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1 IntroductionIn the last few years, the concept of restarting an iterative eigenvalue solver has been widely accepted.Restarting an algorithm { implicitly or explicitly { provides us with a solution for the speci�c problemsthat emerge with the use of iterative solvers. These problems can be : slow convergence along with growingcomputational work per iteration step, the occurrence of spurious solutions or an uncertain robustness.For Arnoldi's method, the idea of explicitly restarting the factorisation was introduced by Saad [13] anddi�erent strategies were formulated on how the restart must be applied in practice. The main problemwas to �nd a set of eigenvalues that contains as much `useful' information as possible. A break-throughwas accomplished with the Implicitly Restarted Arnoldi method (IRA) of Sorensen [14], which lead to thepopular ARPACK eigenvalue package [8]. One can say that the advantage of implicitly restarting lies in thefact that it removes uninteresting information instead of trying to retain the interesting part. This approachappeared not only to be cheaper, but it gave a new insight into iterative methods which lead to e�cientsolutions.The implicit restarting procedure is normally cheaper than an explicit one, since it does not require toredo the matrix-vector products and the orthogonalisations of the original method. Instead, it performs aQR factorisation of the Hessenberg matrix , i.e. a special Arnoldi run. It can often be combined with animplicit �ltering step. Restarting the Arnoldi relation can reduce the amount of required storage space forthe algorithm, and it can remove lumber information when the method converges too slowly. The �lteringcan be used in order to remove spurious { but dominant { information that may mislead the algorithm. Italso increases the robustness of the algorithm by implementing a validation strategy, or it can be used foracceleration. Many people studied the practical aspects of restarting [9, 15] : how many vectors that shouldbe removed, which vectors contain the most information...We show in this text how the idea of IRA can be generalised to the non-symmetric Lanczos algorithm. Forthe symmetric case, Arnoldi corresponds to Lanczos and the theory is much alike [2]. For the non-symmetriccase, Grimme et al. [4] considered restarting a sign symmetric implementation of the Lanczos algorithm.Our approach is more general in that it can be applied to any Lanczos implementation. Restarting theLanczos algorithm has an additional application that might be very important. If there is a breakdown inthe Lanczos algorithm, then the restart can be used in order to remove this singularity.The aim of this paper is to show how the nonsymmetric Lanczos algorithm can be restarted implicitlyin a most general way. However it can be seen as a generalisation of IRA, it contains new and unexpectedaspects, e.g. the application in case of breakdown. In Section 2, we brie
y recall the nonsymmetric Lanczosalgorithm and the di�erent types of breakdown. In Section 3, we restart the Lanczos algorithm by usinga bi-orthogonal factorisation of the small, projected problem. This factorisation can be computed by aLanczos algorithm with special starting vectors or by the two-sided Gram-Schmidt algorithm (BioGS). Bothapproaches are mathematically equivalent. Section 4 focuses on the `classical' properties of an implicitlyrestarted method : the �ltering property and the use of `exact shifts' in order to remove eigenvalues fromthe approximation. These properties are used to show that the computation of the implicit restart doesnot break down itself, unless the explicit restart with corresponding starting vectors would break down. InSection 5, we show that implicitly restarted Lanczos may be used as an alternative for look-ahead, in case ofbreakdown. Look-ahead extends the approximating subspaces until it �nds a set that is no longer singular.Implicitly restarted Lanczos choses a �xed number of vectors from this large set, which form a nonsingularpair of subspace bases. In Section 6, we close the text with some conclusions.Notation : Roman characters denote matrices and vectors; the (i; j)-th entry of a matrix Q is denotedby qi;j. The hermitian transpose is given by Q�. Greek characters denote scalars and �� is the complexconjugate of �. The k-th unit vector is ek, the identity matrix is Ik;l 2 Ck�l and the column range of amatrix is denoted by R(Q). Two matrices Q and Z are called bi-orthogonal if Q�Z = I. If they are square,then Q�Z = I = QZ�.2 The non-symmetric Lanczos algorithmBefore we show how to restart the Lanczos algorithm, we describe the algorithm itself [7]. The nonsymmetricLanczos algorithm reduces a matrix to tridiagonal form, however the result can not be guaranteed for anarbitrary matrix. There are many di�erent implementations possible, but all are equivalent upto some scalingof the Lanczos vectors [11, Th. 2.2]. The restarting procedure that we present, does not depend on theexact implementation of the algorithm, so we are free to choose one. It is well known that if the Lanczos2



algorithm converges, then the bi-orthogonalisation can become errorneous. We assume in the text that thisproblem is handled, e.g. by using some reorthogonalisation steps.The Lanczos algorithm projects a complex, nonsymmetric matrix A with an oblique projector. Theprojector is de�ned by a bi-orthogonal pair of matrices (Vk;Wk), which represent the basis of the subspacesin which the left and right eigenvectors are approximated. The columns of the basis matrices are calledLanczos vectors. The range of the Lanczos vectors only depends on the �rst columns of Vk = [v1; : : : ; vk]and Wk = [w1; : : : ; wk]. They correspond each to a Krylov subspaceR (Vk) = Kk(A; v1) = fv1; Av1; : : : ; Ak�1v1g and R (Wk) = Kk(A�; w1) = fw1; A�w1; : : : ; (A�)k�1w1g: (1)The nonsymmetric Lanczos algorithm that we will use is given by Algorithm 1. Unless it breaks down, thealgorithm computes a bi-orthogonal pair of basis matrices (Vk;Wk) and an unreduced tridiagonal matrix Tksuch that AVk = VkTk + �k+1vk+1e�k (2)A�Wk = WkT �k + �
k+1wk+1e�k (3)with W �k+1Vk+1 = I (4)and Tk = 2666664 �1 
2�2 �2 
3. . . . . . . . .�k�1 �k�1 
k�k �k 3777775 : (5)A tridiagonal matrix is called unreduced if all its o�-diagonal elements are nonzero. Equations (2) and (3) arecalled the Lanczos relations. In an eigenvalue context, they can be seen as approximate Schur decompositionsofA and A�, from which approximate eigenvalues and eigenvectors can be computed as follows. A pair (�i; yi)is an approximate (right) eigenpair of A ifyi � Vkui and Tkui � �iui = 0; i = 1; : : : ; k: (6)We assume that there exist k linear independent vectors yi. The corresponding (right) residual norm can becomputed as kAyi � �iyik2 = jui;k�k+1jkvk+1k2: (7)The algorithm has converged if jui;k�k+1jkvk+1k2 ' 0. Analogously, a left eigenpair (��i; y(�)i ) can be de�nedby y(�)i � Wku(�)i and T �ku(�)i � ��iu(�)i = 0; i = 1; : : : ; k; (8)such that kA�y(�)i � ��iy(�)i k2 = ju(�)i;k�
k+1jkwk+1k2: (9)The residuals of the approximate eigenpairs ful�l the following Galerkin conditionsAyi � �iyi ? R (Wk) and A�y(�)i � ��iy(�)i ? R (Vk) ; (10)which can be used as a de�nition for (�i; yi). Other de�nitions of approximate eigenvalues and eigenvectorsare possible, e.g. analogous to the concept of Harmonic Ritz values [10].Algorithm 1 Simple LanczosIn: A 2 Cn�n,v1; w1 2 Cn, with kv1k2 = kw1k2 = 1, k 2NOut: Vk;Wk 2 Cn�k,�i; �i; 
i for i = 1; : : : ; k1. Set V1 = [v1], W1 = [w1], �1 = 0 = 
12. For j = 1; 2; : : : ; k � 1 do2.1 Set v+ = Avj and w+ = A�wj2.2 Compute �j = w�jv+ 3



2.3 Bi-orthogonalisev+ = v+ � �jvj � �jvj�1w+ = w+ � ��jwj � �
jwj�12.4 If w�+v+ 6= 0 then normalisevj+1 = v+=�j+1wj+1 = w+=�
j+1with �j+1
j+1 = w�+v+.Else Breakdown and Stop.It is well known that the Lanczos algorithm can su�er from breakdown. Breakdown occurs whenever w�+v+ =0 (Step 2.4 in Alg. 1), such that no �k+1 and 
k+1 can be found that normalise the new basis vectors vk+1and wk+1. Breakdown can have di�erent causes, which can be classi�ed as follows.Lucky Breakdown : If v+ = 0 or w+ = 0, then an invariant subspace is found for A or A�. E.g. if v+ = 0,then the approximate eigenvectors in R(Vk) are true eigenvectors for the problem { supposing that (2) holdsexactly. The approximate eigenvalues �i also are equal to eigenvalues of A. If the wanted eigenvalues areamong these eigenvalues, then the algorithm may stop. Otherwise, we can set �k+1 � 0 and set vk+1 equalto any vector that ful�ls the bi-orthogonality condition (4) and proceed with the algorithm. At this point,the matrix Tk+1 is no more unreduced, since it contains a zero subdiagonal element.Serious Breakdown : If v+ 6= 0 and w+ 6= 0 but w�+v+ = 0, then the Lanczos algorithm can not becontinued any more. This event will occur if the moment matrix Mk is singular for some k.De�nition 2.1 Given a matrix A 2 Cn�n and two vectors v1; w1 2 Cn, the moment matrix Mk(A; v1; w1)is de�ned as Mk(A; v1; w1) = � w1 A�w1 � � � (A�)k�1w1 �� � v1 Av1 � � � Ak�1v1 � : (11)A submatrix of a moment matrix is denoted by M lk(A; v1; w1) = Mk(A;Aiv1; (A�)jw1), with i + j = l.If the parameters in this de�nition are obvious, then we omit them : Mk � Mk(A; v1; w1) and M lk =M lk(A; v1; w1). The matrixMk(A; v1; w1) is a Hankel matrix, since its (i; j)-th element w�1Ai+j�2v1 is equalto its (i � m; j + m)-th element. If serious breakdown occurs, then the algorithm must be continued in adi�erent way. One can restart the method explicitly by chosing new starting vectors v1 and w1. But this isexpensive and does not guarantee to avoid a new breakdown. A better solution is to give up the tridiagonalform of Tk and perform a Look-Ahead strategy, e.g. [1, 3, 12]. Roughly speaking, a look-ahead strategytries to �nd a p > 0 such that Mk+p has full rank. After the look-ahead step, the algorithm continues,with a block tridiagonal matrix Tk+p. We will show that an implicitly restarted Lanczos algorithm o�ers analternative for look-ahead.Incurable breakdown : If none of the Mk;Mk+1; : : : ;Mn has full rank, then the breakdown is calledincurable, since it can not be cured with look-ahead. The only solution then is to restart the algorithm witha new pair of starting vectors. One can prove that if incurable breakdown occurs, then the eigenvalues of Tkare correct eigenvalues of A [16], as with lucky breakdown. However, the approximate eigenvectors are notrue eigenvectors.Summarising, we can say that if breakdown occurs, then the algorithm must be restarted or the matrixTk can not be longer an unreduced tridiagonal matrix.3 Implicitly Restarted LanczosLet us now show how the Lanczos algorithm can be restarted implicitly. With the term `implicitly restarting',we denote the reorganisation of equations (2) and (3) such that the new relations are correct Lanczosrelations. This means that in exact arithmetic, they could have been generated by the Lanczos algorithm ifwe restarted it with the proper starting vectors. Since the new matrices V + and W+ must be bi-orthogonal,the reorganisation must consist of a bi-orthogonal transformation. Two algorithms can be used in order tocompute this transformation : the Lanczos algorithm itself or the two-sided Gram-Schmidt algorithm [12,p.107]. 4



Theorem 3.1 Given the Lanczos relations (2) and (3) and suppose that there exist a pair of bi-orthogonalupper Hessenberg matrices Q; Z 2 Ck�k and a tridiagonal matrix H 2 Ck�k such that, for some � 2 C,(Tk � �I)Q = QH and (Tk � �I)�Z = ZH�; (12)then the matricesV +k�1 � VkQIk;k�1; W+k�1 � WkZIk;k�1 and T+k�1 � I�k;k�1(H + �I)Ik;k�1 (13)de�ne a restarted Lanczos relationAV +k�1 = V +k�1T+k�1 + �+k v+k e�k�1; (14)A�W+k�1 = W+k�1(T+k�1)� + �
+k w+k e�k�1; (15)with �+k v+k = hk;k�1VkQek + �k+1qk;k�1vk+1 (16)�
+k w+k = �hk�1;kWkZek + �
k+1zk;k�1wk+1: (17)Proof We prove the theorem only for the �rst Lanczos relation (2). The proof for (3) is analogous. Ifwe shift (2) with � and multiply it on the right by Q, then we get (reminding that Q is Hessenberg),(A � �I)VkQ = Vk(Tk � �I)Q + �k+1vk+1e�kQ (18)= Vk(Tk � �I)Q + �k+1vk+1(qk;k�1e�k�1 + qk;ke�k): (19)If we insert I = QZ�, then we �nd(A � �I)(VkQ) = (VkQ) (Z�(Tk � �I)Q) + [0 � � �0; �k+1qk;k�1vk+1; �k+1qk;kvk+1]; (20)where Z�(Tk � �I)Q = H. If we now remove the last column of this equation and shift it back, then we�nd, using (13), AV +k�1 = (VkQ)(H + �I)Ik;k�1 + �k+1qk;k�1vk+1e�k�1: (21)Inserting Ik = Ik;k�1I�k;k�1+ eke�k, we �nally deriveAV +k�1 = (VkQ)Ik;k�1I�k;k�1(H + �I)Ik;k�1 + (VkQ)eke�k(H + �I)Ik;k�1 + �k+1qk;k�1vk+1e�k�1 (22)= V +k�1T+k�1 + (hk;k�1VkQek + �k+1qk;k�1vk+1)e�k�1: (23)This corresponds to (14), where �+k v+k = hk;k�1VkQek + �k+1qk;k�1vk+1. The new basis matrices are bi-orthogonal, since(W+k�1)�V +k�1 = I�k;k�1Z�W �kVkQIk;k�1 = I�k;k�1Z�QIk;k�1 = I�k;k�1Ik;k�1 = Ik�1;k�1: (24)Also (W+k�1)�v+k = 0, unless �+k v+k = 0, because if we multiply (14) by w+k�1 and combine this with(W+k�1)�AV +k�1 = T+k�1, then the result follows. Notice that since vk+1 62 R (Vk), �+k v+k 6= 0. 2The matrix pair (Q;Z) can be computed by a full run of the Lanczos algorithm applied to the small,tridiagonal matrix Tk. Indeed, if we perform Lanczos on a tridiagonal matrix, using starting vectors thatare non-zero only in their �rst two entries, then the resulting matrices will be upper Hessenberg and bi-orthogonal. Unless the Lanczos process on the tridiagonal matrix Tk breaks down.Lemma 3.2 Given a tridiagonal matrix T 2 Ck�k and two vectors q1; z1 2 C such that q�1z1 = 1. If q1and z1 can be written as q1 = q1;1e1 + q1;2e2 and z1 = z1;1e1 + z1;2e2; (25)then the matrices Q and Z that are generated from q1, z1 and T using a Lanczos algorithm will be upperHessenberg. Moreover, if z1 � z1;1e1, then Z will be upper triangular and Q lower bi-diagonal.Proof The proof can be easily done by induction. If qi 2 R (Ii+1;i) then Tqi 2 R (Ii+2;i+1), so eachnew column of Q will have an additional nonzero entry. Therefore, Q must be upper Hessenberg. The sameholds for Z. If z1 = z1;1e1, then clearly R (ZIk;i) = R (Ik;i), so the strict upper triangular part of Q mustbe zero in order to ful�l Z�Q = I. 25



There is a second possibility to computeQ and Z by using the two-sided Gram-Schmidt algorithm (BioGS) [12,p.107]. In general, BioGS computes two bi-orthogonal basis matrices Q and Z for the column range of a setof matrices F; G 2 Ck�l, i.e.Z�Q = Il; R (F ) = R (Q) and R (G) = R (Z) : (26)The BioGS algorithm can also be seen as an algorithm that computed a `bi-orthogonal QR-factorisation',since it also produces two upper triangular matrices RQ and RZ 2 Cl�l such thatF = QRQ and G = ZRZ: (27)If F and G have full rank, then RQ and RZ will be invertible. An implementation of the two-sided Gram-Schmidt algorithm is given by Algorithm 2.Algorithm 2 BioGSIn: F;G 2 Ck�l, (k � l)Out: Q;Z 2 Ck�l, RQ; RZ 2 Cl�l1. Set Q = [ ] = Z and RQ = [ ] = RZ2. For j = 1; : : : ; k do2.1 Set fj = Fej and gj = Gej2.2 Compute rQ;j = Z�fj , qZ;j = Q�gj2.3 Bi-orthogonalisefj = fj �QrQ;jgj = gj � ZrZ;j2.4 If g�jfj 6= 0 then normaliseqj = fj=�Q ,zj = gj=�Zwith ��Z�Q = g�jfjElse Breakdown and Stop2.5 SetRQ = � RQ rQ;j0 �Q �RZ = � RZ rZ;j0 �Z �The BioGS algorithm can break down, even if rank(G�F ) = l. We assume that for our application, this willnot occur. We use the BioGS algorithm with F = Tk��I and G = T �k � ��I, in order to apply Theorem 3.1.Lemma 3.3 Suppose that T 2 Ck�k is an unreduced tridiagonal matrix, and F = T��I and G = (T��I)�which are decomposed as in (27) with the BioGS algorithm. If Vk and Wk are the results of k Lanczos steps(without breakdown) applied to T with v1 = Fe1 and w1 = Ge1, then there exist a diagonal scaling matrixD such that Q = VkD and Z� = D�1W �k .Proof It is clear that there exist a � and a � such that q1 = �(T��I)e1 = �v1 and z1 = �(T��I)�e1 = �w1.Suppose that TVk = VkH and T �Wk = WkH�. Since Vk; Wk 2 Ck�k are unreduced upper Hessenberg(apply Lemma 3.2 on a Lanczos run without breakdown), [e1; Vk�1] and [e1; Wk�1] are full rank uppertriangular. If we combine this with the Lanczos relation TVk�1 = VkHIk;k�1, then(T � �I)[e1; Vk�1] = Vk[e1; (H � �I)Ik;k�1]) F = (T � �I) = Vk �[e1; (H � �I)Ik;k�1][e1; Vk�1]�1� = VkRV :Analogously, G = (T � �I)� = Wk �[e1; (H � �I)Ik;k�1][e1; Wk�1]�1� = WkRW :Upto scaling of the matrices Vk and Wk, this corresponds to (27). 2The restarting procedure of Theorem 3.1 requires k�1 steps of the small Lanczos algorithm, i.e. the Lanczosalgorithm applied to the small matrix Tk � �I. Only the �rst k � 1 columns of Q and Z are used, alongwith the last o�-diagonal elements of H, which are also computed at step k � 1. The following lemma setsa condition for the algorithm that computes Q and Z under which it will not break down.6



Lemma 3.4 Consider Theorem 3.1. If the matrices Q and Z are computed using the Lanczos (or BioGS)algorithm, then this algorithm will not break down unless for some j < k, W �j (A��I)2Vj does not have fullrank.Proof The algorithm breaks down at step j if M 0j � ((Tk � �I)�Ik;j)� (Tk � �I)Ik;j is singular. Sincethis matrix is equal to M 0j = (Wk(Tk � �I)�Ik;j)� Vk(Tk � �I)Ik;j , we can insert (2) and (3), soM 0j = ((A � �I)�WkIk;j)� (A� �I)VkIk;j = W �j (A� �I)2Vj : 2The result of Lemma 3.4 can be interpreted in terms of the implicitly restarted process. Since a Krylovsubspace invariant when A is shifted, the subspace R (Vk) = Kk(A; v1) = Kk(A � �I; v1) and a similarrelation holds for R (Wk).Lemma 3.5 Given A; v1; w1 as in De�nition 2.1, then rank(Mk(A; v1; w1)) = rank(Mk(A � �I; v1; w1)).Proof The lemma follows from the fact that Kk(A � �I; v1) � Kk(A; v1), since (A � �I)mv1 =Pmi=0 m!(m�i)!i!�m�iAiv1 2 Kk(A; v1); and for the same reason Kk(A; v1) � Kk((A � �I) + �I; v1) = Kk(A ��I; v1). Analogously, Kk(A�; w1) = Kk((A � �I)�; w1). Hence, rank(Mk(A; v1; w1)) = rank(Mk(A ��I; v1; w1)). 2Therefore, M 0k = W �k (A � �I)2Vk corresponds to the moment matrix Mk(A; (A � �I)v1; (A � �I)w1) =M2k ((A� �I); v1; w1) of the Lanczos process with starting vectors v+1 = (A� �I)v1 and w+1 = (A� �I)�w1.Lemma 3.4 shows that the small Lanczos iteration will not break down if the `large' Lanczos process with(v+1 ; w+1 ) does not break down. In the following section, we show in Theorem 4.1 that this is exactly theimplicit Lanczos run. So the implicit restart does not break down if the corresponding explicit restart doesnot break down, which is not that surprising. An analogous result was found by Grimme et al. [4, Th. 3]for the sign-symmetric case.Algorithm 3 gives an implementation for Implicitly Restarted Lanczos.Algorithm 3 Implicitly Restarted Lanczos (IRL)In: Vk+1; Wk+1; Tk; �k+1; 
k+1; �Q; �ZOut: V +k ; W+k ; T+k�1; �+k ; 
+k1. Compute Q; Z and RQ; RZ 2 Ck�k asTk � �QI = QRQ and (Tk � �ZI)� = ZRZ2. Set V +k�1 = VkQIk;k�1, W+k�1 = WkZIk;k�1 and T+k�1 = Ik�1;kZ�TkQIk;k�1.3. Compute v+ = hk;k�1VkQek + �k+1qk;k�1vk+1 andw+ = �hk�1;kWkZek + �
k+1zk;k�1wk+1.4. Set v+k = v+=�+k and w+k = w+=
+k with �+k �
+k = w�+w+.4 Applying an Implicit Filtering stepThe choice of the shift � in Theorem 3.1 or � and � is Lemma 3.3 is crucial for an e�cient restart of theLanczos algorithm. Indeed, if � would be chosen such that most of the `wanted' information is removed fromthe subspaces Vk and Wk, then the algorithm would slow down, since this information must be recovered.On the other hand, � can be used in order to remove uninteresting information, e.g. eigenvectors thatcorrespond to unwanted eigenvalues. As for IRA [14], we prove two properties for the restart. First, weshow that an implicit restart that is performed with the BioGS algorithm, implicitly applies a polynomial�lter on Vk and Wk, as if it performed a step of subspace iteration. Then we show that the concept of exactshifts (a notation that was �rst introduced for IRA) also holds for the Lanczos case : if � is equal to anapproximate eigenvalue, then this approximate eigenvalue will be removed from the spectrum of Tk. Theother eigenvalues remain unaltered.Theorem 4.1 (Implicit �ltering property) Suppose that in Theorem 3.1, Q and Z are computed usingthe BioGS algorithm on F = Tk � �QI and G = (Tk � �ZI)�, such that (27) holds. If RQ and RZ have fullrank, then R �V +k � = R ((A� �QI)Vk) (28)R �W+k � = R ((A� �ZI)�Wk) : (29)7



Proof Let us prove the �rst statement (28). From (2) and (27), we derive(A � �QI)Vk = Vk(Tk � �QI) + �k+1vk+1e�k = VkQRQ + �k+1vk+1e�k: (30)Multiplying this on the right by R�1Q results in(A � �QI)VkR�1Q = VkQ+ �k+1=�Qvk+1e�k; (31)where �Q is the (k; k)-th element of RQ. Since the tridiagonal matrix H is factorised as H = RQQ (27), itholds that hk;k�1 = �Qqk;k�1, such that by (16)(A � �QI)VkR�1Q = � VkQIk;k�1 VkQek + �k+1qk;k�1=hk;k�1 � = � V +k�1 �+k =hk;k�1v+k � ; (32)from which (28) follows. The proof of (29) is analogous. 2Theorem 4.1 states that if the Implicitly Restarted Lanczos algorithm is repeated p times with shifts�Q;1; : : : ; �Q;p and �Z;1; : : : ; �Z;p using BioGS, then the subspace spanned by Vk�p+1 is multiplied implic-itly by a polynomial function �(A) = (A � �Q;pI) � � � (A � �Q;1I). Similarly, Wk�p+1 is multipied by�(�)(A�) = (A�� ��Z;pI) � � � (A�� ��Z;1I). It should be noted that if this algorithm is applied on a symmetricmatrix A and v1 = w1, such that Wk = Vk, then the �ltering with �i � �Q;i = �Z;i is still di�erent froman IRA �ltering. With IRA, the �ltering function for Vk is �(A), so the same holds for Wk { since bothmatrices are equal. However, unless the �i are real, the �(A) 6= �(�)(A�) = �(�)(A).It can be shown for IRA [14, Lem. 3.10] that if the approximated spectrum is divided into two disjointparts f�1; : : : ; �pg [ f�p+1; : : : ; �kg (33)and if the �rst set of p approximate eigenvalues is used as shifts �1 � �1; : : : ; �p � �p, then the approximateeigenvalues of the restarted relation will be given by f�p+1; : : : ; �kg. Also the approximate eigenvectors (leftand right) will be the same. The �rst p approximate eigenvectors are said to be de
ated.Before we derive a similar property for the IRL algorithm, we propose a simple condition for de
ation.Suppose that the subspaces (Vk;Wk) are restarted (or transformed) into (V +k�1;W+k�1). We say that the i-thapproximate eigenpair (�i; yi) is not de
ated if the vector that is removed from Vk is orthogonal to yi.Lemma 4.2 Say that the right approximate eigenpairs of A are given by (�i; yi = Vkui); i = 1; : : : ; k,where �i 6= 0. If w; v 2 Cn are vectors such that R �[V +k�1; v]� = R (Vk), R �[W+k�1; w]� = R (Wk), and[W+k�1; w]�[V +k�1; v] = I, thenw ? yi , there exist a u+i 2 Ck�1 such that T+k�1u+i � �iu+i = 0 and yi = V +k�1u+i ; (34)i.e. w is orthogonal to yi, i� (�i; yi) is an approximate eigenpair of the restarted relation. The same holdsfor the left approximate eigenpairs.Proof There exist transformationmatrices PV and PW such that Vk = [V +k�1; v]PV andWk = [W+k�1; w]PW{ clearly P �WPV = I. If we set ~ui = P�1V ui = P �Wui, then yi = [V +k�1; v]~ui andP �WTkui = �iP �Wui ) [W+k�1; w]�A[V +k�1; v]~ui = �i~ui: (35)By [W+k�1; w]�[V +k�1; v] = I, we get w�[V +k�1; v] = e�k. Thus, by multiplying with ~ui,w�yi = w�[V +k�1; v]~ui = e�k~ui:If w�yi = 0, then this means that we can rewrite~ui = � u+i0 � ; (36)and yi = V +k�1u+i . Because T+k�1 = (W+k�1)�AV +k�1, it then follows by (35) that T+k�1u+i ��iu+i = 0. Inversely,if ~ui ful�ls in (36), then it must follow that w�yi = 0, so w ? yi. 2We now show that if the Lanczos relations are restarted with BioGS and � = �j , then the restartedsubspace R �V +k�1� is spanned by the remaining approximate eigenvectors yi; i 6= j, because it ful�ls theconditions of Lemma 4.2. 8



kP?V+ (A� �I)Vkk2 j�2 � �+2 j kAV +k�1 � V +k�1T+k�1 � �+k v+k k2� = �1 8e�15 3e�3 3e�15� = �1 3e�15 9e�16 3e�15� = 1:5 2e�14 3e�1 2e�14Table 1: Restarting the Lanczos algorithm using BioGS. For three di�erent choices of � (a true eigenvalue,an approximate eigenvalue and a `random' number), the error on the implicit �lter is shown (P?V+ (A��I)Vkis the projection of (A � �I)Vk on the nullspace of V +k ). Also the di�erence between the old and the new(second) approximate eigenvalue is shown, as well as the error on the Lanczos equation.Lemma 4.3 Exact shift property) Say that the approximate eigenpairs of A are given by (�i; yi =Vkui); i = 1; : : : ; k. If Theorem 3.1 is applied with BioGS and � � �j , (1 � j � k), then the followingstatement is true : If w 2 R (Wk) and w ? V +k�1, then w ? yi, for i such that �i 6= �j .Proof If �j is an eigenvalue of Tk, then (Tk � �jI) = QRQ does not have full rank and the (k; k)-thelement of RQ is zero (if another diagonal element were zero, the BioGS would have had a breakdown).Hence, RQ = Ik;k�1I�k;k�1RQ and thus VkQRQ = VkQIk;k�1I�k;k�1RQ = V +k�1I�k;k�1RQ.Following Theorem 4.1, it holds that (see (31))w�(A��jI)Vkui = w�VkQRQui+�k+1w�vk+1e�kui = w�V +k�1I�k;k�1RQui+�k+1w�vk+1e�kui = �k+1w�vk+1e�kui:(37)On the other hand, it holds that (see (30))w�(A� �iI)Vkui = w�Vk(Tk � �iI)ui + �k+1w�vk+1e�kui = �k+1w�vk+1e�kui: (38)If we subtract both equations, then we �nd that (�j � �i)w�Vkui = (�j � �i)w�yi = 0. Using Lemma 4.2, weget the result. 2If a pair of Lanczos relations is restarted with BioGS and with a shift equal to the approximate eigenvalue,then the approximate eigenvector is �ltered out of the subspace basis. By analogy to IRA, we call thischoice of shifts the use of exact shifts. If the Lanczos relations are restarted with p exact shifts, then thecorresponding eigenpairs are removed from the relations.Corollary 4.4 Suppose that the spectrum of Tk is divided into two disjoint partsf�1; : : : ; �pg [ f�p+1; : : : ; �kg (39)and suppose that the �rst set of p approximate eigenvalues is used as exact shifts for the implicitly restart-ing procedure. Then the right approximate eigenpairs of the resulting equations are given by (�+i ; y+i ) =(�i+p; yi+p), i = 1; : : : ; k � p. The same holds for the left approximate eigenpairs.Proof The proof follows from Lemma 4.2 and 4.3, repeated p times. 2Example 4.1 Let us illustrate these results with a small example. Consider a Toeplitz matrixA 2 R100�100that is de�ned by ai;i+k = 1k � 1 for k � 0 and ai;i�k = �1k � 1 for k > 0:All eigenvalues �i of A have real part equal to one : real(�i) = 1; i = 1; : : : ; 100. We performed 10 steps ofLanczos with v1 = e1 = w1 and then restarted with BioGS and three di�erent choices of � = �Q = �Z : atrue eigenvalue � = �1, an approximate eigenvalue � = �1 and a random number � = 1:5. The results aredisplayed in Table 1 The table illustrates Theorem 4.1 and Lemma 4.3 to computer precision. If BioGS isused, then the �ltering property holds for all three cases. If an exact shift is used, then the correspondingapproximate eigenvalue is removed from the spectrum of T+, without changing the other approximateeigenvalues. We also used an inner Lanczos loop to restart the algorithm. The results for the error on theLanczos relation were the same, but neither the implicit �ltering property nor the exact shift property wasful�lled, as expected. 9



5 Implicitly Restarting and BreakdownThe Lanczos algorithm can break down. If this breakdown is not the result of the fact that some solutionhas been found, then it must be solved with look-ahead or it must be restarted completely. The mainargument against an explicit restart is that it is expensive. It costs 2k matrix-vector multiplications and asmany bi-orthogonalisation steps. Also, it can not guarantee that a breakdown will not reoccur in furtheriterations, although the same argument holds for look-ahead. In this section, we show how the implicitrestart algorithm can be used to get around the serious breakdown problem.Theorem 5.1 Suppose that the Lanczos relations are restarted as in Theorem 3.1, and suppose that w�k+1vk+1 =0. Then �+k 
+k (w+k )�v+k = hk;k�1hk�1;k.Proof Multiplying (16) by (17), results in�+k 
+k (w+k )�v+k = (�hk�1;kWkZek)�(hk;k�1VkQek) + (�
k+1zk;k�1wk+1)�(�k+1qk;k�1vk+1)= hk�1;khk;k�1e�kZ�W �k VkQek + 
k+1�k+1�zk;k�1qk;k�1w�k+1vk+1= hk�1;khk;k�1 + 0: 2Theorem 5.1 shows that if H is unreduced, then no breakdown occurs in the next Lanczos step of therestarted method. If hk;k�1 = 0, then the last column of Q turns out to be an eigenvector of Tk. In thiscase, a new decomposition (12) must be found. Notice that this problem occurs with BioGS if the shift � ischosen equal to an approximate eigenvalue �i. In that case, Tk � �I is singular and the last vector of Q willbe the null-eigenvector (it must be the last vector, because otherwise the BioGS algorithm breaks down).The result of Theorem 5.1 is at least against our intuition. The restarting procedure applies a polynomial�lter on the subspaces Vk and Wk, but the new Krylov subspaces will be subsets of the old subspaces, evenwhen the algorithm proceeds. One could argue that, since breakdown seems to be a property of these Krylovsubspaces, it can not be avoided with an implicit restart. In general, this is not true. The new search spacesare indeed very similar to the Krylov subspaces that would have been found if the algorithm proceeded, buteach new pair of vectors is bi-orthogonalised to one vector less (i.e. VkQek and WkZek). It is this `missing'vector that prevents the new, bi-orthogonalised vectors to be orthogonal to each other. Indeed, the termhk;k�1hk�1;k corresponds following (16) and (17) to the parts of v+k and w+k that contain traces of VkQekand WkZek.There is a relation between the moment matrix of restarted Lanczos relations and the moment matrix ofthe original relations. Suppose that in Theorem 4.1, � � �Q = �Z, then the moment matrix of the restartedrelation is Mk(A; (A � �I)v1; (A � �I)�w1). The rank of this matrix is equal to rank(Mk(A � �I; (A ��I)v1; (A��I)�w1)) = rank(M2k (A; v1; w1)). Indeed, the lower right k�k submatrix ofMk+1(A��I; v1; w1)is equal to the lower left submatrix of Mk+2(A��I; v1; w1), because of the Hankel structure, (see Figure 1).Therefore, implicitly restarting corresponds to shifting to a submatrix of the original moment matrix. In thefollowing lemma, we show that if Mk+1; : : : ;Mk+p are singular, then it takes at least p restarts to avoid thesingularity. We only consider restarts with � = �Q = �Z = 0, because it is easier to understand. Since therank of the moment matrix is equal for A and A � �I (Lemma 3.5), it also holds for the general case.Lemma 5.2 Consider a matrix A and two starting vectors v1; w1. Suppose that all implicit restarts arecomputed with BioGS and with � = 0. If rank(Mk) = rank(Mk+1) = � � � = rank(Mk+p) = k, thena) If l is such that rank(Mk+l) = k + l, then l � p. If i � p, then rank(Mk+p+i) � rank(Mk+p+i�1) + 2.b) If for all i = 1; : : : ; 2p � 1, it holds that rank(M ik+1) < k + 1 and rank(Mk+p+1) � k + 1, thenrank(M2pk+1) = k + 1, unless ei 2 R (Mk+2p+1Ik+2p+1;2p), for some 1 � i � 2p.Proof Consider the rectangular Hankel matrix Mk;l � MkIk;l, k � l.a) Since Mk+1(A; v1; w1) di�ers fromMk(A; v1; w1) in one row and one column, the rank of Mk+1 can be atmost rank(Mk) + 2. If the null space of Mk+p has dimension p, then it will take at least p new rows and pnew columns in order to end up with a full rank moment matrix.b) In [6, Cor. 5.1, p81], it is proven thatrank(Mk+2l;k) = minfk; rank(Mk+l)g (40)rank(Mk+2l+1;k) = minfk; rank(Mk+l+1;k+l)g � minfk; rank(Mk+l)g: (41)10
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Figure 1: A connection between IRL and look-ahead Lanczos. The look-ahead Lanczos algorithm jumpsfrom the (full rank) moment matrices M1 to M6. Implicitly restarted Lanczos results with each restart ina shifted moment matrix M2 ! M22 ! M42 , until the breakdown has disappeared. The circles in the rightpicture show the rank of the Mk matrices. The rank does not change from M1 to M3 and then grows withsteps of one or two.Since M2ik+1 is the lower k + 1� k + 1 submatrix of Mk+2i+1;k+1, we can derive thatrank(M2ik+1) � rank(Mk+2i+1;k+1) = minfk + 1; rank(Mk+i+1)g:For the same reason rank(M2i�1k+1 ) � minfk+1; rank(Mk+i+1)g. From (40), it follows that if rank(Mk+i) = k,then rank(Mk+2i�1;k+1) = k and also rank(Mk+2i;k+1) = k. On the other hand, rank(Mk+2p+1;k+1) =minfk + 1; rank(Mk+p+1)g = k + 1. If ei 62 R (Mk+2p+1;k+1) for i = 1; : : : ; 2p, then rank(M2pk+1) =rank(Mk+2p+1;k+1) = k + 1, since� Mk+2p+1;k+1 Ik+2p+1;2p � = � ? I2pM2pk+1 0 � ;then has full rank. 2Lemma 5.2 proves two properties of a singularity in the Lanczos process. The �rst part shows that asingularity in a sequence of Mk matrices consists of a part where the rank is constant and a second partwhere the rank in general grows with 2 (unless there is an overlap of singularities or if the size of thesingularity is odd). The second part proves that if a look-ahead algorithm has to compute a look-ahead stepof length 2p or 2p � 1, then the corresponding implicitly restarted Lanczos method has to be restarted atleast p times.The connection of implicitly restarted Lanczos with look-ahead is illustrated in Figure 1. In the �gure,Mk+1 = M2 is singular. It is easy to see that M2; : : : ;M5 are singular too, but rank(M6) = 6. A look-aheadalgorithm has to take a step of length 5 in order to �nd a new pair of bi-orthogonal matrices. If IRL isused, then one iteration after the �rst restart, a new breakdown will be encountered, since M2k+1 = M22 issingular. If the algorithm is then restarted again, then the moment matrix M42 is no longer singular, andthe algorithm can proceed without breakdown. So Look-ahead computes M2 ! M3 ! M4 ! M5 ! M6,whereas IRL computes M2 ! M22 ! M42 . If a Lanczos algorithm encounters an incurable breakdown, sothat there exist no look-ahead step that solves it, then IRL can not solve the breakdown either.Example 5.1 We generate a set of matrices and starting vectors that lead to breakdown of the Lanczosalgorithm as follows. Say that breakdown must occur at step m and that look-ahead must compute a step oflength p. Consider then a random unreduced tridiagonal matrixB. If we perform Lanczos with v1 = e1 = w1,then Vk = In;k = Wk. If we set bm+1;m = 0 and bm+p+1;m = 1, then it is easy to see that breakdown must11



p = 1 p = 2 p = 3 p = 4l kAV � V Tk l kAV � V Tk l kAV � V Tk l kAV � V TkIRL-BioGS 1 2e�11 1 2e�11 2 1e�10 2 9e�10IRL-Lanczos 1 5e�11 1 2e�10 2 2e�10 2 4e�10LA-Lanczos 1 1e�11 2 2e�12 3 6e�10 4 1e�10Table 2: Comparison between IRL and look-ahead Lanczos for breakdown of di�erent lengths (p = 1; 2; 3; 4)at step 5 of the algorithm. Shown is the number of required restarts (l, for LA-Lanczos this indicates thelength of the look-ahead jump) and the overall error on the �rst Lanczos equation when the size of Vk andWk is 10. The results are generated with Matlab4 on a DEC5000.occur : vm = em+p+1 ? wm = em. The matrix can then be transformed, using a bi-orthogonal pair ofmatrices Q and Z 2 Cn�n : A = QBZ�; v1 = Qe1 and w1 = Ze1:We generated four 100� 100 matrices which su�ered from breakdown at step m = 5, each with a growingsingularity (p = 1; 2; 3; 4). Then we applied the following algorithms to these matrices : implicitly restartedLanczos with BioGS (� = �Q = �Z = 0), IRL restarted with Lanczos (� = 0 and q1 = z1 = (e1 + e2)=p2)and look-ahead Lanczos. The results are shown in Table 2. The table illustrates the results of Lemma 5.2.The implicitly restarted Lanczos algorithm needs ceil(p=2) restarts in order to handle the singularity. Wealso showed the error on the �rst Lanczos equation after the restart (i.e. after 10 iterations). The accuracy ofall three applications is comparable, but it certainly depends on our implementation and on the parametersthat are used for the restart. The optimal choice of the parameters, if it exists, should be the subject offurther research.6 ConclusionsThis text generalises the concept of implicitly restarting an iterative algorithm to the Lanczos method foreigenvalue problems. We showed that a full run of the Lanczos algorithm on the small, projected eigenvalueproblem generates a bi-orthogonal transformation for the Lanczos bases. The small Lanczos run can also bewritten as a BioGS algorithm, and connects the restarted subspaces with implicitly �ltering of the originalsubspaces. The polynomials that de�ne this �ltering are governed by the starting vectors of the small Lanczosprocess or by the shifts �Q and �Z of the BioGS factorisation.The resulting IRL algorithm can be used as an alternative for look-ahead in case of serious breakdown.IRL and look-ahead are connected in that if look-ahead extends the subspaces Vk and Wk with size p, thenIRL selects in these large subspaces a set of k-dimensional subspaces V +k and W+k that do not su�er frombreakdown. At the cost of ceil(p=2) extra iteration steps, IRL returns a tridiagonalisation of A, whereaslook-ahead Lanczos results in a block tridiagonal matrix. Both algorithms fail if incurable breakdown occurs.The advantages of implicitly restarted Lanczos correspond to the advantages of implicitly restartedArnoldi with respect to Arnoldi. If the Lanczos algorithm converges too slowly, then IRL can reduce thesize of the subspaces Vk and Wk without losing too much information. If there are spurious eigenvalues (e.g.approximations of an in�nite eigenvalue) or if a known, dominant eigenvalue must be avoided (e.g. a zeroeigenvalue), then IRL can be used to �lter away these eigenvalues. Finally, it is an alternative for look-aheadin case of breakdown. It has the additional advantage that even in case of near-breakdown, IRL can beemployed and the tridiagonal structure of the Tk matrix is preserved. So the decision `is this a breakdownor not ?' is less important when IRL is used, since the result is tridiagonal anyway { look-ahead makes thematrix block tridiagonal. The disadvantage of implicitly restarted Lanczos is that it costs one iteration stepper restart, since IRL reduces the size of the approximating subspaces with one. It is also possible that therestarting algorithm itself incorporates some of the disadvantages of the Lanczos algorithm, such as possibleinstabilities or inaccurate results due to a near-breakdown.Acknowledgments. This research was supported by the National Fund for Scienti�c Research (FWO),project \Orthogonal systems and their applications", grant #G.0278.97.This paper presents research results of the Belgian Programme on Interuniversity Poles of Attraction,initiated by the Belgian State, Prime Minister's O�ce for Science, Technology and Culture. The scienti�cresponsibility rests with its authors. 12
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