Ritz and Harmonic Ritz Values and the
Convergence of FOM and GMRES

Serge Goossens Dirk Roose

Report TW257, April 1997

Katholieke Universiteit Leuven
Department of Computer Science
Celestijnenlaan 200A — B-3001 Heverlee (Belgium)




Ritz and Harmonic Ritz Values and the
Convergence of FOM and GMRES

Serge Goossens Dirk Roose

Report TW257, April 1997

Department of Computer Science, K.U.Leuven

Abstract

FOM and GMRES are Krylov subspace iterative methods for solving
nonsymmetric linear systems. The Ritz values are approximate eigenval-
ues, which can be computed cheaply within these algorithms. In this paper,
we generalise the concept of Harmonic Ritz values, introduced by Paige
et al. for symmetric matrices, to nonsymmetric matrices. We show that
the zeroes of the residual polynomials of FOM and GMRES are the Ritz
and Harmonic Ritz values respectively. We present an upper bound for the
difference between the matrices from which the Ritz and Harmonic Ritz
values are computed. The differences between these values allows us to
describe breakdown of FOM and stagnation of GMRES.

Keywords : Krylov subspaces, FOM, Ritz Values, GMRES, Harmonic Ritz values.
AMS(MOS) Classification : Primary : 65F10, Secondary : 65F15, 65F50.



Ritz and Harmonic Ritz Values and the Convergence of
FOM and GMRES

Serge Goossehand Dirk Roosé
Department of Computer Science
Katholieke Universiteit Leuven
Celestijnenlaan 200A
B-3001 Heverlee
Belgium

Abstract

FOM and GMRES are Krylov subspace iterative methods forisglmonsymmetric lin-
ear systems. The Ritz values are approximate eigenvaluesh wan be computed cheaply
within these algorithms. In this paper, we generalise theept of Harmonic Ritz values,
introduced by Paige et al. for symmetric matrices, to nomaginic matrices. We show
that the zeroes of the residual polynomials of FOM and GMREShe Ritz and Harmonic
Ritz values respectively. We present an upper bound forifferehce between the matrices
from which the Ritz and Harmonic Ritz values are computeck differences between these
values allows us to describe breakdown of FOM and stagnafi@MRES.

KEY WORDS Krylov subspaces, FOM, Ritz values, GMRES, Harmonic Ritaes

1 Introduction

Many iterative methods for the solution of linear systems and the computaticseleic{ed)
eigenvalues make use of Krylov subspaces. Given a real nonsingular ma&riR"*" and a
vectorr, € R*, the Krylov subspaces

]Cm(A, 7"0) = SPAN{T(), AT(), AZT'(), e ,A(m_l)’/‘o} (1)
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form =1,2,...,n form a nested sequence of subspaces. In this paper we will assume that the
dimension of the Krylov subspad€,, (A, rq) is m. If the dimension ofkC,,(A, ) is smaller
thanm, then this subspace is invariant undeand the approximations discussed in this paper
are exact. For the iterative solution of linear systems this meansdhat, r,) contains the
exact solution and for the computation of eigenvalues this meanstthét, r,) contains the
invariant subspaces corresponding to some eigenvalués of

The Arnoldi basis is an orthonormal bagis , v-, . . ., v,,} obtained by orthogonalising the
Krylov (power) basis{r,, Ary, A%rq,..., A Yr,}. The computational kernel of FOM and
GMRES is the Arnoldi process which computes the orthonormal basis for the Krylov sgbspa
Km(A,r) and yields the fundamental relation (4). Originally Arnoldi [2] introduced this pro-
cedure to reduce a dense matrix into Hessenberg form and remarked thabtaisspcould be
used to compute approximations if it was stopped before completion. Nowadaysdesywi
known that good approximations can be computed if the Arnoldi process is carried owt with
well-preconditioned operator. Let the matiiy, € R**™ be defined as

Vm:(vl Vg ... vm). (2)

Since the Arnoldi basis is orthonormdl,, is an orthogonal matrix. In the orthogonalisation
process the scalafg ; are computed so that the square upper Hessenberg mgfrix R™*™

hii hip oo higmor ham
hoi hap ... homo1 hom

H, = hso .. hzm-1 hym (3)

hm,m—l hm,m
satisfies the fundamental relation
Avm — VmHm + hm—i—l,mvm—i—leg — m—l—lﬁm- (4)

The rectangular upper Hessenberg makfjx ¢ R(™*+1)x™ s the square upper Hessenberg ma-
trix H,, supplemented with an extraros0 ... 0 i1, ). From (4) we derive the follow-
ing expression fof,,:

H, =V7aAv,,. (5)

If the matrix A is symmetric, the fundamental relation (4) can be replaced by a 3-ternmeacar
relation, since in this cas#,, is a symmetric tridiagonal matrix.

In the next section we briefly describe FOM and GMRES, two well-known Krgldospace
iterative methods for solving nonsymmetric linear systems. The eigenvaluég aire called
Ritz values and approximate the eigenvalued ofVe prove in section 3 that these Ritz values are
the zeroes of the FOM residual polynomial. We give an outline of the Simpler GMRjg8tam
of Walker and Zhou because in the subsequent theory we use the upper triangular miatrix w
is computed in this algorithm. A discussion on orthogonalisation concludes sectiosection
5 we define a transformation matrix which is also used in the proofs. We djsedtee concept
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of Harmonic Ritz values, introduced by Paige et al. for symmetric matrtoesonsymmetric
matrices and prove in section 6 that they are approximate eigenvalu@sliagcto the minimal
residual criterion. We present an upper bound for the difference between theas&tom which
the Ritz and Harmonic Ritz values are computed. In section 7 we prove thattbes of the
GMRES residual polynomials are the Harmonic Ritz values. In section 8late teeakdown of
FOM and stagnation of GMRES to the differences between the Ritz and HarRibnicalues.
Numerical results for a problem which causes nearly breakdown and stagnatioresented in
section 9. In section 10 we give numerical results for a 2D convection dordicate/ection-
diffusion problem. Some remarks concerning related work conclude this paper.

2 Approximate Solutions from Krylov Subspaces

Krylov subspace iterative methods such as Arnoldi’'s method for linear sy$&nadso known
as the full orthogonalisation method (FOM), and the generalised minimal résitkthod
(GMRES) proposed by Saad and Schultz [12] are well known methods for the approximate
solution of large sparse nonsymmetric linear systems. Both algorithms arneeolith Saad’s
book [11]. A theoretical comparison of FOM and GMRES is given by Brown [3]. |a faiper
we assume that the initial guessto the solution of the linear systedw: = b is zero and thus
the initial residuak, equals the right-hand side Unless the initial guess, is the exact solution
to the linear system, the norph = ||ry||2 = ||b||» Of the residual is nonzero. We assume that
the system has been scaled so that the initial residual has unit length byg setti /3 and
b="b/p.

Since both FOM and GMRES select an approximate solution from the Krylov subtpsice
approximation can be written as

T = @m_1(A)rg € K(A, 1), (6)

wherep,,_1(\) = Y1 A™ L+ -+ v X + v € P,y is a real polynomial of degreen — 1).
The residual corresponding to this approximate solution is

r=b—Ax = (I - Apy, 1(A))ro = om(A)re € Kpy1(A,10) (7)

where
Pm(A) =1 = Aom1(N). (8)

The residual can thus be written as the residual polynofmiéh ) evaluated fon = A acting on
the initial residual,. From (8) itis clear that residual polynomials are normalised h{0) = 1.
The main topic addressed in this paper is the computation of the zeroes of thelnesignamial
©m(A) without explicitly constructing it.

FOM selects the approximate solutiof™ = Y (A)ry € K,,(A, 7o) such that the resid-
ual roM = pFOM( A)r is orthogonal ta<C,, (A4, o)

rPOM = GFOM(A)rg L Ko(A, 7). 9)



SinceV,,, spansk,, (A, ry) this can be formulated as
Vf (ro — AVouym) =0 & Hp Y = €4, (10)

which shows that a linear system with,, must be solved to compute the FOM approximate
solution. In this papet; denotes colump of the identity matrix.

GMRES selects the approximate solutiofMRFS = (GMRES( )0 [, (A, 7,) which
minimises the norm of the residufat“MRES||,

: ~GMRES
A)rolo. 11
seiin e (Aol (11)

The matrixV,, is orthogonal and spans the subspagesn{r,} andsPAN{ AV,,}. Hence we
can write )
[Py = (VoL (ro — AViy) [l = ller — Hinml- (12)

This overdetermined linear system can be solved in the least squaresusemg the normal
equations:
]:IgI:[mym = ]:Iﬁel = Hﬁel. (13)

If H,, is nonsingular, (13) can be rewritten as
Hv:zHHgHmym = €1. (14)

Equation (14) can be simplified by observing th&{ H,, = H! H,, + h? emel . We define

m+1,m

the vectorf,, = H, e, and note that the matrix in (14) is a rank one updatél pf

H AN Hyy = Hyy + b2y e (15)

m+1,m

The linear system that must be solved to compute the GMRES approximate solutitnusde
written as:

(Hom + hvzn-l—l,mfmeg) Ym = €1. (16)

The minimal residual criterion is equivalent to the requirement that theéualss orthogonal to
the image of the Krylov subspactC,,, (A, o)

POMRES _ SGMRES( 4y, | AKC (A o). (17)

Plugging (4) into (17) also yields (13) which shows that orthogonalising the residielegpect
to AK,, (A, ) is equivalent to the minimal residual requirement.

3 Ritz Values and FOM Residual Polynomial

The classical Galerkin approach for computing approximate eigenpairs has beessds by
several authors, e.g. in a book by Saad [10]. An approximate eigenve¢tdr,,y,, is sought in
K (A, o) such that the residual of the eigenvalue equation is orthogorna),ta!, r)

(Az — pz) L Kn(A,70) & VI (AVYm — 1Vinym) = 0. (18)
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The approximate eigenvalues can thus be computed from the miatrix V.2 AV,

HpYym = 1Y (19)

By definition theRitz values 195"” are the eigenvalues of the Hessenberg matrix H,,,. Hence the
Ritz values are the well-known “Arnoldi eigenvalue estimates”.

Now we prove that the FOM residual polynomig]°™ () is a multiple of the characteristic
polynomial of H,,,. This implies that the Ritz values are the zeroes of the FOM residual polyno-
mial or equivalently that the FOM approximation polynomig°}'()) interpolates\~' in the
Ritz values.

Lemma 3.1 Let an arbitrary polynomial x,,(\) = M 4. 4\ + 70 have strict degree m,
then x,,(A)rg € K,i1(A,ro) and x,, (A)rg & ICm( ) and we have the following expression

Xm(A)TO - Vme(Hm)el + ’YmCmvm—I—l (20)
where (o = hipgim - - - ha2ho 1.

Proof We defineu; = e; andu; = H,,u; = H2 'u, for j = 2,3,..., m. SinceH,, is upper
Hessenberg, has nonzero entries only in its firspositions, consequenthy’ u; = 0 for j < m.
Using (4) we have foj < m

AV,er = (VmHm + hm“,mvaeZ) er = VinHper = Viyus (21)
AlVyey = AVpuj =V, Hyu; =V Hle) = Viujy (22)

A"V,er = AV, u, = (VmHm + hm“,mvm“eg) U
= V,H,u, + hmﬂ,mvmﬂegum =V,.H e + hmﬂ,mvmﬂegum (23)

A straightforward computation shows thay, 1 e u,, = ¢,, and we can conclude that
Xm(A)Vmer = Vioxm(Hm)er + YmCmUmat - (24)

This completes the proof sineg = V,,.e4. ]
The last nonzero entry in; is in positionj + 1 and equalg; = h;y1 ;... hzohyy # 0.
Hence from (22) we can conclude that

AVye, = Vintjp1 = Gujpr + 041 (25)
with 9,41 € SPAN{vy, v9,...,v;}forj =1,2,....m

Lemma 3.2 All nonzero vectorsin K, 1 (A, 7o) that are orthogonal to C,,, (A, ry) can bewritten
as ai),,(A)r, for some nonzero av # 0, where ¢,,,(\) = det (M — H,,) is the characteristic
polynomial of H,,.



Proof Letthe polynomiak;,(\) = ;M +- - -+5: A+, have strict degreg¢ < m. We know from
(25) thaty;(A)r, has a nonzero component(;v; . alongv;; € K,,(A,ry) and thus cannot
be orthogonal tdC,,, (A, ry). Sincey,,(N) = det (A — Hp,) = ¥ A™ + -+ + 1A + o is the
characteristic polynomial off,,,, we have by the Cayley-Hamilton theorem thigt( H,,) = 0.
Setting the polynomiay,,(A) = a1, (A) in (20) we deduce thati,,(A)ro = aVmCnm1 IS
orthogonal tokC,,,(A, ro). Any polynomialy,,()\) of degreem that is not a scalar multiple of
¥ (A) can be written a,,,(A) = a,,(A) + x;(A) with x;(X) a nonzero polynomial of degree
j < m. We have that

Om(A)ro = athm(A)ro + X;j(A)r0 = AVmCmVmi1 + X;(A)70 (26)
which is not orthogonal téC,, (A, 7). ]

Theorem 3.1 The FOM residual polynomial isa multiple of the characteristic polynomial of the
Hessenberg matrix H,,.

Proof Since the FOM residual polynomial ®™()\) = ~,,A™ + - -+ + v\ + v, has degreen
(20) yields an expression fof°M € KC,,, 1 (A, o)

TFOM = (ﬁZOM(A)TO = VmgaEzOM(Hm)el + ’YmCmUm—l—l- (27)
Thus@fOM(H,,) = 0 is necessary to havé°™ 1| K,,(A,ry). By lemma 3.2 we know that the
FOM residual polynomiapf°™(\) = a1),,()\) has to be a scalar multiple of the characteristic
polynomial of H,,, in order to eliminate all the components of the residudlin( A, ro). If H,, is
nonsingular ther),,,(0) = — det H,, # 0 anda can be determined frog°™(0) = a1, (0) =
1. We obtain the following expression for the residual polynomial

~FOM _ ¢m()‘)

This completes the proof. [ |

The requirement thalf,, has to be nonsingular is related to possible breakdown of FOM.
The existence off ! is a necessary and sufficient condition for the existence and the uniqueness
of z'°M and as a consequence also for the existence and the uniqueness of the corresponding
residual-’°M as can be seen from (10).

The FOM residual polynomia’©(\) is uniquely defined by the normalisatigfi®™(0) =

1 and by the fact that the: Ritz valuesﬁgm) are its zeroes

GrOM()\) = H (1 — ﬁ) _ (29)

=1



4 The Simpler GMRES Algorithm

Walker and Zhou [15] pointed out that by starting the Arnoldi process withinstead ofr,
a simpler GMRES is obtained which does not require the factorisation of an uppseiiberg
matrix. Their algorithm is based on (17) and is equivalent to the original GMRESSitam. We
briefly outline Simpler GMRES in algorithm 4.1.

Algorithm 4.1 (Simpler GMRES)

Initialisation: 7= zy = ry
Arnoldi process: for j =1,2,...,m
compute the matrix-vector produgt= Az;
Modified Gram-Schmidt orthogonalisatiofor : = 1,2,...,7 — 1
compute the matrix element p; ; = 272
orthogonalise z = z — p; ;2
compute the norm, ; = ||Z]]2
define the vectot; = sz
Projection: for j = 1,2,....,m
compute theinner product §; = ]H T
orthogonaliser = 7 — ;z2;
Residual vector: r,, = 7

First an orthonormal basis for the image of the Krylov subsp&cg, (A, ry) is computed by
starting the Arnoldi process withr,.The upper triangular matrik,,, € R™*™ is defined by its
elements; ;

P11 P12 --- Pim
P22 .- P2
R,, = _ "o (30)
Pm,m

We have assumed that the dimensiork§f(A, ry) is m. Since A is nonsingular this implies
that AK,,,(A, ry) also has dimensiom. Hence the Arnoldi process successfully generates a new

vectorz; given the se{z, z,, ..., z;_1 }. We have that
j
Azj 1= pijz (31)
i=1

where thep, ; are unique angd, ; # 0. Consequently?,, is nonsingular. The determinant &f,
is equal to the product of the diagonal elements

det Rm = H Pij.j- (32)
7=1
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We define the matri¥,, € R**™ by its columns
Zm:( 20 21 ... Zm—1 ) (33)

This is not an orthogonal matrix sincg is not used in the orthogonalisation process, but
all columns have unit length. From the construction of the vectgrsit is clear that
{Zo, Zly e ny mel} is a basis fOKm(A, To)

Km(A, 1) = SPAN{ 29, 21, ..., Zm_1} = SPAN{Z,, }. (34)
The orthogonal matri¥Vv,,, € R**™ is defined by its columns
sz(z1 Z9 ... zm). (35)
The upper triangular matrig,,,, computed in the Arnoldi process, satisfies
AZy =W R,.. (36)

This is the fundamental relation in Simpler GMRES. Note that the only diffeevith (4) is that
the initial residual is not used in the orthogonalisation process. Itis cleafthas, ..., z,} is
an orthonormal basis fot C,,, (A, 7o)

AK,, (A, 19) = SPAN{ 21, 29, . . .,z } = SPAN{W,, }. (37)

This implies that the orthogonalisation of the residual vectdt*"> with respect tad C,,, (A, o)
as required by the minimal residual condition (17) can be done by orthogonalising agdorst
j =1,2,...,m. The residual vector,, satisfiedV r,, = 0 and

20 =T = Tm + ijzj =7, +W,w, (38)

i=1

where the vectow,, is defined by the scalags that have been computed during the orthogonal-
isation:

wm:(é.l S o &m )H (39)

The vectory,, is obtained by solving the nonsingular, upper triangular linear system
Ry ym = wp,. (40)

The corresponding approximate solution is then giverhy,...

In all the implementations used in this paper, the orthogonalisations in the Arnolchgs
were done by a Modified Gram-Schmidt (MGS) algorithm with reorthogonalisatidhatdhe
resultingV,,, was orthogonal to within machine precision. It is known from a result by Kahan
(“twice is enough”) that additional orthogonalisations are superfluous. The algorithnihand t
analysis due to Kahan can be found in a book by Parlett [8]. Instead of MGS withegonal-
isation a different orthogonalisation technique could be used. From a numerical poietof vi
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Householder reflections are very reliable and the computational complexity is teqM&sS
with reorthogonalisation. An implementation of the Arnoldi process with Householtleog-
onalisations is given by Walker [14]. The numerical stability of GMRES has bieszussed by
DrkoSova et al. [4]. They showed that loss of orthogonality does not seem &rpsignificant
as long as the linear independence of the Arnoldi vectors is preserved, but pointed msStod
orthogonality usually leads to loss of linear independence. Their conclusion is thist éhgood
reason to preserve the orthogonality. Arioli and Fassino [1] stressedthatthogonality of the
Arnoldi basis is a crucial point when spectral similarity properties habetoonserved. In prac-
tice full reorthogonalisation is seldom used. A satisfactory compromise bate@mputational
complexity and orthogonality to within machine precision is MGS with seleatorthogonal-
isation. In this case reorthogonalisation is done if and onlyjf. || < 6||Av;||» whereé is a
nonzero positive number (a value suggested in Kahan’s analysis (883 —¢, wheres > 0isa
tiny positive number). This is motivated by the fact that severe canicgllmight have occurred
if ||v;41||2 is significantly smaller thanAv;||».

5 The Transformation Matrix

We assume thdt,, in (39) is nonzero. We will later show th&t, = 0 is equivalent to stagnation
of GMRES. In the remainder of this paper we make use of the transformationx riigtr <
R™*™ which is completely defined by describing its action on the veetgrand on the first
(m — 1) columns of the identity matriX,,. This matrix transforms,, into e;

Twm = €1 (41)

and shifte;_; toe;
Tmej_l = €5 (42)

for j = 2,3,..., m. The components af,, are given in (39) and hence it is straightforward to
write down the explicit representation of the transformation m&ftix

0 1/&m
1 0 — m
T o le/€ (43)
1 0 _€m72/§m
1 _émfl/fm
The determinant of the transformation matfix can easily be computed
det T,, = (—1)m+16i. (44)

HenceT,, is nonsingular. The transformation matfiy, is only required in combination with the
upper triangular matrixz,, constructed in the Simpler GMRES algorithm. We define the square
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upper Hessenberg matrix,, € R™*™ as the product of,, andT,,. Its explicit representation

P2 P13 --- Prm T
P22 P23 --- P2m T2
R, =R,T,, = P33 -+ P3m T3 (45)
pm,m Tm
only requires the computation of the scalarsr; (i = 1,2,...,m). We obtain an expression

for the scalars; by making the inner product of rowof R,, with the last column of’;,,, and by
exploiting the fact thaf?,, is upper triangular:

T = gi (01,1 - P1,j§j1> (46)
m =2

—1 « :
T, = é_— Zpldf]_l 1= 2,3, .. .,m. (47)

j=i

The determinant of?,, can easily be computed using (32) and (44):
det R,, = det R, det T}, = (—1)’"“5i H Pj- (48)
m j=1

However if¢,, = 0, the last vectoe,, is orthogonal to the current residual. This means that
GMRES stagnates and the residual polynomial is not changed. Hence we get exadciyéhe s
results with the previous Krylov subspace.

6 Harmonic Ritz Values

By definition theHarmonic Ritz values 55’“) are the reciprocals of the (ordinary) Ritz values

of A~! computed from AK,,(A, 7). An approximate eigenvectar = W,,y,, is sought in
AK,,(A,ry). The (ordinary) Ritz criterion is to have the residual of the eigenvalue exuati
orthogonal to this subspace

(A2 — px) L AK,(A,10) & W (A" Wy — iWaym) = 0. (49)
From (36) we derive the following expression for the actioniof onWv,,
AT'W,, = Z.R:. (50)
The projected eigenvalue problem (49) becomes
Wl Zin Ry Yo = 1Y (51)
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Using (33) and (35), an expression 6t Z,, is obtained when is replaced by (38)

&1
& 001
WilZw=1| =T (52)
fmfl 0 1
Em 0

With this result we can simplify (51) to
T Ry Yon = 1Yo (53)

Equation (53) clearly shows that the eigenvalueggfare the reciprocals of the (ordinary) Ritz
values ofA~! computed fromAK,, (A, 7o)

~ 1
Rmym = —Ym.- (54)
1

At this point we can prove that the Harmonic Ritz values are eigenvalue ap@tcims accord-
ing to the minimal residual criterion.

Theorem 6.1 The Harmonic Ritz values are eigenval ue approximations according to the mini-
mal residual criterion.

Proof We seek an approximate eigenvectoe= Z,,y,, in K,,(A,ry). The minimal residual
criterion requires that the residual of the eigenvalue equation is orthogoAal 19 A, ry). The
columns ofiV,,, form an orthonormal basis for this subspace as can be seen from (37)

(Az — pz) L AK (A, 7o) & W (AZym — 16 Zmym) = 0. (55)

Using (36) we have that

Equation (52) allows us to simplify the projected eigenvalue problem (56) to
T BonYm = HWYm- (57)

The eigenvalues df,, R,, are also eigenvalues of the similar matfx, 7,, as can be seen by a
similarity transformation with the nonsingular matiy, since7,,(R,.T;,)T,,' = T,,R,,. The
corresponding eigenvector is given gy = T,,2,,, satisfying

R, 20 = lWZm. (58)

Hence the eigenvalue approximations according to the minimal residual amit@re the Har-
monic Ritz values. ]
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The Harmonic Ritz values can also be computed from (4). An approximate egenve
r = V,,ym is sought inkC,,, (A, ry). The minimal residual criterion requires that the residual of
the eigenvalue equation is orthogonal4&’,,, (A, ro)

(Az — pz) L AK,(A, 7o) & (AV,)" (AVitm — 16Vimtm) = 0. (59)
Using (4) we obtain the generalised eigenvalue problem
A Hy = H 2 Y. (60)
If H,, is nonsingular, (60) can be rewritten as
H, " Hy Hy Y = 1Y (61)
Equation (15) allows us to replace (61) with the eigenvalue problem

Sincef,, = H,,%e,, we have thall f,. || < 1/0min(H,,) Whereo, (H,,) is the smallest singular
value of H,,,. Hence we can bound the norm of the rank one update in (62)

h2

s fmernlls < S22, (63)
The Harmonic Ritz values equal the Ritz values when an invariant subspaeedmef®und, since
in this caséh,,, 1, = 0. Equation (63) shows that the differences between the Harmonic Ritz
values and the Ritz values can only be large whgp, ,, is large and when;,(H,,) is small,
which is the case when GMRES stagnates. Paige et al. [9] showed thatyimmaesric matrix
the Ritz values interlace the Harmonic Ritz values and since both thaseswadnverge to the
eigenvalues of the matrix we expect the differences between the Ritzs\atgethe Harmonic
Ritz values to be small in the case of a real, symmetric matrix. We shatwhe differences
between the Ritz values and the Harmonic Ritz values can be large when &6tR@hates.

7 GMRES Residual Polynomial

In this section we show that the GMRES residual polynom3fgl'™®*5()\) is a multiple of the
characteristic polynomial oR,,,. This implies that the Harmonic Ritz values are the zeroes of
the GMRES residual polynomial or equivalently that the GMRES approximation polynomial
@GMRES()) interpolates\ ! in the Harmonic Ritz values.

Lemma 7.1 If the polynomial x,,(A) = v A™ + --- + A + v has strict degree m, then
Xm(A)rg € Ki1(A, 7o) and x,,,(A)rg & K, (A, ro) and we have the following expression

X (A)r0 = Wi Xm (R ) Wa + YoT'm.- (64)
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Proof We defineu; = Ry,e; = RpTwy = Rpw,, andu; = Ryu;_y = Riuy = R w,
for j = 2,3,...,m. SinceR,, is upper Hessenberg;, has nonzero entries only in its firgt
positions. An expression fofrg is readily available as this is the first vector computed in the
Arnoldi process in Simpler GMRES

ATO = zZ1P1,1 — Wmul = Wmémwm- (65)

By induction we prove that .
AFrg = Wuy, = Wi, RE w,, (66)

for k = 1,2,...,m. Equation (65) shows that (66) is valid for= 1. We assume that (66) is
valid for k = 1,2,...,7 and prove that it is also valid for = j + 1. Using (36) we have for
j<m

AJ+17‘0

AAlry = AW u;

Aziefuj + Azpes uj 4 -+ Azjeflu;

= WnRnesel u; + Wy Rpezes uj + -+ WmRmejH@f‘{uj

= WpRnTnu; = W Rpu; = Wiyt

— W, R w,, (67)

We use (66) in combination with the expansion (38) of the initial residual to find aressipn
for x.»(A)ry in terms ofW,, andr,,:

Xm(A)To = YmAMrg 4+ -+ Y1 Arg + Y010

— Wme(Rm)wm + YoTm- (69)
Equation (69) is the desired result. ]

The last nonzero entry i is in positionj and equal§; = py1p25 . .. p;; # 0. Hence from
(66) we can conclude that . .
AJTO = WmUj = Cij + ZA’j (70)

with 2; € SPAN{z1, 29, ..., zj_ 1} forj=1,2,...,m.

Lemma 7.2 All nonzero vectorsin KC,,, .1 (A, ro) that are orthogonal to AK,,,(A, r¢) can bewrit-
ten as i)y, (A)ro for some nonzero o # 0, where ¢, (\) = det ()\I — Rm) isthe characteristic
polynomial of R,,,.

Proof Let the polynomialy;(\) = ;M + -+ + %1\ + 7, have strict degreg < m. If
this polynomial has a nonzero constant tefgn # 0 then we can see from (68) and (70)

that x;(A)ro has a nonzero componefdé,,z» alongz, € AK,,(A,r,) and thus is not or-
thogonal toAK,,(A, ). Recall that we have assumed that GMRES does not stagnate in the
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last step and this implies th&t, # 0 is nonzero. On the other hand if this polynomial
does not have a constant tefim = 0 then we know from (70) that;(A)r, has a nonzero
componenty;(;z; alongz; € AK,,(A,ry) and thus is not orthogonal ta/C,,,(A, ). Since

z/?m()\) = det (AI - fim) = YmA™ 4+ -+ 4+ 71 A + v is the characteristic polynomial of

R.,, we have by the Cayley-Hamilton theorem th/b;(ém) = 0. Setting the polynomial
Xm(A) = atbn(X) in (64) we deduce thaii,,(A)ro = aryery, is orthogonal toAK,, (A, 7).
Any polynomial ¢,,(\) of degreem that is not a scalar multiple af,,(\) can be written as
Om(A) = atm(N) + x;(N) with x;()) a nonzero polynomial of degrge< m. We have that

Om(A)rg = oazm(A)To + x;(A)ro = ayorm + x;j(A)ro (71)
which is not orthogonal tel/C,,, (A, ry). ]

Theorem 7.1 The GMRESresidual polynomial isa multiple of the characteristic polynomial of
the Hessenberg matrix R,,,.

Proof Since the GMRES residual polynomigfM**S()\) = ~,,A™ + - - - + 4. A + 7, has degree
m (64) yields an expression fefM*"S ¢ I, (A, rg)

FGMRES _ @SLMRES(A)TO _ ngjglMRES(Rm)wm + YoTm. (72)

Thus gGMRES(R Y = 0 is necessary to have™RFS | AL, (A4,r,). By lemma 7.2 we
know that the GMRES residual polynomiafMRES()\) = «4),,()\) must be a scalar multiple
of the characteristic polynomial @&, in order to eliminate all the components of the resid-
ual in AK,,(A,r,). The constant can be determined fromSMRES (0) = aq),,(0) = 1 since
Um(0) # 0 unless the dimension df,, (A, ro) is less thanm or GMRES stagnates in the last
step. The value of,,, (0) can easily be computed from (48)

I (0) = — det By, = (—1)m€i e (73)

We obtain the following expression for the residual polynomial

@GMRES()\) — ¢m()‘) ) (74)

This completes the proof. ]
The GMRES residual polynomial is uniquely defined by the normalisgtfgi**(0) = 1

and by the fact that its: zeroes are the Harmonic Ritz valu#g”

GOMRES (\) — ﬁ (1 — ﬁ) . (75)

=1
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8 Breakdown of FOM and Stagnation of GMRES

We describe breakdown of FOM and stagnation of GMRES in terms of the Ritz amdoHe
Ritz values. To illustrate the crucial points we use the following exam@lasider the linear
systemA,z, = b, where

0 1 1 0

N 0 :
A, = ' ' e R"", =z, = , e R" and b,, = : e R*. (76)

0 1 : 0

1 0 0 1
The Arnoldi process generates an orthonormal basis for the Krylov subspace dtarting =

(0 ... 01 )H After the first stepwe have = (0 ... 0 1 0 )Hand (4) is reduced to

A’Ul = ( V1 V2 ) ﬁl (77)

whereH, is given by

H1:<(1)>. (78)

In this case FOM clearly breaks down sinde = ( 0 ) is singular. From (19) we see that FOM
sets the Ritz valué!") = 0 equal to zero. The FOM residual polynomial

A
~FOM 1
¥ ()‘) =1 90 (79)
evaluated for nonzera clearly shows that the norm of the residyjal°*||, may grow without
bound when FOM encounters a breakdown. .
In this case GMRES clearly stagnates. From (60) we see that the Harnmitm@aRed (") =
oo Is set equal to infinity. Hence the GMRES residual polynomial
A
PUMRES Ay — 1 — 80
©1 ( ) 70 (80)
evaluated for finite\ clearly shows the stagnation.
The fundamental relation (36) computed by Simpler GMRES is reduced to

AUl = UgRl (81)

where the matrixk;, = ( 1 ) is nonsingular sincéC,, (A, o) has maximal dimension. The
stagnation in Simpler GMRES can be seen from the fact that the correspondiegtiong; = 0
is zero.

We conclude that if a vector is addedAdC,, (A, ) that is orthogonal to the residual, both
FOM and GMRES do not make any progress since no better approximations arblavditas
is referred to as breakdown of FOM which means that a Ritz value equalazdistagnation of
GMRES which means that an Harmonic Ritz value equals infinity. These olises/axplain
the peaks in the FOM residual curve when a Ritz value becomes very smaltofresponding
GMRES residual curve stagnates as the Harmonic Ritz values becomergery la
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9 A Simple Test Case

We are concerned with the eigenvalue estimates when GMRES nearlytstaghae matrix4,,
is given in (76) and the right-hand sidelige) = (¢ ... ¢ 142 )" eR".

The initial guess:, = 0 is the zero vector. Our interest is in the convergence behaviour for
smalle > 0. The eigenvalues ot,, satisfyA\™ = 1, meaning that in the complex plane they form
a regularn-polygon on the unit circle. The numerical results in this section were obtairtbd w
e = 107% andn = 20. The norm of the residudl-“*?*5||, decreased from — 2.0 x 107" to
1 —3.8x 107" in 19 steps.

Form < n the matrices?,,, andV,, can be approximated successfully Hy, defined in (82)
andV;* defined in (83). It is straightforward to verify that; = O (¢*) fori = 2,3,...,m and
forj =i+ 1,i+2,...,m sowe set these elements to zero in this analysis and approxifpate
by H :

2¢ 2 ... 2

H = 1 e RimF1xm, (82)

1

In order to normalise the vectors i} we compute the normjvf|l, = 1 + ¢ + O (e?) for
i=1,2,...,m. This norm||v}||, = 1 is approximated by one. The orthogonality of the vectors
v} gndv; is V(_erified by computing the inner produat’)”v; = O (¢?) for i # j. In this analysis
V. is approximated by’ *:

€ € €
€ € €
V= 5 5 14+ | e R™". (83)
A —c
€ 1+¢ :
1+ —e ... —¢

The Ritz values)™ are the eigenvalues df,,. The characteristic polynomial df* can
easily be obtained

Vm(A) = =A™ 4+ 2e X1 4+ 2e A7 4+ 26X + 22 = 0. (84)
Using a well known summation formula (84) can be rewritten as
1—-A"
—A\"+2 = 0. 85
+ 2¢e ( ) > (85)

The Ritz value®)™ for this test case tend to zeroagends to zero. Hence we can approximate
1 — A" ~ 1 and we have that — A = O(1)
2¢e

A
1—A

= 0(2¢). (86)
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Figure 1: The Ritz ) and Harmonic Ritz{) Figure 2: The Ritz k) and Harmonic Ritz{)
values computed fromt;o( A, bye(10-°)) for Values computed fromt;q(As, bo(107°)) for
the stagnation test case. the stagnation test case.

With these approximations we see that the Ritz valti#és are

9] =0 ((¥/22) . (87)
Equation (86) shows that the Ritz values approximately form a reguaolygon in the complex

plane. .
The Harmonic Ritz values(™ are the eigenvalues of the generalised problem (60). Since
H,, is approximated by7* , we can approximat& I /7, by the identity7,,,:

HIYH,, ~ (H:)"H: =1, +4c’cc” ~ I, (88)
wherec = (1 1 ... 1 )H € R™. With this approximation we can rewrite the generalised
eigenvalue problem (60) from which the Harmonic Ritz valiés are computed as

1
yIH,, = yﬁM—H (89)

Equation (89) allows us to conclude that the Harmonic Rit2 values are the reciprocals of the
complex conjugates of the ordinary Ritz valu#s):

. 1
(m) —
AIES Gk (90)
From (87) and (90) we see that the Harmonic Ritz valifes are
~ 1
™| =0 < > : 91
=0 (= (91)
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Table 1: Estimated and computed norm of the Ritz and Harmonic Ritz values cahfpute
Ko (Asg, b (107°)) for the stagnation test case.

Ritz Values Harmonic Ritz Values
m  min est. max  min est. max
10 0.263 0.269 0.278 3.595 3.714 3.802
19 0.491 0.501 0521 1919 1.995 2.037

Hence the Harmonic Ritz value&™ go off to infinity ase tends to zero. Table 1 shows the
guality of the estimations (87) and (91), which increases with decreasind decreasing.

From (82) we estimate,i,(H,,) ~ 2¢ and h,,,;1.,» ~ 1. With this result we see that
12,41 mfmelt|l2 & 1/(2¢), showing that the bound in (63) can be reached. We hakg]|, ~ 1
and||H,, +h? . . fmentll2 & 1/(2¢). Hence we cannot expect the Ritz values and the Harmonic
Ritz values to be equal. Since GMRES stagnates, the norm of the FOM residluaa \erge.
Equations (82) and (83) allow us to estimate the norm of the FOM resjidtfia ||, ~ 1/(2¢).

These results show that the differences between the Ritz values and thertaRitz values
are significantly large when GMRES (nearly) stagnates. To illustrasestbishow in Fig. 1 the
Ritz values and the Harmonic Ritz values computed fiom( A, b (107°)). The Harmonic
Ritz values are plotted using a plus sign){ while the Ritz values are shown with a times sign
(x). An asterisk £) is used to plot the eigenvalues. Figure 2 shows the Ritz values and the

Harmonic Ritz values computed frokyg( Az, bao(107°)).

10 A Convection-Diffusion Problem

This test case was taken from [5]. Our aim is to compute the steady-shates of a linearised
convection-diffusion problem. The problem is formulated as follows: given argeénce-free
(Vw = 0) convective velocity fieldd, find a scalar variable satisfying

—vV2u + Ve = finQ (92)

with a Dirichlet boundary condition:(z) = g¢g(xz) on 9Q. A 2D convection dominated
convection-diffusion problem is solved on a uniform square grid with mesh width 1/64.
The constant velocity fieldi = ( —1/v/2 1/+/2 ) has unit length|@||, = 1 and has al5°
inclination with the grid lines. The diffusion parameter was set to 107, resulting in a “mesh
Peclet number” oPe = ||w||2h/(2v) = 7812.5 > 1, which clearly shows that the convection is
dominant.

After SUPG finite element discretisation a linear systém= f is obtained in which the
unknownu is the discretised version of the unknown in (92) and the vettoorresponds to
the right-hand side. The nonsymmetric matdx= v L + N is the sum of the discretisation of
the diffusive term and the skew-symmetric discrete version of the ctomemperatorN. The
matrix L = —V? + S is the sum of the discretised Laplacian and a mafriborresponding to
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Figure 4. The Ritz ¥) and Harmonic Ritz

Figure 3: The norm of the reSidu.wGM.RES“? (+) values computed fronk;34(A, f) for the
as a function ofn for the convection-diffusion. |« ~tion-diffusion problem

problem.

stabilisation terms, since streamline upwinding is used. We use unprecondiGdR&S to
solve the linear systemu = f.

Figure 3 shows the residual notm“™=®¥S||, as a function of the dimension of IC,,, (A4, f).
In Fig. 4 — 6 the Ritz valug{™ = 1 and the Harmonic Ritz valué,™ = 1 are not shown due
to scaling. The Harmonic Ritz values are plotted using a plus sigywhile the Ritz values are
shown with a times signx). The Krylov subspacé,3,(A, f) of dimensionm = 130 yields
an accurate solution. Hence the differences between the Ritz values andriaRitz values
are small. Figure 4 shows the Ritz values and Harmonic Ritz values cormfponed; 3, (A, f).
To illustrate that the Ritz values and the Harmonic Ritz values diftgriscantly when GMRES
(nearly) stagnates, we show in Fig. 5 the Ritz values and the Harmonic &titesycomputed
from K4 (A, f). Figure 6 shows the Ritz values and the Harmonic Ritz values computed from

’CSO(Aa f)

11 Concluding Remarks

Nachtigal et al. [7] have presented a number of arguments why the GMRES residuadrpal
should be used instead of Arnoldi eigenvalue estimates. They compute the eatSfwi the
polynomial explicitly by transforming back to the Krylov (power) basis and incasoa root-
finding step in their hybrid algorithm. However finding the roots of a polynomial is lan il
conditioned problem.

In this paper we indicate that the zeroes of the GMRES residual polynomial can be com
puted by solving the eigenvalue problem (60) or (62). This is not only a cheap but aldiea sta
procedure.
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(+) values computed froniC,;, (A, f) for the (+) values computed froniCgo( A, ) for the
convection-diffusion problem. convection-diffusion problem.

Toh and Trefethen [13] advocate the usé®f because it bypasses the usual consideration of
Ritz values or “Arnoldi eigenvalue estimates”. For highly nonnormal matmaesannot expect
the Arnoldi iteration to be effective at determining eigenvalues. On theludred, Greenbaum
et al. [6] have shown that eigenvalues cannot be used to predict the converg&M&BSS for
highly nonnormal matrices. Toh and Trefethen argue that in order to analyse tleegamse of
unsymmetric Krylov solvers plots of the Ritz values should be made, but they poiritaiubis
is not sufficient.

Therefore we suggest that in order to analyse the convergence of unsymmetricgGlylers
both the Ritz spectrum and the Harmonic Ritz spectrum should be plotted. The cosfitoam
the Harmonic Ritz values only dependsmnwhich in practice is small, while the computation
of pseudospectra and lemniscates is usually far too expensive.
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