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Abstract
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ABSTRACT

This text describes several methods to approximate multivariate integrals. Cubature
formulae that are exact for a space of polynomials and Monte Carlo methods are the best
known. More recently developed methods such as quasi-Monte Carlo methods (including
lattice rules), Smolyak rules and stochastic integration rules are also described.

1 Introduction

The problem of measuring areas and volumes has always been present in everyday life. The
ancient Babylonians and Egyptians already had rules for finding the areas of triangles, trape-
zoids and circles and the volumes of parallelepipeds, pyramids and cylinders. They thought
of these figures in concrete terms, mainly as storage containers for grain, and discovered these
rules empirically.

The start of the modern study of volume computation is usually linked with Kepler, in
the 17th century. His motivation also had to do with storage containers: wine barrels.

The formulation of the problem of measuring in terms of integrals and functions is more
recent. In fact, the computation of areas and volumes motivated the field of integration. The
calculation of integrals is nowadays one of the basic operations in analysis and is needed in
many technical computations. In practical situations, many integrations have to be performed
numerically because the analytic evaluation is too complicated or even impossible.

We will now formulate the problem in today’s terminology. An integral I is a linear
continuous functional

I[f]:= / w(x)f(x)dx, where the region  C R".
Q

We use x as a shorthand for the variables z1, z9, ..., z,. We will always assume that w(x) > 0,
for all x € Q, that is, I is a positive functional.
It is often desired to approximate I by a weighted sum of function values such that

N

I[f] = Q[f] := ijf(xj-) where w; € R and x; € R". (1)
j=1

It is desirable that all x; € Q (to be certain f(x;) is defined) and w; > 0 (to avoid cancella-
tion). If © is an interval, i.e., n = 1, then the rule @ (1) is called a quadrature formula. If
n > 2, it is called a cubature formula. The points x; and weights w; are chosen independent



of the function f. They are chosen such that the cubature formula is useful for a particular
class of functions.

There are several criteria to specify and classify cubature formulae based on their be-
haviour for specific classes of functions. Depending on the criteria used, one can distinguish
several classes of methods. In the following section, several classes will be briefly surveyed.
They all have in common that they are exact for the constant function: I[1] = Q[1] = vol(2).

2 Some classes of cubature formulae

2.1 Cubature formulae of algebraic degree

A first approach to constructing cubature formulae is to consider the multivariate integral as
a repeated integral and use repeated (1-dimensional) quadrature formulae to approximate it.
This approach is inviting because it is easy and a lot of quadrature formulae are known, for all
types of weight functions, of different algebraic degree of precision, i.e., the formulae are exact
for all polynomials up to a certain degree. These so-called product rules can be constructed
for the n-dimensional cube, simplex and sphere [19]. A Gauss quadrature formula of degree
d = 2k + 1 for the unit interval with constant weight function requires k& + 1 points. The
corresponding product formula for the n-cube of the same degree requires (k 4+ 1)" points.
This type of rules is expensive because they also give the exact result for a lot of multivariate
monomials of degree higher than d.

Instead of treating the multivariate integral as a repeated integral, one can deal directly
with it and search for cubature formulae that are of degree d. The number of points in such
formulae for the m-cube, n-simplex, etc. is N = (n:k) + O(k™ ') with k = |d/2]. Such
formulae are however very hard to construct. Almost all published cubature formulae are
for low dimensions (< 5). Only a few are known for higher dimensions. If the degree or
the dimension increases, the O(k"~!) becomes more and more significant. The surface of the
sphere is an important region of integration that requires special attention: it does not have
interior points. This property influences the above estimate for the number of points. For a
survey of available cubature formulae, see [19, 6]. For more on this type of integration rules,
see [4].

If a cubature formula does not give a result that is accurate enough, instead of increasing
the degree one can often divide the region in smaller regions and apply a cubature formula
to each of the subregions. The sum of all cubature formulae on all subregions is a so-called
compound rule. One can continue this process until one obtains the desired accuracy. An
interesting compound rule for regions that can be subdivided in regions of the same shape, is
the so-called copy rule. If, for example, the integration region is a square, one can divide this
into m? identical squares, each of side 1/mth the original side, and apply a properly scaled
version of the given cubature formula to each. This approach looks expensive, especially if
the dimension goes up, but is appealing because an error expansion is readily available. For
regular f(z,y) € CP, p € N, the extension of the one-dimensional Euler-Maclaurin expansion
may be expressed as

Qs — 11 = Y PALD) | o), )

where Q™) is the m2-copy of Q and the coefficients B; depend on the cubature formula @, the
integral I and the integrand f. Once it is known that an error expansion exists, Richardson



extrapolation can be used to speed up convergence. The m-copy rules for cubes and simplices
have received considerable attention, because for some classes of non-regular functions, error
expansions are also available and thus extrapolation can be used to speed up convergence.
For more information and additional references, see [12, 13, 21].

Cubature formulae of algebraic degree form the basis of so-called automatic integration
routines. The aspired ideal is “to relieve the person who has to compute an integral of any need
to think” [7]. Such routines are meant to be used as black boxes: a user gives an integration
region, integrand and a desired accuracy and after some number crunching an approximation
of the integral is returned hopefully satisfying the error request. Nowadays, such routines are
global adaptive. The given region is subdivided in such a way that the subregions are smaller
in those parts of the given region where the integrand differs more from the polynomials for
which the basic cubature formulae in the routine give the exact result. At each step the
subregion with the largest error is selected for further processing. The goal is to make the
global error smaller than the error request. Most automatic integrators available are developed
for the triangle, the tetrahedron and the n-cube. If one has an integral over another region,
one has to transform it to one of these regions before one can call the routine to help. At
least for 2 dimensions, this is changing. Cubpack++ goes as far as we can toward the ideal [5].
It allows a user to approximate integrals over a large variety of 2-dimensional regions. Other
automatic integrators for 2 dimensions are mentioned in [5]. For the tetrahedron see [1] and
for the n-cube see [2].

2.2 Smolyak rules

Smolyak’s method recently received a lot of attention, about 30 years after his paper appeared;
see, e.g., [15, 22]. Roughly speaking, a subset of the points of a product rule is used.
Assume that for the interval [—1,1] a sequence of quadrature formulae Uy, Us, ... is avail-
able. For dimensions n > 1 and i = (41,...,i,) € N” the tensor product formula U;, ®---®@U;
is defined as a usual product rule for the n-cube [—1,1]™. The Smolyak formulae are given by

: -1
A(q,TL) = Z (_1)q7|1\ (n . )(UH QD Uin)a with q > n.
q—n+1<]i|<q a— i
They are linear combinations of the product formulae U;, ® --- ® U;, such that only ten-

sor products with a relatively small number of points are used and the linear combination
preserves the interpolation property of the quadrature rules for n > 1.

One can formulate restrictions on the quadrature rules U; such that the corresponding
Smolyak rule is exact for all polynomials of degree at most d. Most studied are Smolyak
rules that are based on Clenshaw-Curtis quadrature points. For large dimensions n and fixed
degree d = 2k + 1, the number of points in such a cubature formulae N ~ 2¥n*/k!. This is
comparable with the cost of known cubature formulae for the unit cube. The Smolyak rules
can however be constructed for all degrees of precision.

This method looks promising if the dimension of the integral is reasonable. Practical
experience is however still limited and only experimental implementations exist.



2.3 Monte Carlo methods

The need to approximate multi-dimensional integrals at a reasonable cost, lead to the devel-
opment of Monte Carlo methods. An integral can be seen as the expected value of a certain
stochastic process. The expected value is estimated by sampling. The basic form of the Monte
Carlo method is

N
1= [ seoix= i) = S sy ®)

where the points x; are chosen independently uniformly distributed in ©. The Q[f] in (3) is
a random variable with expected value I[f]. Behind this computation is the Law of Large
Numbers. From the Central Limit Theorem, one can derive a confidence interval for the

approximation Q[f]. For a fixed level of confidence A, the error bound is Aa/\/ﬁ, where
o? is the variance of f(x) on . Note that the rate of convergence does not depend on the
dimension. See, e.g., [18] for an introduction.

In practice one does not use truly random numbers. One uses so-called random number
generators that produce a deterministic sequence of so-called pseudorandom numbers that
pass a number of statistical tests for near-randomness. Such generators are so easily avail-
able that one uses them without thinking, although they are a very important aspect of all
Monte Carlo computations. It is known nowadays by a small number of experts in this mat-
ter that some widely available generators have structural defects that might influence some
simulations. For more information we refer to [11, 14, 20].

The variance of the integrand plays an important role in this procedure. In practice, the
usefulness of Monte Carlo methods largely depends on variance reduction techniques. Many
techniques exist, e.g., stratified sampling, importance sampling, antithetic variates. The idea
behind all these is to take the shape of the integrand into account to determine the sample
points.

Importance sampling is based on the following idea. First, the given integral (3) is rewrit-
ten as

I[f] = ﬁp(x)dx with p(x) > 0,Vx € Q and /p(x)dx =1
a p(x) Q
Then p(x) is used as a probability density function and the random points are selected ac-
cording to p(x). The Monte Carlo approximation is then

N .
Q[f] — VOI(Q) Z f(XJ; .

N =1 p(Xj

The better p(x) approximates the shape of f(x), i.e., the more f(x)/p(x) looks like a constant,
the smaller the variance and thus the error bound.

Stratified sampling splits the integration region and estimates the contribution of each
subregion using Monte Carlo integration. One can take smaller subregions where the function
differs more from a constant. This approach ensures that in each subregion a given number of
samples are taken and that reduces the variance. Recursive stratified sampling is a technique
that subdivides the region adaptively. This effort to make an automatic integration routine
based on the Monte Carlo methods is described in [16].



2.4 Quasi-Monte Carlo methods

The error estimate of the Monte Carlo method is only probabilistic. In quasi-Monte Carlo
methods the equal-weights formula (3) is still used, but the sequence of points are chosen to
be “better than random”. In addition rigourous error bounds are obtained that behave better
than the N/2 law.

Equidistributed or uniformly distributed sequences are the crucial concept in quasi-Monte
Carlo methods. The fraction of points of an equidistributed sequence of numbers that lie in
any interval is asymptotically proportional to the length of the interval. Important sequences
are due to Halton, Sobol and Faure and the generalisations of these by Niederreiter and
Tezuka [14, 20]. The notion of discrepancy is used to measure the irregularity of a point set
in the unit n-cube. The Koksma-Hlawka inequality says the error in a quasi-Monte Carlo
method (3) is bounded by the star-discrepancy of the points times V(f), the variation of f
in the sense of Hardy and Krause. For specific sequences (a bound for) the discrepancy is
known; e.g., for the Halton sequence this gives the error bound

(log N)"
N

Il =QlAI<C V(f)

where C' is a constant independent of f.

Quasi-Monte Carlo methods are finding their way into applications. The recent hype
around high dimensional integrals in risk analysis of financial derivatives is built on experience
with quasi-Monte Carlo methods; see, e.g., [3]. Other experiences suggest that for high
dimensions they do not live up to the expectations.

Quasi-Monte Carlo methods are thoroughly reviewed in [14].

2.5 Lattice rules

Lattice rules are a type of quasi-Monte Carlo method. They are designed for the integral over
the unit cube [0,1)" in situations in which f is one-periodic with respect to each component
of x and in addition is reasonable smooth. A lattice rule for the approximation of I[f] is the
average value of the integrand f over all points of an integration lattice L inside the cube
[0,1)". An integration lattice is a discrete subset of R” which is closed under addition and
subtraction, and which contains Z" as a subset. An example of a lattice rule for 1-dimensional
integration is the rectangle rule. The oldest interesting generalisation is the so-called method
of good lattice points which uses approximations of the form

Qlfl = %]:iéf (%) @

where N is an a priori chosen number of cubature points and z a carefully selected integer
vector. The error of a lattice rule depends on the coefficients in the Fourier expansion of f
that correspond to the points in the dual of the lattice L. The quality of a lattice rule thus
depends on the dual lattice. The Zaremba indez is the best known criteria to study this.

The lattice rule (4) is a so-called rank-1 lattice rule: one sum only is needed to write
the expression. If s sums are required, the rule is called a rank-s lattice rule. The product
rectangle rule is a rank-n rule.

An implementation is given in [8, 9]. Practical error estimation is based on sequences of
embedded lattice rules. If one wants to apply this to a non-periodic function, then one must



force periodisation by nonlinear transformations. This does not only cause an overhead but
it tends to transform nice integrands into nasty ones. Practical experience with lattices is
still limited. It has been shown that they can already be very useful in very low, say two,
dimensions.

The recommended starting point for all potential users is [17].

2.6 Stochastic integration rules

Cubature formulae of algebraic degree are hard to construct for high degrees and dimensions
and an error estimate is not directly available. They can however deliver a high accuracy
for smooth functions. Monte Carlo methods come with a simply-assessed error estimate but
are normally only exact for constant functions. The idea of combining the good properties of
each method is about 30 years old but recently resurfaced.

For the region 2 = [—1,1]", instead of using the Monte Carlo method (3), one can use

n N . .
Qlf] = % ZQQJ' [f] with,e.g., Qaj [f] == S J) +2f( J).
j=1

(5)

The Qq,; are here parameter dependent cubature formulae of degree 1. In contrast with the
original Monte Carlo method, the so-called stochastic integration rule (5) is thus exact for
all first degree polynomials. This approach equals the variance reduction technique known as
antithetic variates.

Higher degree formulae Q,; can be used in (5). In order to obtain an unbiased estimate
for I[f] one has to be careful. In general the random samples have to be taken using special
distribution functions and that causes practical difficulties. If the region of integration is the
surface of a sphere, introducing randomisation is easy. It suffices to apply a rotation to the
cubature formula to obtain another one of the same degree.

The recent work in this area aims at approximating integrals over n-space with a Gaussian
(or related) weight function. The target applications originate in Bayesian statistics. For
recent results and references, see [10].
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