other modes tend to —co when u decreases towards
zero.

The left part of picture 3 was computed with a fixed steplength Au =
0.01 and a basis of size [ = 24. At each point the iteration was halted
when the relative change of the real parts of the first 18 modes between two
subspace iteration steps was less than 0.01. For every point but the first one
we used the last subspace basis of the previous point as initial set in step (a)
of algorithm 3.1. This resulted in 9 subspace iterations for the first point
and a mean of 2.26 subspace iterations for all subsequent points, giving a
total mean of 2.33 X 24 = 56 time integrations of length t; = 25 per point.
If we denote the unknown absolute error at the k-th subspace iteration as
ek, the halting condition can be written as,z=1...18,

(R(A) + ex—1) — (R(X) + ex)
R(X:)

< 0.01. (20)

Assuming the asymptotic convergence rate has been reached,
er ~ exp((R( A1) — R(Xi))to)er-1,

we can rewrite (20) as

er < 0.01 < 0.01
ROV = exp(—(R(r1) — RO)lo) — 1 exp(—(R(M—1) — R(M))o) — 1

This error estimate depends on g and can be monitored during continua-
tion. In our situation we conclude that the largest relative error of () 3),
R(A10,11) and R(A17,18) in the interval g € [—1,—0.01] is smaller than re-
spectively 2.3e-3, 7.1e-3 and 2.8e-2.

When applying locking as described in section (3.3) the purpose of the
subspace iteration is reduced to finding starting values for the Newton iter-
ation. The left part of picture 3 was again computed with the same fixed
steplength Ay = 0.01 and a basis of unlocked vectors of size [ = 6. Each
time a computed root satisfies (20) it is used as a starting value for the New-
ton iteration. Upon success it is removed from the active basis of unlocked

13



0.03 0.1

0.02r

0.01r

real(lambda)
o
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real(lambda)

-0.01F

-0.02F

Figure 3: The real parts of the 19 rightmost roots of the characteristic equation of
(19) along the constant solution branch (v*, w*) for varying u (left: p € [—1, 0], right:
p € [—0.001,0]). Real roots are indicated as dashed lines, complex pairs of roots as
solid lines, Hopf bifurcations are indicated with a 'o’.

vectors. In such a way, the rightmost 18 roots of the first point are com-
puted. For subsequent points the computed roots of the previous point can
already be used as starting values for the Newton iteration. The purpose of
the subspace iteration is then further reduced to watch for new upcoming
modes. If the first unlocked mode satisfies (20) and its real part is smaller
than all locked modes, we go on to the following point. If its real part is
larger, it is refined using the Newton iteration and interchanged with the
leftmost locked mode. This scheme resulted in 29 subspace iterations for the
first point and a mean of 1.98 subspace iterations for all subsequent points,
giving a total mean of 2.25 X 6 ~ 14 time integrations of length t; = 25 per
point. The roots are now obtained to full accuracy.

4.2 A two-delay model

Our second test case is a model that was used to study the influence of
multiple negative delayed feedback loops [1]. It is a scalar delay differential

14



equation with two delays and a unique equilibrium at z* = 0.

z(t) = — tanh(z(t — 7)) — Atanh(z(t — 7)) (21)

0.3

real(lambda)

Figure 4: The real parts of the rightmost roots of the characteristic equation of (21)
along the constant solution branch z* = 0 for 7y = 1.75, 7, = 5 and varying A € [0, 2].
All calculated roots consist of complex pairs, Hopf bifurcations are indicated with a 'o’.

In figure 5 we see regions of linearized stability of the fixed point of
decreasing size. As such regions get smaller they are easily overlooked when
monitoring only the number of unstable modes. A similar region of linearized
stability is seen in figure 4. The different movement of the eigenvalues Ag
suggests different dynamical behaviour in the neighbourhood of this region
compared to those of figure 5.

5 Brief discussion of alternatives

In [11] a method is proposed to calculate a scalar function v(r) : R - R
that has a pole at every » = R(A;) with A; a root of characteristic equation
(4). Although the calculation of v(r) for specific 7 is cheap when n is not
very large this method has certain disadvantages. Finding all rightmost
poles of a function is not easily done automatically. Determining double
or near double poles is a difficult task. Also, when following a branch of
Hopf points in two-parameter space the detection of double Hopf points is
hindered by the constant pole at » = 0. The method is further restricted

15
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0.02

real(lambda)
o

-0.02

Figure 5: The real parts of the rightmost roots of the characteristic equation of (21)
along the constant solution branch z* = 0 for A = 0.15, 7y, = 1.5 and varying 7 €
[0,40]. All calculated roots consist of complex pairs, Hopf bifurcations are indicated
with a ’o’.

to commensurate delays which is impractical in cases of multiple delays,
for instance when using one of the delays as a continuation parameter. On
the other hand when one wants to calculate a large number of roots of the
characteristic equation, especially with large imaginary parts our method
becomes infeasible because of the accuracy needed in the time integration.

An alternative to our approach would be to approximate the variational
equations (7) by a high dimensional system of ordinary differential equa-
tions. The Jacobian of the right hand side of this system evaluated in an
equilibrium solution has a sparse structure that depends on the number and
the relative position of the delays. One still seeks the rightmost roots of
this large matrix (in contrast with our approach). Techniques have been de-
veloped for this purpose [14], but when there is a large tail’ of eigenvalues
with large negative real parts the robustness of these methods is limited if
no good guesses of the wanted eigenvalues are available. Because the actual
delay differential equation has a tail of eigenvalues with real parts going to
—o00, the situation gets worse when the number of discretisation points is in-
creased. On top of this, approximating a DDE by a high-dimensional ODE
may be dangerous, specifically because stability of time integration codes of

ODEs and DDEs differs [8, 7, 9].
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6 Conclusions

In this paper we presented a robust and automatic numerical method to
compute the rightmost roots of the characteristic equation of a fixed point
of a DDE. These roots determine the stability of the fixed point, provide
inside in the systems behaviour, can be used for accurate bifurcation detec-
tion and efficient indirect calculation of bifurcation points. Examples were
presented that demonstrate the usefulness of the algorithm. We also believe
this method can be extended to other types of functional differential equa-
tions and we intend to use the algorithm to study the influence of delay on
the stability of equilibria of nonlinear feedback loops.
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