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The Red-Black Wavelet Transform

Geert Uytterhoeveh Adhemar Bultheél

Abstract

We present a new kind of second generation wavelets on a rectangular gesk Whvelets
are constructed using a 2D lifting scheme which is based on a red-blackrgesgdheme. Com-
pared to classical tensor product wavelets on the same grid, these newtaabelw less aniso-
tropy. The performance of the new wavelets is compared to tensor pnweduelets in an image
denoising application.

1 Introduction

Classical one-dimensional wavelet transforms can be é&tkto more dimensions using tensor prod-
ucts, yielding a separable multi-dimensional transforndigadvantage of this technique is the intro-
duction of an anisotropy in the wavelet decomposition. ittho-dimensional case, a tensor product
wavelet transform will favor horizontal, vertical and daagl features of the original data. Other
features are not that easily detected.

Non-separable wavelets can provide a solution to this. Htley for the construction of two-
dimensional wavelets on e.g. lattices (e.g. on the so calgidcunx’ lattice [7]) or on hexagonal
grids [10]. All these are heavily based on Fourier tranforjmst like the classical wavelets.

Second generation wavelets designed using the liftingrseh&re another option. The lifting
scheme is a generic method to create wavelets on interuaguiar samplings, meshes, manifolds,
..., without relying on the Fourier transform. As a bonusdlassical one-dimensional wavelets can
be constructed using lifting, too.

In this paper, we present a new kind of second generationletaven a rectangular grid — more
specifically, on a quincunx lattice — constructed using ffimmg§ scheme. The performance of the
new wavelets is compared to tensor product wavelets in agdrdanoising application.

2 The Lifting Scheme

2.1 Introduction

The lifting scheme is an algorithm to calculate waveletdfarms in an efficient way. It found its

roots in a method to improve a given wavelet transform tointdame specific properties. Later it
was extended to a generic method to create so-called ‘Sdégendration’ wavelets. In de 1D case,
these are wavelets that need not be obtained as dilatesaausthtes of one function. They are much
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more flexible and can be used to define a wavelet basis on amahte on an irregular grid, or even
on a sphere. The lifting scheme can also be used to introdaeelets without using the concept of
Fourier transform. Several introductions to the liftingpeme are available [13, 11, 9, 12].

Second generation wavelets are more general in the serisalttiee classical wavelets can be
generated by the lifting scheme. In fact, the decomposibiba classical wavelet filter into lifting
steps can be easily obtained via the Euclidean algorithm [4]

In this paper, we design a new family of second generatiorelggvon a rectangular grid.

2.2 Predict and Update

The wavelet transform of a 1D signal is a multiresolutionresgntation of that signal where the
wavelets are the basis functions which at each resolutig tgve a highly decorrelated representa-
tion.

Thus at each level, the signal is split into a high pass an@va#ss part and the low pass part is
split again etc. These high pass and low pass parts are etithinapplying corresponding wavelet
filters. In general these filters are coupled if certain ctiowlé are to be fulfilled, like for example
perfect reconstruction.

The lifting scheme is an efficient implementation of thedeffihg operations at each level when
computing a discrete wavelet transform. So suppose thdbtheesolution part of a signal at level
J + 1is given and that it consists of a data set which we represent ;. This set is transformed
into two other sets at level: the low resolution par\; and the high resolution patt;. This is
obtained first by just splitting the data sgt,; into two separate data subsatsand-;. Traditionally
this is done by separating the set of even samples and thd edtlcsamples. Such a splitting is
sometimes referred to as thazy wavelet transform. Doing just this of course does not improve
our representation of the signal. Therefore, the next std¢p recombine these two sets in several
subsequent lifting steps which decorrelate the two signals

Lifting steps usually come in pairs of a primal and a duaindtstep. Adual lifting step can be
seen as a prediction: the dataare ‘predicted’ from the data in the subset When the signals are
still highly correlated, then such a prediction will usyatle very good, and thus we do not have to
keep this information in both signals. That is why we can keepnd store only the part of; that
is not predictable (the prediction error). Thysis replaced byy; — P();) whereP represents the
prediction operator. This is the real decorrelating step.

However, the new representation has lost certain basicegiep, which one usually wants to
keep, like for example the mean value of the signal. To restiois property, one needspaimal
lifting step, whereby the set; is updated with data computed from the (new) subgefThus); is
replaced by\; + U(vy;) with &/ some updating operator.

In general, several such lifting steps can be applied inesopito go from level + 1 to level ;.

The principles that were just explained become very cledhéncase of the simple CFD(2, 2)
transform that we give below in Section 2.5. The odd samplegeedicted by linear interpolation
of the neighbouring even samples and are therefore replagédde interpolation error. The even
samples are updated to preserve the mean value of the signal.

To recapitulate, let us consider a simple lifting schemdwitly one pair of lifting steps to go
from levelj + 1 to level j.



Splitting (lazy wavelet transform) Partition the data set;; into two distinct data sets; and-y;.

Prediction (dual lifting) Predict the data in the sef by the data sek;.
Vi < v — PAj)-

Update (primal lifting) Update the data in the s&f by the data in set;.
Aj = A+ U;)-

These steps can be repeated by iteration ot thereating a multi-level transform or multi-resolution
decomposition.

2.3 The Inverse Transform

One of the great advantages of the lifting scheme realizatia wavelet transform is that it decom-
poses the wavelet filters into extremely simple elementiyss and each of these steps is very easily
invertible. As a result, the inverse transform can alwaysliit@ined immediately from the forward
transform. The inversion rules are obvious: revert the oofiéghe operations, invert the signs in the
lifting steps, and replace the splitting step by a mergieg.sthus, inverting the three step procedure
above results in

Inverse update A Aj—U(y))

Inverse prediction vi v +PA),

Merge >‘j+1 — )\j + ;-

2.4 Integer Transforms

In practice, discrete signals are represented by inte@aisig the filtering operations on these num-
bers however will transform them in rational or real numbsesause the filter coefficients need not
be integers. To obtain an efficient implementation of therdi® wavelet transform, it is of great
practical importance that the wavelet transform is reprieskby a set of integers as well (possibly
up to some scaling factor). Of course, this can always bdr@ateby scaling and rounding the real
numbers, but this rounding process will loose informatamg after rounding, the original signal can
not be reconstructed from its transform without an error.

Here is another advantage of the lifting scheme that can bd, Usecause a discrete wavelet
transform computation using the lifting scheme can eas#lycbnverted to a transform that maps
integers to integers [2, 15].

Since also the most elementary lifting steps involve fornegpde divisions by 2, we obtain in
general prediction valueB(;) and update valugg(v;) which are not integer. We shall round these



numbers to integers (for example the nearest integer) alidaite this operation by square braces.
Thus, we actually compute rounded values:

Vi< v~ PO,
Ajo— A+ UMy

To see that perfect reconstruction is always possible, wethe following. The last computation in
a forward transform step is to compute < \; + [t/ (y;)]. Thus the first computation in the inverse
transform step is to recompufi# (v;)], and this will give exactly the same result as beforg;ihas
been perfectly reconstructed so far. Therefore— A; — [U/(v;)] reconstructs exactly the originaj.
Thus alsgP();)] can be reproduced in the reconstruction step, exactly awiforward step, and
thus alsoy; < v; + [P()\;)] will give the original~y; back. This shows that each step of the lifting
scheme with rounding, is perfectly invertible and thus thel& signal is perfectly reconstructable,
whatever the rounding rule we use, on condition of coursettigarounding is deterministic.

2.5 Example: Cohen-Daubechies-Feauveau

One popular family of classical biorthogonal wavelets fitatin the above scheme are the wavelets
constructed by Cohen, Daubechies and Feauveau [3]. EBpdtsamember with two vanishing
moments for both the primal and dual wavelet (hence named @D wavelet) is widely used.

Thanks to the lifting scheme, the accompanying waveletsfoam can be implemented in an
efficient way (see e.g. [15]). From the second generationwpadint, one transform step of a discrete
signalz = {x} looks like:

Splitting Split the signals (i.e. A;1) into even samples (i.e.;) and odd samples (i.g;):
Si < T,

di + T
Prediction Predict the odd samples using linear interpolation:
di + d; — %(sZ + Si11).
Update Update the even samples to preserve the mean value of théesamp
S; — 8i + i(di_l + d;).

As a result, the signal = {s;} is a coarse representation of the original signalvhile the signal
d = {d;} contains the high frequency information that is lost wheimgdrom resolution levej + 1
to resolution level.

The same kind of interpolation scheme can be used for ingipg polynomials of higher degree.
These lifting schemes need some special care at the boesdaonne wants the wavelets to live
explicitly on the discrete set where the data are defined. Alevfamily of lifting schemes can be
constructed in this way [14], of which the above example $$ jbe simplest possible case.

Note that this transform works on one-dimensional data. tRordimensional data, it can be
applied row and columnwise, resulting in a tensor productele transform. This is a separable
transform.



3 The Red-Black Wavelet Transform

In the previous section, we presented the principle of cooshg wavelet transforms by the lifting
scheme in a very general setting. It was not assumed thabthesdts were one-dimensional for ex-
ample. The same principle and the same description can tiedpp two or more dimensional data
as well. As an illustration, we apply these ideas to the timoethsional case in its simplest possible
appearance: a two-dimensional analog of the one-dimeaisoF (2, 2) wavelet. We assume that
the data are given on a regular rectangular grid. It shoulcdldse form our previous exposition, that
this is about the simplest nontrivial case that can be ceadeand that much more complex schemes
are possible. However, because in the one-dimensionaltt@seDF (2, 2) wavelets are widely used,
we are convinced that the two-dimensional analog that weeptebelow has the same potentials as
the the CDF (2, 2) wavelet.

3.1 A Two-Step Method

Our approach is inspired by the well-known Red-Black Gesisislel technique for the iterative solv-
ing of linear systems. In the literature [7], the kind of ile¢gtwe use is known as a quincunx lattice.
However, we prefer the name Red-Black wavelet transfornawmee it is simpler and it is more ap-
propriate to describe the splitting step in the lifting stiee

The idea, just like in the CDF (2, 2) wavelet, is that we firditgpe data in two subsets. The
even/odd splitting from the one-dimensional case is regldny a checkerboard splitting, with red
and black squares. Thus we have a red subsend a black subset;. Then we predict the values
of the red subsex; from its immediate neighbors in the black set. This does e@tds much choice
and so, a value is predicted from its horizontal and vertiegghbors, i.e., the elements at the N, S,
E, and W positions. In accordance with the CDF (2, 2) liftieheame, we take for this prediction an
average of these four neighbors. The elements;iare replaced by their prediction errors. Next, we
have to make an updating step for the data in the red suybsethich is based on the (new) black
values, to preserve the mean value of the data.

For the subsequent resolution leyel 1, we are left with the (new) red sat from the previous
level. However, it is clear by looking at Figure 1, that thels¢a are arranged along diagonals on
the grid. Thus we cannot repeat the same operation on a htalaertical basis as on the previous
resolution level, but we can do it on the diagonals insteaghiwe start by splitting,; into two sub-
sets: the blue subsgt_; and the yellow subset;_; (see Figure 2). The same kind of averaging and
updating steps are then computed for the blue-yellow squ&@r the next resolution level, we have
to decompose the blue subset further, but since this subsgin arranged in a horizontal/vertical
manner, we can do again a red-black update. It is seen thailivewve alternatingly a red-black and
a blue-yellow splitting to pass through the subsequentiuéen levels. Therefore we say that the
Red-Black wavelet transform is a ‘two level’ transform.

We give now the formulas which are based on these ideas in@sohematic presentation. Since
we are working on a rectangular grid, the input data)set is an image, i.e. a rectangular matrix
X =z
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Figure 1: Horizontal/vertical lifting in the odd sted3ed-Black.

3.1.1 Horizontal/Vertical Lifting
Splitting: The image\;, is split in thered squares\;, and theblack squaresy; (cfr. Figure 1).

Prediction: The black squares are predicted using linear interpoldiased on the 4 neighboring
red squares:

1 . .
Tjj & Tjj — Z (fEifl,j + X1+ %41+ fl?i+1,j) for 2 mod 2 75 7 mod 2.

Update: The red squares are updated using the black squares toyardsemmean value:

1 . .
Tij < Tij + 3 (Tim1j + Tij—1 + Tij1 + Tit1,5) for i mod 2 = j mod 2.

As aresult, because the averaging operation smooths thetidatvalues corresponding to tteel
squares are a low resolution representation of the origiimadje, while theblack squares contain the
detail information. The inverse transform is straightfard:

3.1.2 Diagonal Lifting

For this step we consider the checkerboard to be rotatediéver

Splitting Thered squares in Figure 1 (the dalg) are partitioned in thélue (the data;_;) and
yellow (the datay;_;) squares in Figure 2.

Prediction The yellow squares are predicted using linear interpoiatiased on the 4 neighboring
blue squares:

for { imod?2 =1,

Tij 4 Tij = 7 (Tim1,j-1 F Timt it + Tirjo1 F Titr41) imod2—1
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Figure 2: Diagonal lifting in the even stepBtue-Yellow.

Update The blue squares are updated using the yellow squares &rypedbe mean value:

1 mod 2 =0,

1
Tij g+ g (Ti1j1+Tic1 11+ Tiv1j1+ Tiv1541) for { jmod 2 = 0.

Result: theblue squares X;_;) are a low resolution representation of the original imaglile the
yellow squares contain the detail information. Again, the invéraesform is straightforward.

The next step (horizontal/vertical lifting, again) will performed on the blue squares only, yield-
ing a multi-resolution decomposition.

3.2 Borders

As in the one dimensional case, one could arrange for theletave live exactly on the grid where
the original data are given. However, it is common practicextend the data symmetrically for the
computations near the border [1]. This gives good resultsdntice for the classical one-dimensional
or two-dimensional tensor product wavelets. To avoid ferttomplications, we assume that also in
our case the data are extended symmetrically across thersord

3.3 Reordering

The above transform is 100% in place and all coefficients béllinterleaved. This is one of the
powerful features of the lifting scheme: it does not reqamiditional memory to calculate the forward
or inverse transform.

If one wants a representation more similar to the Mallatesgntation, one has to reorder the
wavelet coefficients after each diagonal lifting step. Foitiple levels, we get the representation of
Figure 3.

Note that this reordering scheme is not possible if eitherrthmber of rows or columns of the
image is odd.



Figure 3: Reordering of the interleaved coefficients anditeuél decomposition.

3.4 Integer Wavelet Transform

Because the Red-Black wavelet transform is based on theylgtheme, a version that maps integers
to integers is immediately deduced: all computations gharfloating point number are rounded to
an integer, e.g.
1
ueu—z(p+0+T+v)
becomes

1
W — Z(p+0+T+v)

and similarly for all the other steps.

3.5 Basis Functions

In a classical one-dimensional wavelet transform, all$asictions are derived from two functions
— the mother and the father wavelet — by dilation and traimiatin the case of one-dimensional bi-
orthogonal wavelets, there is also a dual basis. Howeveunriwonstruction we use different wavelet
transforms for the even and odd steps. As a consequencesallfbactions are derived from three
functions:

Pow(x,y) Basis function corresponding to the low pass part of theatiaglifting step.
Pmia(z,y) Basis function corresponding to the high pass part of thgaial lifting step.
Ynigh (z,y) Basis function corresponding to the high pass part of thiztwial/vertical lifting step.

These three functions can be obtained by choosing a bludloany@ a red square to take a nonzero
value and setting all other coefficients equal to zero. Thennverse transform is applied to these
data, in principle for an infinite number of levels, whichutlts in the basis functions .

Graphs of these basis functions (for the integer varianheflitting scheme) are shown in Fig-
ure 4.

We do not consider the intermediate basis functions cooreipg to the low pass parts after the horizontal/vertical
lifting steps.
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3.6 Other Members of the Family

As we already mentioned at the beginning of this section, sexlun the description above very
simple prediction and update ‘molecules’. The moleculezhie form of a cross: a normal cross for
the odd steps and a diagonal cross for the even steps. Theagsgiravelet functions with 2 vanishing
moments, cfr. the Cohen-Daubechies-Feauveau biorthbgawalets. By using larger molecules and
more advanced prediction and update formulas, one carecseatother basis functions with larger
supports.

4 Properties of the Red-Black Wavelet Transform

The Red-Black wavelet transform has the following progstti

2D: The Red-Black wavelet transform is a true two-dimensiorahdform. It is not constructed
using a tensor product of a one-dimensional transform andtiseparable.

Isotropy: It is less anisotropic than tensor product wavelets on thegsactangular grid.

The edges which are manifest in the figures of the tensor ptadavelets show the pronounced
vertical/horizontal orientation, while this is not visiih the figures of the Red-Black wavelets.

This property was our main motivation for developing the fBdgick wavelet transform. Hexa-

gonal data cells would be more anisotropic, but not manytidpta formats have hexagonal
data cells. Most have square or rectangular data cells. tAadhot trivial to convert a rectan-

gular grid to a hexagonal grid in a satisfactory way.

Symmetry: All basis functions have four symmetry axes: horizontattigal, and diagonal.

This follows immediately by construction of these wavelatsl is visually checked in the
pictures of Figure 1.

Biorthogonality: The splitting in red and black or blue and yellow pixels cesdtivial biorthogonal
basis functions. Since lifting steps preserve the biorhadjty properties the transform as a
whole has biorthogonal basis functions, too [11].

Smoothness: The wavelet functions (both primal and dual) have two vangimoments: constant,
linear and bi-linear functions can be represented exagttiidscaling functions. This is similar
to the Cohen-Daubechies-Feauveau (2, 2) biorthogonalletay&rom which we borrowed the
construction scheme and extended it to two dimensions.

Smoother wavelets with larger support can be constructeshtarging the prediction and up-
date molecules, and by using multiple lifting steps.

Implementation: Both the forward and inverse transform are very simple tolémgnt and have
fast execution times((n), with n the number of elements in the grid), due to the underlying
lifting technology.
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5 The Redundant Wavelet Transform

In the classical ‘first generation’ framework, there is ainhetion step after each filter step to reduce
the amount of data in every subband. In the ‘second generatise, this is reflected in the splitting
step: the original data set is split in two distinct data.s€tsis at each transform step, the amount of
work is reduced, compared to the previous step. This malke®thl amount of work proportional to
the size of the input dat&X(n)), hence the namiéast Wavelet transform.

But for some applications, this is a disadvantage: it makesransforntrandation variant: if the
input data is translated, at each resolution level data Esnmpay migrate to a different data set due
to the partitioning in distinct data sets at the subsequesaluation levels. As a consequence, in most
cases (depending on the translation direction and distdheewavelet transform of the translated
data is not equal to the translation of the wavelet transfoirthe original data. E.g. feature detection
and noise reduction suffer from translation variance.

The solution is called thRedundant Wavelet Transform (or stationary, or non-decimated wavelet
transform) [8]. Here one gets rid of the decimation stepsiraall subbands to have the same size
as the size of the input data set. At each resolution levelfilers have to be upsampfetb keep a
consistent multi-resolution analysis.

The computing complexity is no long&?p(n), but O(nlogn). The redundant transform also
requires more memory. For the inverse transform, we haveltwulate some kind of mean value due
to the redundance in the forward transform.

Using the lifting scheme, it is still possible to implemehé tredundant wavelet transform. The
following changes are required:

Copying Instead of partitioning the data sk, ; into two distinct data sets; and-y;, we copyA; 1
to A; and~y;. Thus both); and~y; contain the whole input data set.

Prediction We use a different prediction at every transform level to mithe upsampling of the
filters:

%<5 = Pild)-
Update We use a different update at every transform level to mimgcupsampling of the filters:
Aj = Aj +U;(;)-

The operator; andl{; were given an index, because they compute values that aredrizhsed
on four samples, but they need not be the “nearest” samplga@p because the position of the
elements must be computed by a formula that depends on thlaties level.

6 Comparison with the CDF (2, 2) Tensor Product Wavelets

We compared the performance of the integer Red-Black watralesform with the integer Cohen-
Daubechies-Feauveau (2, 2) tensor product wavelet tnansfd@he basis functions for the latter
transform are shown in figure 5.

2A filter is upsampled by putting zeros between the succesitfieecoefficients.

11
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product wavelets.
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Figure 6: Greyscale test imagesi? x 512 pixels): (a) without and (b) with additive white noise
(o = 20).

6.1 Testcasel

We considered an image processing operation on an greyaeadd image: noise reduction using
wavelet shrinkage based on generalized cross validatjon [5

For Red-Black and CDF (2, 2), we tested both the fast wavedgistorm and the redundant
wavelet transform. The results are summarized below:

e The tensor product CDF (2, 2) wavelets perform marginallyen¢han the Red-Black wavelets
and result in more pronounced edges. This is caused by ter lanpport for the Red-Black
wavelets.

There is one exception: faint lines that are not horizontaltical or diagonal are better pre-
served by the Red-Black transform, due to the less anisotpspperties.

e As expected, the redundant wavelet transform always paddretter than the corresponding
fast wavelet transform.

6.2 Testcase 2

For the second case, we started from an image containingléged concentric circles, in different
shades of grey (fig. 6a), and added white noise to it (fig. 6b).

The three-level integer wavelet transform of the noise-freage is shown in fig. 7, for both the
Red-Black and the tensor product CDF (2, 2) wavelets. Theadric circles are more pronounced
in the decomposition when using the Red-Black wavelets,tdukeir better anisotropic properties.

13
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Figure 7: Three-level wavelet decomposition of the testgenwithout noise, using (a) Red-Black
and (b) tensor product CDF (2, 2) wavelets.

The tensor product CDF (2, 2) wavelets clearly show to detslst horizontal, vertical and diagonal
features.

Then we reduced the noise in the noisy image using the sameletvahrinkage technique as in
the first test case, again for both the Red-Black and the teprsoluct CDF (2, 2) wavelets. The
resulting images are shown in fig. 8. The Peak Signal to NosRPSNR) measure indicates
that the tensor product CDF (2, 2) wavelets perform a bitehdtpprox. 0.4 dB better). However,
according to the human eye, the Red-Black wavelets givgpeh@oncentric circles in low contrast
areas, i.e. in the center of the image.

7 Conclusion

Red-Black wavelets are less anisotropic than tensor ptadawelets. Compared to a similar tensor
product wavelet, image denoising using Red-Black wavegletforms better for lines that are not
horizontal, vertical or diagonal.

Besides image processing, other possible applicationsitasged in partial differential equations.

The ‘two level’ principle of the Red-Black wavelet trangfois not restricted to a quincunx lattice.
It can also be extended to triangular or hexagonal reguids:gian update and predict pair on a
triangular grid will yield a hexagonal low pass grid, while apdate and predict pair on a hexagonal
grid will yield a triangular low pass grid. Note that one ig timited to planar grids: (semi-)regular
grids of triangles or hexagons on a sphere are also possible.

14
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Figure 8: Reconstruction of the original image after deingisising (a) Red-Black (PSNR = 26.8
dB) and (b) CDF (2, 2) wavelets (PSNR = 27.2 dB).
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Note

After finishing this work, we learned that Kovacevic andekaens have completed a similar con-
struction[6].
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