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Enumerating Regular Mixed-Cell Con�gurations�Tom Michielsy Jan VerscheldezJune 2, 1997AbstractBy means of the Cayley Trick the problem of enumerating all regular �ne mixedsubdivisions is reduced to enumerating all regular triangulations. The set of all regulartriangulations is well-understood thanks to the bijection with the vertices of the secondarypolytope. However, because we are only interested in the con�gurations of mixed cellsin a mixed subdivision, we want to avoid dealing with other cells. We propose an op-erator derived from the bistellar 
ip for regular triangulations to modify a mixed-cellcon�guration.1 IntroductionMixed subdivisions were introduced in [10] to extend Viro's theorem [13] for constructingalgebraic curves with prescribed topology to complete intersections. They can be used toinvestigate howmany real roots a sparse polynomial system admits asymptotically by countingthe contributing mixed cells, as proposed in [5]. Investigating all asymptotic polynomialsystems requires the enumeration of all mixed-cell con�gurations. The algorithm we proposeis useful to count the number of real roots of asymptotic polynomial systems ([5]) and toexplore the geometric structure of mixed subdivisions (e.g., the connectivity [6], [12]).In a naive approach one could enumerate all possible combinations of mixed cells and checkwhether these cells constitute the mixed cells of a regular mixed subdivision. In practice thismethod is too expensive, even for small examples. A better method is based on a modi�cationoperator which guarantees to reach the whole set of regular mixed subdivisions starting atone. Many mixed subdivisions share the same set of mixed cells. We are only interestedin the mixed cells of regular mixed subdivisions. Our algorithm for enumerating all regularmixed-cell con�gurations is based on an operator modifying mixed-cell con�gurations.The Cayley Trick [4, Proposition 1.7, page 274] establishes a bijective relation between reg-ular mixed subdivisions and regular triangulations. This reduces the problem of enumeratingregular mixed subdivisions to the enumeration of regular triangulations. The regular triangu-lations are in bijective relation with the vertices of the secondary polytope (see [4, Chapter 7]and [14, Lecture 9]). The edges of the secondary polytope correspond with the local changesof the triangulation. These local changes are called bistellar 
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regular triangulations is done in [2] and [8] by exploring the secondary polytope along theedges. Nonregular triangulations are studied in [3] by means of the universal polytope.The paper is structured as follows. In sections 2, 3 and 4 we de�ne respectively regulartriangulations, �ne mixed subdivisions and mixed-cell con�gurations and present the basicideas of the enumeration algorithms. We describe in section 5 how bistellar 
ips operateon mixed cells. How these bistellar 
ips modify mixed-cell con�gurations is discussed insection 6. This leads to a method for enumerating all regular mixed-cell con�gurations withouttraversing all regular mixed subdivisions, as discussed in section 7.2 Regular Triangulations and Bistellar FlipsA point con�guration A = fa(1); a(2); : : : ; a(n)g is a �nite subset of Rd. A subdivision S of Ais a collection of cells I � A, dim(a�(I)) = d, such that the intersection of the convex hullof two cells is either empty or a proper common face and [I2S conv(I) = conv(A). If all cellsin a subdivision have cardinality d + 1, then we have a triangulation T . A subdivision S ofA is regular if a lifting function ! : A ! R exists such that the facets of the lower hull ofbA = f(a; !(a)) j a 2 Ag are spanned by lifted cells bI , 8I 2 S. The values !(a) are calledthe lifting values of the subdivision. If ! is generic, then the induced subdivision is a regulartriangulation.Circuits (see [14, Lecture 6]) are the appropriate combinatorial tools to exploit relationsbetween triangulations. A circuit Z is an a�nely dependent �nite subset ofRd with all propersubsets of Z a�nely independent. There is, up to a nonzero real multiple, a unique a�nerelation between the elements of a circuit Z: Pz2Z 
zz = 0,Pz2Z 
z = 0, with all 
z di�erentfrom zero. For our use of circuits we need the following property:Proposition 2.1 [4, Proposition 1.2, page 217] Every circuit Z � Rd has exactly two tri-angulations T+ = fZ n fzg j 
z > 0g and T� = fZ n fzg j 
z < 0g. Moreover, they areregular.Proof. A simplex of T+ (T�) is on the lower hull of bA if Pz2Z 
z!(z) > 0 (< 0). T+and T� are the only two triangulations because they contain all d-dimensional simplices and8I1 2 T+; 8I2 2 T�: conv(I1) and conv(I2) overlap. 2Example 2.2 In (1) we represent a circuit Z as a matrix, with the points in its columns.Z = � 0 1 2 30 3 2 �1 � 
 = [�1;+4;�5;+2]T satis�es � Z
 = 0Pz2Z 
z = 0 (1)In Figure 1, the two triangulations of the circuit are depicted.Proposition 2.1 solves the problem of enumerating regular triangulations for circuits. Forlarger point con�gurations, the modi�cation from T+ into T� (and vice versa) is determinedby supported circuits. 2



T+ = �Z n�� 13 �� ; Z n�� 3�1 ���T� = �Z n�� 00 �� ; Z n�� 22 ��� + � +3210�1 1 2 3�Figure 1: The triangulations of a circuit. The simplices of T+ (or of T�) all contain allelements of Z except one of the vertices marked by + (or respectively by �).De�nition 2.3 Let T be a triangulation of a point con�guration A � Rd and Z � A acircuit. The circuit Z is supported on T if there exist subsets F1; F2; : : : ; Fs of A, (s � 1)and a triangulation T� (which is either T+ or T�) of Z such that:(a) 8I 2 T�; 8J 2 T : (I � J)) (9i 2 f1; 2; : : : ; sg : J = Fi [ I);(b) 8i 2 f1; 2; : : : ; sg; 8I 2 T� : Fi [ I 2 T .Note that De�nition 2.3 includes the case where dim(a�(A)) = dim(a�(Z)) for which T� � T .Because the a�ne coe�cients of the circuit are determined up to a nonzero real multiple,the di�erence between T+ and T� is rather arbitrary. Therefore, we assume in the sequel thatT� = T+.De�nition 2.4 Let T be a triangulation of a point con�guration A � Rd , Z � A a circuitsupported on T and F1; F2; : : : ; Fs as in De�nition 2.3. The bistellar 
ip over Z of T gives
ipZ(T ) = (T n fFi [ I j 1 � i � s; I 2 T+g) [ fFi [ I j 1 � i � s; I 2 T�g : (2)Let Z be a supported circuit on T . Consider a cell I 2 T . We say that Z involves I ifI 62 
ipZ(T ). Then 
ipZ annihilates I and yields those cells in 
ipZ(T ) that are not in T .Proposition 2.5 If T a triangulation of a point con�guration A � Rd and Z � A a circuitsupported on T , then 
ipZ(T ) is a triangulation.Proof. 8x 2 conv(A), 9I 2 T : x 2 conv(I). Either I 2 
ipZ(T ) or x 2 conv(Fi [ I+), withI+ 2 T+. In the latter case x is a convex combination of f 2 conv(Fi) and z 2 conv(I+).Because T� is a triangulation of Z, 8z 2 conv(Z), 9I� 2 T�: z 2 conv(I�). Whence x is aconvex combination of f 2 conv(Fi) and z 2 conv(I�). In both cases, [I2
ipZ(T ) conv(I) =conv(A). Because simplices in T� do not overlap, 
ipZ(T ) is a triangulation. 2See Figure 2 for some examples.The constraints on the lifting values that induce a particular triangulation can be formu-lated as linear inequalities in the lifting values. The solutions of these inequalities determinea polyhedral cone. Since all generic sets of lifting values induce a regular triangulation, thesecones form a fan. This fan is polyhedral: it is the normal fan of the secondary polytope �(A).3



a b a bce d cde
ipfa;b;c;eg a ed c b
ipfb;d;eg a bcd eFigure 2: Bistellar 
ips of triangulations. The a�ne hull of the circuit that leads to the leftbistellar 
ip is two-dimensional, whereas it is one-dimensional on the right.Theorem 2.6 For any point con�guration A, there exists a polytope �(A) such that:1. Vertices of �(A) are in one-to-one correspondence with the regular triangulations of A.2. The normal cone of lifting values that induce a regular triangulation coincides with thenormal cone of the corresponding vertex of �(A).3. Two vertices 1 and 2 with corresponding triangulations T1 and T2 are joined by an edgeif and only if there exists a circuit Z 2 A supported on T1 such that T2 = 
ipZ(T1).The characterization of �(A) can be found in [4, Chapter 7, De�nition 1.6, page 220]. Proofsof the �rst two items of Theorem 2.6 are contained in [4, Theorem 1.7, page 221], while thethird one is proven in [4, Theorem 2.11, page 233]. We refer to [14, Lecture 9] for anotherintroduction to secondary polytopes.Not all triangulations generated by bistellar 
ips are regular. Therefore, a regularity checkmust follow the application of a bistellar 
ip. According to Theorem 2.6, the graph formedby the regular triangulations as nodes and bistellar 
ips as links, is connected. This justi�esthe use of bistellar 
ips to explore this graph. Based on this exploration, an algorithm for theenumeration of all regular triangulations was implemented in [2]. A reverse-search versionwas proposed in [8].3 Regular Mixed Subdivisions and the Cayley TrickLet A = (A1; A2; : : : ; Ad) be a d-tuple of point con�gurations. A = PAi = fa(1) + a(2) +� � �+ a(d) j a(i) 2 Aig is the Minkowski sum of A. A subdivision S of A is a collection of cellsC = (C1; C2; : : : ; Cd), with Ci � Ai such that the collection of PCi, 8C 2 S, is a subdivisionof A. If 8C 2 S :P dim(a�(Ci)) = d and moreover1: 8C(1); C(2) 2 S; conv(P(C(1)i \ C(2)i )) =conv(PC(1)i ) \ conv(PC(2)i ), then S is mixed. S is regular if lifting functions !1; !2; : : : ; !dexist for the sets in A such that the cells of S are induced by the facets of the lower hullof P bAi, with bAi = f(a; !i(a)) j a 2 Aig. A cell C is �ne if P(#Ci � 1) = d. A mixedsubdivision is �ne when all its cells are �ne. Generic lifting functions induce a �ne mixedsubdivision. From here on we consider all mixed subdivisions to be regular and �ne.Next we formulate a geometric description (see [12, Proposition 3.9]) of the Cayley Trickas proven in [4, Proposition 1.7, page 274].1Tien-Yien Li pointed out that this property was missing in current de�nitions of mixed subdivisions.4



De�nition 3.1 The Cayley embedding � is de�ned as� ((X1; X2; : : : ; Xd)) = d[i=1Xi � fe(i�1)g (3)with e(0) = 0 2 Rd�1 and e(i) the standard i-th unit vector of Rd�1.The Cayley embedding is a bijection. The inverse of the Cayley embedding is denoted by��1. There is a one-to-one correspondence between the regular mixed subdivisions of A andthe regular triangulations of �(A). This is expressed in the following proposition:Proposition 3.2 (The Cayley Trick) Consider a tuple A = (A1; A2; : : : ; Ad) of point con-�gurations and ! a lifting function for �(A). A cell C = (C1; C2; : : : ; Cd) belongs to the regularmixed subdivision of A induced by the lifting function ! � � if and only if the simplex �(C)belongs to the regular triangulation of �(A) induced by !.The triangulation of �(A) corresponding with a mixed subdivision S is denoted by �(S).Example 3.3 We consider a square spanned by fa;b; c;dg and a triangle spanned by fe; f ; gg.In Figure 3 we show a triangulation �(S) of �(fa;b; c;dg; fe; f ;gg) and the correspondingmixed subdivision S. To illustrate Proposition (3.2), formula (4) makes the relation � ex-c+ fa+ f b+ fa+ ea+ gd+ g c+ g(d;0) (c;0)(a;0) (b;0)(e;1) (f ;1)(g;1)Figure 3: From left to right: the Cayley-embedded point con�guration, the triangulation�(S), and the mixed subdivision S.plicit. �(fag; fe; f ; gg) = f(a; 0); (e; 1); (f ;1); (g; 1)g�(fa; c;dg; fgg) = f(a; 0); (c; 0); (d; 0); (g;1)g�(fa;b; cg; ffg) = f(a; 0); (b;0); (c; 0); (f ;1)g�(fa; cg; ff ; gg) = f(a; 0); (c; 0); (f ; 1); (g;1)g (4)As suggested in [5], all regular �ne mixed subdivisions can be enumerated by applying thealgorithms developed in [2] to �(A).Because the Cayley Trick establishes a bijection, the notion of a bistellar 
ip can beformulated for mixed subdivisions. A d-tuple Z is a circuit if �(Z) is a circuit. Z issupported on S if �(Z) is supported on �(S). 
ipZ(S(1)) = S(2) if 
ip�(Z)(�(S(1))) = �(S(2)).Bistellar 
ips on mixed subdivisions can be used to explore the connected graph of allmixed subdivisions of a tuple of point con�gurations. This is demonstrated in Figure 4.5



Figure 4: The enumeration of all mixed subdivisions of a triangle (in dashed lines) and acon�guration of four points (in solid lines). The arrows represent the bistellar 
ip operations.6



4 Regular Mixed-Cell Con�gurationsA cell of a �ne mixed subdivision is called mixed if it can be written as the Minkowski sum ofedges. The sum of the volumes of all mixed cells of a mixed subdivision is the mixed volumeof the tuple (A1; A2; : : : ; Ad). Because it is independent of the particular choice of the mixedsubdivision, we denote it by Vd(A1; A2; : : : ; Ad). The volume of any positive combination ofpolytopes is a homogeneous polynomial in the factors of this combination. Writing Vold(A)for the volume of the polytope spanned by A, we can state Minkowski's theorem [1] asVold dXi=1 �iAi! = dXi1=1 dXi2=i1 � � � dXid=id�1 Vd(Ai1 ; Ai2 ; : : : ; Aid) �i1�i2 � � ��id; �ij � 0; 8j: (5)Mixed subdivisions allow us to calculate all the coe�cients of the polynomial (5). However,in both real and complex root counting one is only interested in the mixed cells of a mixedsubdivision, whose volumes contribute to the mixed volume Vd(A1; A2; : : : ; Ad). This is onlyone coe�cient in the polynomial (5). In practice the number of unmixed cells is substantiallylarger than the number of mixed cells (see [12] for some examples).To us, two mixed subdivisions are equivalent if they share the same mixed cells. (See [9]for alternative equivalences.) The equivalence classes are called mixed-cell con�gurations. Wedenote a mixed-cell con�guration as a set of mixed cells M = fC(1); C(2); : : : ; C(m)g. Bistellar
ips applied to mixed-cell con�gurations are well-de�ned, because of the following theorem.Theorem 4.1 (Main Theorem) If S(1) and S(2) are mixed subdivisions of A, sharing thesame mixed cells and Z is a circuit supported on both, then 
ipZ(S(1)) and 
ipZ(S(2)) havethe same mixed cells.We postpone the proof till Section 6.A circuit Z is supported on a mixed-cell con�guration if there is a corresponding mixedsubdivision on which Z is supported. Now we de�ne 
ipZ (M(1)) =M(2) if there exist mixedsubdivisions S(1) and S(2) where M(1) � S(1), M(2) � S(2) and 
ipZ(S(1)) = S(2). Allmixed-cell con�gurations can be enumerated by exploring their connected graph by means ofbistellar 
ips. As with triangulations, bistellar 
ips need to be followed by a check on theregularity. See �gure 5 for a nonregular mixed-cell con�guration.
Figure 5: A nonregular �ne mixed subdivision with corresponding nonregular mixed-cellcon�guration. The resemblance with the classical examples of nonregular triangulations in [4,Figure 27, page 219] and [14, page 132] is striking, isn't it?7



5 Bistellar Flips and Mixed CellsIn this section we investigate which bistellar 
ips are of interest. In fact we will characterizethe circuits on which these bistellar 
ips are based.Theorem 5.1 Consider a circuit Z involving a mixed cell C. Then there exists a k 2f1; 2; : : : ; dg, a set D � f1; 2; : : : ; dg n fkg, and a point c 2 Ak such that:Zi = Ci if i 2 D (6)Zi = ; if i 2 f1; 2; : : : ; dg n (D [ fkg) (7)and Zk = Ck [ fcg or Zk = fa; cg where a 2 Ck: (8)Proof. Because of the de�nition of a bistellar 
ip, 9k 2 f1; 2; : : : ; dg, c 2 Ak such that Z canbe written as: Z = (B1; B2; : : : ; Bk�1; Bk [ fcg; Bk+1; : : : ; Bd); Bi � Ci: (9)Because Z is a circuit, there exists a unique (up to a nonzero real multiple) a�ne relation 
between the points of �(Z) = SZi � fe(i�1)g:dXi=1 Xz2Zi�fe(i�1)g
zz = 0; dXi=1 Xz2Zi�fe(i�1)g
z = 0; and 
z 6= 0; 8z 2 Zi; 8i: (10)The unit vectors e(i�1) are a�nely independent. Thus coe�cients of points contained in oneset Ai � fe(i�1)g add up to zero, whenceXz2Zi�fe(i�1)g 
z = 0; 8i = 1; 2; : : : ; d: (11)This implies #Zi 6= 1. For i 2 f1; 2; : : : ; dg n fkg, #Zi 2 f0; 2g which implies (6) and (7). Fori = k, #Zi 2 f2; 3g, whence (8). 2If #Zk = 2, then the circuit is called even. If #Zk = 3, then the circuit is called odd.Example 5.2 Consider A = (fa;b; c;dg; fe; f ; gg) and the mixed subdivision S as in Fig-ure 6. We examine the following circuits supported on S:Z(1) = (fa;b; c;dg; fg); Z(2) = (fa;bg; fe; f ; gg); and Z(3) = (fb; cg; fe;gg): (12)Looking at the corresponding triangulation �(S) we see that all these circuits are supported.1. The circuit Z(1) only involves the cells C(3) and C(4) which are not mixed.2. Z(2) is an odd circuit. 
ipZ(2) annihilates the cells C(1) and C(2). C(2) = (fa;bg; fe; gg)is a mixed cell. Z(2) can indeed be written as (fa;bg; fe; gg[ ffg).3. Z(3) is an even circuit. 
ipZ(3) annihilates the cells C(1), C(2), C(3), and C(5). C(2) =(fa;bg; fe; gg) and C(5) = (fb; cg; ff ; gg) are mixed cells. Z(3) can indeed be writtenas (fbg [ fcg; fe; gg) or as (fb; cg; fgg [ ffg).8



I(4) I(1)I(5)I(2)I(3) a+ ea + gd+ g c+ gb+ eb+ g b+ fc+ fC(2) C(5)C(1)C(4)C(3)(d;0) (c;0)(e;1) (f ;1)(g;1)(a;0) (b;0)Figure 6: From left to right: the Cayley-embedded point con�guration, the triangulation�(S), and the mixed subdivision S.The a�ne relationship can be formulated as a linear relation between the vectors spannedby pairs of points of each set Ai. For the odd circuits this gives:Xi2D[fkg
(b(i);e(i�1))(b(i) � a(i)) + 
(c(k);e(k�1))(c(k) � a(k)) = 0 (13)where 8i 2 D : Zi = fa(i);b(i)g and Zk = fa(k);b(k); c(k)g. For the even circuits the linearrelation can be written as:Xi2D 
(b(i);e(i�1))(b(i) � a(i)) + 
(c(k);e(k�1))(c(k) � a(k)) = 0 (14)where Zk = fb(k); c(k)g.Example 5.3 The linear relation corresponding to the circuit Z(2) of Example 5.2 is:(a� b)� 12(e� g) + (f � g) = 0 or [(a� b) (e� g)]� �112 � = [f � g] : (15)The coe�cients of Z(2) are obtained by computing the decomposition of f �g 2 A2 w.r.t. thevectors spanned by the mixed cell C(2) = (fa;bg; fe; gg). This requires the solution of thelinear system at the right of (15). The linear relation corresponding to the circuit Z(3) is(b� c)� (e� g) = 0 or [(a� b) (e� g)]� 0�1 � = [c� b] : (16)The matrix notation at the right of (16) expresses the decomposition of c�b 2 A1 w.r.t. thevectors spanned by the mixed cell C(2).Because the edges of a mixed cell are linearly independent vectors, they can serve as a basisto denote the other points. In this way we enumerate all possible candidates and compute thea�ne dependencies. These observations guaranty that Algorithm 5.4, listed below, generatesa set of circuits that will at least include those circuits that are supported and involve mixedcells. 9



Algorithm 5.4 Compute the set of circuits with corresponding a�ne coe�cients.Input: A = (A1; A2; : : : ; Ad); point con�gurationsM. a mixed-cell con�gurationOutput: Z = f (Z ; 
) j Z involves a C 2 M g. circuits + coe�cientsfor all C 2 M, Ci = fa(i);b(i)g loop enumerate cells in M[L; U ] := LUdecompose0BBB@ (b(1) � a(1))(b(2) � a(2))...(b(d) � a(d)) 1CCCAT ; LU-decomposition of basisB = LU;B; L; U 2 Rd�dwith L = lower triangularand U = upper triangularfor all k 2 f1; 2; : : : ; dg loop enumerate all componentsfor all c 2 (Ak nCk) loop enumerate other points� := U�1L�1(c� a(k))T ; decomposition of c� a(k)for all i 2 f1; 2; : : : ; dg n fkg loop collect nonempty setsif �i 6= 0 thenZi := Ci;
(a(i);e(i�1)) := �i; a�ne coe�cients
(b(i);e(i�1)) := ��i;elseZi := ;;endend loop;if �k = 0 then check (13) and (14)Zk := fa(k); cg; even circuit
(c;e(k�1)) := 1; a�ne coe�cients
(a(k);e(k�1)) := �1;else if �k = 1 thenZk := fb(k); cg; even circuit
(c;e(k�1)) := 1; a�ne coe�cients
(b(k);e(k�1)) := �1;elseZk := fa(k);b(k); cg; odd circuit
(c;e(k�1)) := 1; a�ne coe�cients
(a(k);e(k�1)) := �k � 1;
(b(k);e(k�1)) := ��k ;end if;Z = Z [ f(Z ; 
)g; update circuits + coe�cientsend for;end for;end for.The cost of Algorithm 5.4 is given by the next proposition.10



Proposition 5.5 The computation of all even and odd circuits of A = (A1; A2; : : : ; Ad) w.r.t.the mixed-cell con�guration M requiresO #M� d3 + d2 dXi=1(#Ai � 2)!! (17)arithmetical operations.Proof. For every mixed cell, an LU -decomposition is computed, which requires O(d3) arith-metical operations. This decomposition can be used to compute the coe�cients of the circuit,which takes O(d2) operations per circuit. For the i-th component we can have at most #Ai�2circuits. At most Pdi=1#Ai � 2 circuits are computed for every mixed cell. 26 Bistellar Flips operating on Mixed-Cell Con�gurationsIn this section we describe how bistellar 
ips operate on mixed-cell con�gurations. In partic-ular, we will prove Theorem 4.1, which gives foundation for the extension of the de�nition ofbistellar 
ips to mixed-cell con�gurations.Recall the following notations. Given a circuit Z supported on a mixed subdivision S(1)and S(2) = 
ipZ (S(1)). Let M(1) and M(2) respectively be the mixed cells of S(1) and S(2).We denote T (1) = �(S(1)), T (2) = �(S(2)) and Z = �(Z) with T+ and T� the two regulartriangulations of Z. By de�nition we know that Z is supported on T (1). As in De�nition 2.3we can associate a tuple of sets F1; F2; : : : ; Fs to de�ne the bistellar 
ip 
ipZ .Lemma 6.1 Let Z be an odd circuit. Consider I 2 �(M(1)). Either I 2 �(M(2)) or I =I+ [ Fi with I+ 2 T+. In the latter case, 9I� 2 T� : I� [ Fi 2 �(M(2)).Proof. If I 2 �(M(2)), then Z does not involve I . Otherwise, by de�nition of a bistellar 
ipI can be written as I = I+ [ Fi with I+ 2 T+: (18)By Theorem 5.1, the odd circuit Z equalsZ = Zk � fe(k�1)g [ [i2DnfkgZi � fe(i�1)g; (19)with #Zk = 3 and #Zi = 2 for i 2 D n fkg. Since ��1(I) is a mixed cell, #(I \ Rd �fe(k�1)g) = 2. This implies I+ = Z n fag with a 2 Zk � fe(k�1)g. Because Pz2Zk 
z = 0,there must be at least one point b 2 Zk with 
b < 0. Take I� = Z n fbg, then I� 2 T� andI� [ Fi = I n fag [ fbg 2 �(M(2)). 2Depending on sign of the a�ne coe�cient 
c of the third point c of Zk, Z n fcg belongs toT+ or T�. In the �rst case, the bistellar 
ip annihilates two mixed cells and yields one mixedcell, whereas in the second case, it annihilates one mixed cell and yields two mixed cells, asillustrated in Figure 7.A similar lemma can be formulated for even circuits.Lemma 6.2 Let Z be an even circuit. Consider I 2 �(M(1)). Either I 2 �(M(2)) orI = I+ [ Fi with I+ 2 T+. In the latter case, 9I� 2 T� : I� [ Fi 2 �(M(2)).11



b+ e
a + d a+ ec+ fc+ d c+ e b+ d a+ d b + db+ ec+ ec+ e
ip(fa;b;cg;fd;eg)Figure 7: A bistellar 
ip de�ned by an odd circuit.Proof. If I 2 �(M(2)), then Z does not involve I . Otherwise, I can be written asI = I+ [ Fi with I+ 2 T+: (20)By Theorem 5.1, the even circuit Z equalsZ = [i2DZi � fe(i�1)g; (21)with #Zi = 2 for i 2 D. I can be written as I = Z n fag with 
a > 0 and a 2 Zi � fe(i�1)gfor some i 2 D. Let b be the second point of Zi � fe(i�1)g. De�ne I� = Z n fbg. Because
b = �
a < 0, I� 2 Z�. I� satis�es I� [ Fi = I+ n fag [ fbg 2 �(M(2)). 2In Figure 8 we see that for every mixed cell that is annihilated by the 
ip, exactly onemixed cell is yielded.

b+ f b+ ea+ fa + d a + ec+ dc+ fb+ f b+ eb+ da + d a+ ec+ dc+ f 
ip(fa;bg;fd;fg)Figure 8: A bistellar 
ip de�ned by an even circuit.Now we can prove the main theorem.Proof of Theorem 4.1. Given a mixed subdivision S(1), a circuit Z , S(2) = 
ipZ(S(1)) andM(1) � S(1);M(2) � S(2) the corresponding mixed-cell con�gurations. If 
ipZ annihilates12



any of the mixed cells, then Z is an even or an odd circuit. From the lemmas 6.2 and 6.1we know that the Fl(1) ; Fl(2); : : : ; Fl(r) , with fl(1); l(2); : : : ; l(r)g � f1; 2; : : : ; sg necessary tocompute M(2) can be deduced from M(1). 2The execution of a bistellar 
ip on one mixed cell consists of checking the appearance ofall but one point of the circuit in the cell. Note that if Z is not supported, it is impossibleto perform the bistellar 
ip. In particular: if pairs of mixed cells are annihilated, as inLemma 6.1, then they must be both in the mixed-cell con�guration.Proposition 6.3 
ipZ(M(1)) can be performed in O(d�#M(1)) arithmetical operations.7 Enumerating Regular Mixed-Cell Con�gurations.In this section we describe an algorithm for enumerating all mixed-cell con�gurations. Thisis done by exploring nodes of the connected graph of mixed-cell con�gurations by means ofbistellar 
ips. A basic version is sketched in Algorithm 7.1.Algorithm 7.1 Enumerate all regular mixed-cell con�gurations.Input: A = (A1; A2; : : : ; Ad); point con�gurationsM. initial mixed-cell con�gurationOutput: M. all regular mixed-cell con�gurationsM0 := fMg; yet to exploreM := fg; already exploredwhile 9M 2M0 loop unexplored mixed cell con�gurationM0 =M0 n fMg; M =M [ fMg; update M and M0for all C 2 M loop enumerate cells in Mfor all Z, Z involves C loop enumerate circuitsM0 := 
ipZ (M); perform 
ipif M0 62M [M0 and Is Regular(M0) regularity checkthen M0 :=M0 [ fM0g; update Mend if;end loop;end loop;end while.Note that Algorithm 5.4 should be applied to compute all involved circuits Z .The major cost in Algorithm 7.1 is the regularity check. Regularity is determined by thefeasibility of a linear system of inequalities. We denote the cost of solving a system of xunknowns and y inequalities by lp(x; y).Proposition 7.2 The computation of all mixed-cell con�gurations of A = (A1; A2; : : : ; Ad)requires at most O (#M� (m� s� lp(s;m� s))) (22)arithmetical operations, where m = maxM2M#M and s = dXi=1(#Ai � 2).13



Proof. Every cell can be involved in at most s circuits. As in Proposition 2.1, with everysupported circuit there is a linear inequality on the lifting values that determines whether theinduced subdivision is either T+ or T�. All inequalities from supported circuits that involvea certain cell constitute a system of at most s linear inequalities in s unknowns.Given a collection of mixed cells M, the test on the regularity requires the feasibility of atmost m� s linear inequalities on the lifting values, at a cost lp(s;m� s). For one mixed-cellcon�guration M, there are at most m mixed cells and at most s supported circuits yieldingat most m� s regularity checks on the mixed-cell con�gurations M0. This stage is applied atmost #M times. 2The factor m � s in Proposition 7.2 bounds the number of bistellar 
ips which can beperformed starting at one mixed-cell con�guration. This bound is a strong overestimationbecause not all circuits correspond to valid bistellar 
ips and because not all mixed-cellcon�gurations are regular.As pointed out in section 6, bistellar 
ips can only be performed when all necessary mixedcells are available. Even if all necessary cells are available, the bistellar 
ip might induceoverlapping mixed cells. To avoid the regularity check used to cancel out these spuriouscon�gurations, the algorithm could maintain a table of nonoverlapping mixed cells. Thistable should be consulted before each regularity check.When a bistellar 
ip succeeds, the algorithm can lookup the mixed-cell con�guration �rstin the sets of already-explored mixed-cell con�gurations, before checking the regularity. Thiscan be done explicitly or implicitly by using the polyhedral structure to de�ne a sequentialorder (reverse search) on the mixed-cell con�gurations (see [8]). Using this technique for thehypothetical case where no nonregular mixed-cell con�gurations are reachable, the number ofregularity checks can be reduced to #M. In this case the regularity check is obsolete.Figure 9 illustrates the enumeration of all regular mixed-cell con�gurations using bistellar
ips. Compared to the corresponding Figure 4, we see that fewer 
ipping operations need tobe performed.8 ConclusionsIn this paper we have shown how to enumerate the set of all regular mixed-cell con�gura-tions of a tuple of point con�gurations. The proposed algorithm is similar to algorithms toenumerate regular triangulations. It is an exploration of a graph, with the regular mixed-cellcon�gurations as nodes, and modi�cations, called bistellar 
ips, as links.The algorithm can be used to compute upper bounds on the number of real roots of asymp-totic polynomial systems. Note however that these bounds are only valid in the asymptoticcase, as illustrated by [7]. By application of the algorithm we can obtain an explicit classi�ca-tion of all mixed-cell con�gurations for a given tuple of point con�gurations. Hereby we havedeveloped a tool to investigate properties of mixed-cell con�gurations such as the maximal(minimal) number of mixed cells, and the number of mixed-cell con�gurations.Another particular application is the exploitation of symmetry relations in a tuple ofpoint con�gurations. As an alternative approach to the static methods proposed in [11], thebistellar 
ip operator developed in this paper could be applied successively on any mixed-cellcon�guration till a symmetric mixed-cell con�guration is obtained.14
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