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Abstract

FOM and GMRES are Krylov subspace iterative methods for solving nonsymmetric lin-
ear systems. The Ritz values are approximate eigenvalues, which can be computed cheaply
within these algorithms. In this paper, we generalise the concept of Harmonic Ritz values,
introduced by Paige et al. for symmetric matrices, to nonsymmetric matrices. We show
that the zeroes of the residual polynomials of FOM and GMRES are the Ritz and Harmonic
Ritz values respectively. We present an upper bound for the difference between the matrices
from which the Ritz and Harmonic Ritz values are computed. The differences between these
values allows us to describe breakdown of FOM and stagnationof GMRES.
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1 Introduction

Many iterative methods for the solution of linear systems and the computation of (selected)
eigenvalues make use of Krylov subspaces. Given a real nonsingular matrixA 2 Rn�n and a
vectorr0 2 Rn , the Krylov subspacesKm(A; r0) = SPANfr0; Ar0; A2r0; : : : ; A(m�1)r0g (1)�Serge.Goossens@cs.kuleuven.ac.be http://www.cs.kuleuven.ac.be/�serge/yDirk.Roose@cs.kuleuven.ac.be
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for m = 1; 2; : : : ; n form a nested sequence of subspaces. In this paper we will assume that the
dimension of the Krylov subspaceKm(A; r0) is m. If the dimension ofKm(A; r0) is smaller
thanm, then this subspace is invariant underA and the approximations discussed in this paper
are exact. For the iterative solution of linear systems this means thatKm(A; r0) contains the
exact solution and for the computation of eigenvalues this means thatKm(A; r0) contains the
invariant subspaces corresponding to some eigenvalues ofA.

The Arnoldi basis is an orthonormal basisfv1; v2; : : : ; vmg obtained by orthogonalising the
Krylov (power) basisfr0; Ar0; A2r0; : : : ; A(m�1)r0g. The computational kernel of FOM and
GMRES is the Arnoldi process which computes the orthonormal basis for the Krylov subspaceKm(A; r0) and yields the fundamental relation (4). Originally Arnoldi [2] introduced this pro-
cedure to reduce a dense matrix into Hessenberg form and remarked that this process could be
used to compute approximations if it was stopped before completion. Nowadays it’s widely
known that good approximations can be computed if the Arnoldi process is carried out witha
well-preconditioned operator. Let the matrixVm 2 Rn�m be defined asVm = � v1 v2 : : : vm � : (2)

Since the Arnoldi basis is orthonormal,Vm is an orthogonal matrix. In the orthogonalisation
process the scalarshi;j are computed so that the square upper Hessenberg matrixHm 2 Rm�m

Hm = 0BBBBB@ h1;1 h1;2 : : : h1;m�1 h1;mh2;1 h2;2 : : : h2;m�1 h2;mh3;2 : : : h3;m�1 h3;m
...

...
...hm;m�1 hm;m
1CCCCCA (3)

satisfies the fundamental relationAVm = VmHm + hm+1;mvm+1eHm = Vm+1 �Hm: (4)

The rectangular upper Hessenberg matrix�Hm 2 R(m+1)�m is the square upper Hessenberg ma-
trix Hm supplemented with an extra row

� 0 : : : 0 hm+1;m �
. From (4) we derive the follow-

ing expression forHm: Hm = V Hm AVm: (5)

If the matrixA is symmetric, the fundamental relation (4) can be replaced by a 3-term recurrence
relation, since in this caseHm is a symmetric tridiagonal matrix.

In the next section we briefly describe FOM and GMRES, two well-known Krylov subspace
iterative methods for solving nonsymmetric linear systems. The eigenvalues ofHm are called
Ritz values and approximate the eigenvalues ofA. We prove in section 3 that these Ritz values are
the zeroes of the FOM residual polynomial. We give an outline of the Simpler GMRES algorithm
of Walker and Zhou because in the subsequent theory we use the upper triangular matrix which
is computed in this algorithm. A discussion on orthogonalisation concludes section 4. In section
5 we define a transformation matrix which is also used in the proofs. We generalise the concept
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of Harmonic Ritz values, introduced by Paige et al. for symmetric matrices, to nonsymmetric
matrices and prove in section 6 that they are approximate eigenvalues according to the minimal
residual criterion. We present an upper bound for the difference between the matrices from which
the Ritz and Harmonic Ritz values are computed. In section 7 we prove that thezeroes of the
GMRES residual polynomials are the Harmonic Ritz values. In section 8 we relate breakdown of
FOM and stagnation of GMRES to the differences between the Ritz and HarmonicRitz values.
Numerical results for a problem which causes nearly breakdown and stagnation are presented in
section 9. In section 10 we give numerical results for a 2D convection dominated convection-
diffusion problem. Some remarks concerning related work conclude this paper.

2 Approximate Solutions from Krylov Subspaces

Krylov subspace iterative methods such as Arnoldi’s method for linear systems[2], also known
as the full orthogonalisation method (FOM), and the generalised minimal residual method
(GMRES) proposed by Saad and Schultz [12] are well known methods for the approximate
solution of large sparse nonsymmetric linear systems. Both algorithms are outlined in Saad’s
book [11]. A theoretical comparison of FOM and GMRES is given by Brown [3]. In this paper
we assume that the initial guessx0 to the solution of the linear systemAx = b is zero and thus
the initial residualr0 equals the right-hand sideb. Unless the initial guessx0 is the exact solution
to the linear system, the norm� = kr0k2 = kbk2 of the residual is nonzero. We assume that
the system has been scaled so that the initial residual has unit length by setting ~x = x=� and~b = b=�.

Since both FOM and GMRES select an approximate solution from the Krylov subspacethis
approximation can be written asx = 'm�1(A)r0 2 Km(A; r0); (6)

where'm�1(�) = 
m�1�m�1 + � � �+ 
1�+ 
0 2 Pm�1 is a real polynomial of degree(m� 1).
The residual corresponding to this approximate solution isr = b� Ax = (I � A'm�1(A)) r0 = ~'m(A)r0 2 Km+1(A; r0) (7)

where ~'m(�) = 1� �'m�1(�): (8)

The residual can thus be written as the residual polynomial~'m(�) evaluated for� = A acting on
the initial residualr0. From (8) it is clear that residual polynomials are normalised by~'m(0) = 1.
The main topic addressed in this paper is the computation of the zeroes of the residual polynomial~'m(�) without explicitly constructing it.

FOM selects the approximate solutionxFOM = 'FOMm�1 (A)r0 2 Km(A; r0) such that the resid-
ual rFOM = ~'FOMm (A)r0 is orthogonal toKm(A; r0)rFOM = ~'FOMm (A)r0 ? Km(A; r0): (9)
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SinceVm spansKm(A; r0) this can be formulated asV Hm (r0 � AVmym) = 0, Hmym = e1; (10)

which shows that a linear system withHm must be solved to compute the FOM approximate
solution. In this paperej denotes columnj of the identity matrix.

GMRES selects the approximate solutionxGMRES = 'GMRESm�1 (A)r0 2 Km(A; r0) which
minimises the norm of the residualkrGMRESk2minx2Km(A;r0) k ~'GMRESm (A)r0k2: (11)

The matrixVm+1 is orthogonal and spans the subspacesSPANfr0g andSPANfAVmg. Hence we
can write krGMRESk2 = kV Hm+1 (r0 � AVmym) k2 = ke1 � �Hmymk2: (12)

This overdetermined linear system can be solved in the least squares sense using the normal
equations: �HHm �Hmym = �HHme1 = HHme1: (13)

If Hm is nonsingular, (13) can be rewritten asH�Hm �HHm �Hmym = e1: (14)

Equation (14) can be simplified by observing that�HHm �Hm = HHmHm + h2m+1;memeHm. We define
the vectorfm = H�Hm em and note that the matrix in (14) is a rank one update ofHmH�Hm �HHm �Hm = Hm + h2m+1;mfmeHm: (15)

The linear system that must be solved to compute the GMRES approximate solution can thus be
written as: �Hm + h2m+1;mfmeHm� ym = e1: (16)

The minimal residual criterion is equivalent to the requirement that the residual is orthogonal to
the image of the Krylov subspaceAKm(A; r0)rGMRES = ~'GMRESm (A)r0 ? AKm(A; r0): (17)

Plugging (4) into (17) also yields (13) which shows that orthogonalising the residual with respect
toAKm(A; r0) is equivalent to the minimal residual requirement.

3 Ritz Values and FOM Residual Polynomial

The classical Galerkin approach for computing approximate eigenpairs has been discussed by
several authors, e.g. in a book by Saad [10]. An approximate eigenvectorx = Vmym is sought inKm(A; r0) such that the residual of the eigenvalue equation is orthogonal toKm(A; r0)(Ax� �x) ? Km(A; r0), V Hm (AVmym � �Vmym) = 0: (18)
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The approximate eigenvalues can thus be computed from the matrixHm = V Hm AVmHmym = �ym: (19)

By definition theRitz values #(m)i are the eigenvalues of the Hessenberg matrix Hm. Hence the
Ritz values are the well-known “Arnoldi eigenvalue estimates”.

Now we prove that the FOM residual polynomial~'FOMm (�) is a multiple of the characteristic
polynomial ofHm. This implies that the Ritz values are the zeroes of the FOM residual polyno-
mial or equivalently that the FOM approximation polynomial'FOMm�1 (�) interpolates��1 in the
Ritz values.

Lemma 3.1 Let an arbitrary polynomial �m(�) = 
m�m+ � � �+ 
1�+ 
0 have strict degree m,
then �m(A)r0 2 Km+1(A; r0) and �m(A)r0 62 Km(A; r0) and we have the following expression�m(A)r0 = Vm�m(Hm)e1 + 
m�mvm+1 (20)

where �m = hm+1;m : : : h3;2h2;1.
Proof We defineu1 = e1 anduj = Hmuj�1 = Hj�1m u1 for j = 2; 3; : : : ; m. SinceHm is upper
Hessenberguj has nonzero entries only in its firstj positions, consequentlyeHmuj = 0 for j < m.
Using (4) we have forj < mAVme1 = �VmHm + hm+1;mvm+1eHm� e1 = VmHme1 = Vmu2 (21)AjVme1 = AVmuj = VmHmuj = VmHjme1 = Vmuj+1 (22)AmVme1 = AVmum = �VmHm + hm+1;mvm+1eHm�um= VmHmum + hm+1;mvm+1eHmum = VmHmme1 + hm+1;mvm+1eHmum (23)

A straightforward computation shows thathm+1;meHmum = �m and we can conclude that�m(A)Vme1 = Vm�m(Hm)e1 + 
m�mvm+1: (24)

This completes the proof sincer0 = Vme1.
The last nonzero entry inuj+1 is in positionj + 1 and equals�j = hj+1;j : : : h3;2h2;1 6= 0.

Hence from (22) we can conclude thatAjVme1 = Vmuj+1 = �jvj+1 + v̂j+1 (25)

with v̂j+1 2 SPANfv1; v2; : : : ; vjg for j = 1; 2; : : : ; m.

Lemma 3.2 All nonzero vectors inKm+1(A; r0) that are orthogonal toKm(A; r0) can be written
as � m(A)r0 for some nonzero � 6= 0, where  m(�) = det (�I �Hm) is the characteristic
polynomial of Hm.
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Proof Let the polynomial�j(�) = ~
j�j+� � �+~
1�+~
0 have strict degreej < m. We know from
(25) that�j(A)r0 has a nonzero component~
j�jvj+1 alongvj+1 2 Km(A; r0) and thus cannot
be orthogonal toKm(A; r0). Since m(�) = det (�I �Hm) = 
m�m + � � � + 
1� + 
0 is the
characteristic polynomial ofHm, we have by the Cayley-Hamilton theorem that m(Hm) = 0.
Setting the polynomial�m(A) = � m(A) in (20) we deduce that� m(A)r0 = �
m�mvm+1 is
orthogonal toKm(A; r0). Any polynomial'm(�) of degreem that is not a scalar multiple of m(�) can be written as'm(�) = � m(�) + �j(�) with �j(�) a nonzero polynomial of degreej < m. We have that'm(A)r0 = � m(A)r0 + �j(A)r0 = �
m�mvm+1 + �j(A)r0 (26)

which is not orthogonal toKm(A; r0).
Theorem 3.1 The FOM residual polynomial is a multiple of the characteristic polynomial of the
Hessenberg matrix Hm.

Proof Since the FOM residual polynomial~'FOMm (�) = 
m�m + � � � + 
1� + 
0 has degreem
(20) yields an expression forrFOM 2 Km+1(A; r0)rFOM = ~'FOMm (A)r0 = Vm ~'FOMm (Hm)e1 + 
m�mvm+1: (27)

Thus ~'FOMm (Hm) = 0 is necessary to haverFOM ? Km(A; r0). By lemma 3.2 we know that the
FOM residual polynomial~'FOMm (�) = � m(�) has to be a scalar multiple of the characteristic
polynomial ofHm in order to eliminate all the components of the residual inKm(A; r0). If Hm is
nonsingular then m(0) = � detHm 6= 0 and� can be determined from~'FOMm (0) = � m(0) =1. We obtain the following expression for the residual polynomial~'FOMm (�) =  m(�) m(0) : (28)

This completes the proof.
The requirement thatHm has to be nonsingular is related to possible breakdown of FOM.

The existence ofH�1m is a necessary and sufficient condition for the existence and the uniqueness
of xFOMm and as a consequence also for the existence and the uniqueness of the corresponding
residualrFOMm as can be seen from (10).

The FOM residual polynomial~'FOMm (�) is uniquely defined by the normalisation~'FOMm (0) =1 and by the fact that them Ritz values#(m)i are its zeroes~'FOMm (�) = mYi=1  1� �#(m)i ! : (29)
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4 The Simpler GMRES Algorithm

Walker and Zhou [15] pointed out that by starting the Arnoldi process withAr0 instead ofr0
a simpler GMRES is obtained which does not require the factorisation of an upper Hessenberg
matrix. Their algorithm is based on (17) and is equivalent to the original GMRES algorithm. We
briefly outline Simpler GMRES in algorithm 4.1.

Algorithm 4.1 (Simpler GMRES)

Initialisation: ~r = z0 = r0
Arnoldi process: for j = 1; 2; : : : ; m

compute the matrix-vector product~z = Azj�1
Modified Gram-Schmidt orthogonalisation: for i = 1; 2; : : : ; j � 1

compute the matrix element �i;j = zHi ~z
orthogonalise ~z = ~z � �i;jzi

compute the norm�j;j = k~zk2
define the vectorzj = ~z�j;j

Projection: for j = 1; 2; : : : ; m
compute the inner product �j = zHj ~r
orthogonalise ~r = ~r � �jzj

Residual vector: rm = ~r
First an orthonormal basis for the image of the Krylov subspaceAKm(A; r0) is computed by

starting the Arnoldi process withAr0.The upper triangular matrixRm 2 Rm�m is defined by its
elements�i;j Rm = 0BBB@ �1;1 �1;2 : : : �1;m�2;2 : : : �2;m

...
...�m;m
1CCCA : (30)

We have assumed that the dimension ofKm(A; r0) is m. SinceA is nonsingular this implies
thatAKm(A; r0) also has dimensionm. Hence the Arnoldi process successfully generates a new
vectorzj given the setfz1; z2; : : : ; zj�1g. We have thatAzj�1 = jXi=1 �i;jzi (31)

where the�i;j are unique and�j;j 6= 0. ConsequentlyRm is nonsingular. The determinant ofRm
is equal to the product of the diagonal elementsdetRm = mYj=1 �j;j: (32)
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We define the matrixZm 2 Rn�m by its columnsZm = � z0 z1 : : : zm�1 � : (33)

This is not an orthogonal matrix sincez0 is not used in the orthogonalisation process, but
all columns have unit length. From the construction of the vectorszj, it is clear thatfz0; z1; : : : ; zm�1g is a basis forKm(A; r0)Km(A; r0) = SPANfz0; z1; : : : ; zm�1g = SPANfZmg: (34)

The orthogonal matrixWm 2 Rn�m is defined by its columnsWm = � z1 z2 : : : zm � : (35)

The upper triangular matrixRm, computed in the Arnoldi process, satisfiesAZm =WmRm: (36)

This is the fundamental relation in Simpler GMRES. Note that the only difference with (4) is that
the initial residual is not used in the orthogonalisation process. It is clear that fz1; z2; : : : ; zmg is
an orthonormal basis forAKm(A; r0)AKm(A; r0) = SPANfz1; z2; : : : ; zmg = SPANfWmg: (37)

This implies that the orthogonalisation of the residual vectorrGMRES with respect toAKm(A; r0)
as required by the minimal residual condition (17) can be done by orthogonalising againstzj forj = 1; 2; : : : ; m. The residual vectorrm satisfiesWHm rm = 0 andz0 = r0 = rm + mXj=1 �jzj = rm +Wmwm (38)

where the vectorwm is defined by the scalars�j that have been computed during the orthogonal-
isation: wm = � �1 �2 : : : �m �H : (39)

The vectorym is obtained by solving the nonsingular, upper triangular linear systemRmym = wm: (40)

The corresponding approximate solution is then given byZmym.
In all the implementations used in this paper, the orthogonalisations in the Arnoldi process

were done by a Modified Gram-Schmidt (MGS) algorithm with reorthogonalisation sothat the
resultingVm was orthogonal to within machine precision. It is known from a result by Kahan
(“twice is enough”) that additional orthogonalisations are superfluous. The algorithm and the
analysis due to Kahan can be found in a book by Parlett [8]. Instead of MGS with reorthogonal-
isation a different orthogonalisation technique could be used. From a numerical point of view
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Householder reflections are very reliable and the computational complexity is equal to MGS
with reorthogonalisation. An implementation of the Arnoldi process with Householderorthog-
onalisations is given by Walker [14]. The numerical stability of GMRES has been discussed by
Drkos̆ová et al. [4]. They showed that loss of orthogonality does not seem to be very significant
as long as the linear independence of the Arnoldi vectors is preserved, but pointed out that loss of
orthogonality usually leads to loss of linear independence. Their conclusion is that this is a good
reason to preserve the orthogonality. Arioli and Fassino [1] stressed that the orthogonality of the
Arnoldi basis is a crucial point when spectral similarity properties have tobe conserved. In prac-
tice full reorthogonalisation is seldom used. A satisfactory compromise between computational
complexity and orthogonality to within machine precision is MGS with selective reorthogonal-
isation. In this case reorthogonalisation is done if and only ifkvj+1k2 � �kAvjk2 where� is a
nonzero positive number (a value suggested in Kahan’s analysis is� = 0:83�", where" > 0 is a
tiny positive number). This is motivated by the fact that severe cancellation might have occurred
if kvj+1k2 is significantly smaller thankAvjk2.
5 The Transformation Matrix

We assume that�m in (39) is nonzero. We will later show that�m = 0 is equivalent to stagnation
of GMRES. In the remainder of this paper we make use of the transformation matrix Tm 2Rm�m , which is completely defined by describing its action on the vectorwm and on the first(m� 1) columns of the identity matrixIm. This matrix transformswm into e1Tmwm = e1 (41)

and shiftej�1 to ej Tmej�1 = ej (42)

for j = 2; 3; : : : ; m. The components ofwm are given in (39) and hence it is straightforward to
write down the explicit representation of the transformation matrixTm:

Tm = 0BBBBBBB@
0 1=�m1 0 ��1=�m1 0 ��2=�m

... ...
...1 0 ��m�2=�m1 ��m�1=�m

1CCCCCCCA : (43)

The determinant of the transformation matrixTm can easily be computeddet Tm = (�1)m+1 1�m : (44)

HenceTm is nonsingular. The transformation matrixTm is only required in combination with the
upper triangular matrixRm constructed in the Simpler GMRES algorithm. We define the square
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upper Hessenberg matrix~Rm 2 Rm�m as the product ofRm andTm. Its explicit representation~Rm = RmTm = 0BBBBB@ �1;2 �1;3 : : : �1;m �1�2;2 �2;3 : : : �2;m �2�3;3 : : : �3;m �3
...

...
...�m;m �m
1CCCCCA (45)

only requires the computation of them scalars�i (i = 1; 2; : : : ; m). We obtain an expression
for the scalars�i by making the inner product of rowi of Rm with the last column ofTm and by
exploiting the fact thatRm is upper triangular:�1 = 1�m  �1;1 � mXj=2 �1;j�j�1! (46)�i = �1�m mXj=i �i;j�j�1 i = 2; 3; : : : ; m: (47)

The determinant of~Rm can easily be computed using (32) and (44):det ~Rm = detRm detTm = (�1)m+1 1�m mYj=1 �j;j: (48)

However if�m = 0, the last vectorzm is orthogonal to the current residual. This means that
GMRES stagnates and the residual polynomial is not changed. Hence we get exactly the same
results with the previous Krylov subspace.

6 Harmonic Ritz Values

By definition theHarmonic Ritz values ~#(m)i are the reciprocals of the (ordinary) Ritz values
of A�1 computed from AKm(A; r0). An approximate eigenvectorx = Wmym is sought inAKm(A; r0). The (ordinary) Ritz criterion is to have the residual of the eigenvalue equation
orthogonal to this subspace�A�1x� �x� ? AKm(A; r0), WHm �A�1Wmym � �Wmym� = 0: (49)

From (36) we derive the following expression for the action ofA�1 onWmA�1Wm = ZmR�1m : (50)

The projected eigenvalue problem (49) becomesWHmZmR�1m ym = �ym: (51)
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Using (33) and (35), an expression forWHmZm is obtained whenz0 is replaced by (38)WHmZm = 0BBBBB@ �1 1�2 0 1
...

... ...�m�1 0 1�m 0
1CCCCCA = T�1m : (52)

With this result we can simplify (51) toT�1m R�1m ym = �ym: (53)

Equation (53) clearly shows that the eigenvalues of~Rm are the reciprocals of the (ordinary) Ritz
values ofA�1 computed fromAKm(A; r0)~Rmym = 1�ym: (54)

At this point we can prove that the Harmonic Ritz values are eigenvalue approximations accord-
ing to the minimal residual criterion.

Theorem 6.1 The Harmonic Ritz values are eigenvalue approximations according to the mini-
mal residual criterion.

Proof We seek an approximate eigenvectorx = Zmym in Km(A; r0). The minimal residual
criterion requires that the residual of the eigenvalue equation is orthogonal toAKm(A; r0). The
columns ofWm form an orthonormal basis for this subspace as can be seen from (37)(Ax� �x) ? AKm(A; r0),WHm (AZmym � �Zmym) = 0: (55)

Using (36) we have that Rmym = �WHmZmym: (56)

Equation (52) allows us to simplify the projected eigenvalue problem (56) toTmRmym = �ym: (57)

The eigenvalues ofTmRm are also eigenvalues of the similar matrixRmTm as can be seen by a
similarity transformation with the nonsingular matrixTm sinceTm(RmTm)T�1m = TmRm. The
corresponding eigenvector is given byym = Tmzm, satisfyingRmTmzm = �zm: (58)

Hence the eigenvalue approximations according to the minimal residual criterion are the Har-
monic Ritz values.
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The Harmonic Ritz values can also be computed from (4). An approximate eigenvectorx = Vmym is sought inKm(A; r0). The minimal residual criterion requires that the residual of
the eigenvalue equation is orthogonal toAKm(A; r0)(Ax� �x) ? AKm(A; r0), (AVm)H (AVmym � �Vmym) = 0: (59)

Using (4) we obtain the generalised eigenvalue problem�HHm �Hmym = �HHmym: (60)

If Hm is nonsingular, (60) can be rewritten asH�Hm �HHm �Hmym = �ym: (61)

Equation (15) allows us to replace (61) with the eigenvalue problem�Hm + h2m+1;mfmeHm� ym = �ym: (62)

Sincefm = H�Hm em we have thatkfmk2 � 1=�min(Hm) where�min(Hm) is the smallest singular
value ofHm. Hence we can bound the norm of the rank one update in (62)kh2m+1;mfmeHmk2 � h2m+1;m�min(Hm) : (63)

The Harmonic Ritz values equal the Ritz values when an invariant subspace hasbeen found, since
in this casehm+1;m = 0. Equation (63) shows that the differences between the Harmonic Ritz
values and the Ritz values can only be large whenhm+1;m is large and when�min(Hm) is small,
which is the case when GMRES stagnates. Paige et al. [9] showed that for a symmetric matrix
the Ritz values interlace the Harmonic Ritz values and since both these values converge to the
eigenvalues of the matrix we expect the differences between the Ritz values and the Harmonic
Ritz values to be small in the case of a real, symmetric matrix. We showthat the differences
between the Ritz values and the Harmonic Ritz values can be large when GMRES stagnates.

7 GMRES Residual Polynomial

In this section we show that the GMRES residual polynomial~'GMRESm (�) is a multiple of the
characteristic polynomial of~Rm. This implies that the Harmonic Ritz values are the zeroes of
the GMRES residual polynomial or equivalently that the GMRES approximation polynomial'GMRESm�1 (�) interpolates��1 in the Harmonic Ritz values.

Lemma 7.1 If the polynomial �m(�) = 
m�m + � � � + 
1� + 
0 has strict degree m, then�m(A)r0 2 Km+1(A; r0) and �m(A)r0 62 Km(A; r0) and we have the following expression�m(A)r0 = Wm�m( ~Rm)wm + 
0rm: (64)
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Proof We defineu1 = Rme1 = RmTmwm = ~Rmwm anduj = ~Rmuj�1 = ~Rj�1m u1 = ~Rjmwm
for j = 2; 3; : : : ; m. Since ~Rm is upper Hessenberguj has nonzero entries only in its firstj
positions. An expression forAr0 is readily available as this is the first vector computed in the
Arnoldi process in Simpler GMRESAr0 = z1�1;1 = Wmu1 = Wm ~Rmwm: (65)

By induction we prove that Akr0 = Wmuk = Wm ~Rkmwm (66)

for k = 1; 2; : : : ; m. Equation (65) shows that (66) is valid fork = 1. We assume that (66) is
valid for k = 1; 2; : : : ; j and prove that it is also valid fork = j + 1. Using (36) we have forj < m Aj+1r0 = AAjr0 = AWmuj= Az1eH1 uj + Az2eH2 uj + � � �+ AzjeHj uj= WmRme2eH1 uj +WmRme3eH2 uj + � � �+WmRmej+1eHj uj= WmRmTmuj = Wm ~Rmuj =Wmuj+1= Wm ~Rj+1m wm: (67)

We use (66) in combination with the expansion (38) of the initial residual to find an expression
for �m(A)r0 in terms ofWm andrm:�m(A)r0 = 
mAmr0 + � � �+ 
1Ar0 + 
0r0= 
mWmum + � � �+ 
1Wmu1 + 
0(rm +Wmwm) (68)= 
mWm ~Rmmwm + � � �+ 
1Wm ~Rmwm + 
0(rm +Wmwm)= Wm�m( ~Rm)wm + 
0rm: (69)

Equation (69) is the desired result.
The last nonzero entry inuj is in positionj and equals~�j = �1;1�2;2 : : : �j;j 6= 0. Hence from

(66) we can conclude that Ajr0 =Wmuj = ~�jzj + ẑj (70)

with ẑj 2 SPANfz1; z2; : : : ; zj�1g for j = 1; 2; : : : ; m.

Lemma 7.2 All nonzero vectors inKm+1(A; r0) that are orthogonal to AKm(A; r0) can be writ-

ten as � ~ m(A)r0 for some nonzero � 6= 0, where ~ m(�) = det��I � ~Rm� is the characteristic

polynomial of ~Rm.

Proof Let the polynomial�j(�) = ~
j�j + � � � + ~
1� + ~
0 have strict degreej < m. If
this polynomial has a nonzero constant term~
0 6= 0 then we can see from (68) and (70)
that �j(A)r0 has a nonzero component~
0�mzm along zm 2 AKm(A; r0) and thus is not or-
thogonal toAKm(A; r0). Recall that we have assumed that GMRES does not stagnate in the
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last step and this implies that�m 6= 0 is nonzero. On the other hand if this polynomial
does not have a constant term~
0 = 0 then we know from (70) that�j(A)r0 has a nonzero
component~
j ~�jzj alongzj 2 AKm(A; r0) and thus is not orthogonal toAKm(A; r0). Since~ m(�) = det��I � ~Rm� = 
m�m + � � � + 
1� + 
0 is the characteristic polynomial of~Rm, we have by the Cayley-Hamilton theorem that~ m( ~Rm) = 0. Setting the polynomial�m(�) = � ~ m(�) in (64) we deduce that� ~ m(A)r0 = �
0rm is orthogonal toAKm(A; r0).
Any polynomial'm(�) of degreem that is not a scalar multiple of~ m(�) can be written as'm(�) = � ~ m(�) + �j(�) with �j(�) a nonzero polynomial of degreej < m. We have that'm(A)r0 = � ~ m(A)r0 + �j(A)r0 = �
0rm + �j(A)r0 (71)

which is not orthogonal toAKm(A; r0).
Theorem 7.1 The GMRES residual polynomial is a multiple of the characteristic polynomial of
the Hessenberg matrix ~Rm.

Proof Since the GMRES residual polynomial~'GMRESm (�) = 
m�m + � � �+ 
1�+ 
0 has degreem (64) yields an expression forrGMRES 2 Km+1(A; r0)rGMRES = ~'GMRESm (A)r0 =Wm ~'GMRESm ( ~Rm)wm + 
0rm: (72)

Thus ~'GMRESm ( ~Rm) = 0 is necessary to haverGMRES ? AKm(A; r0). By lemma 7.2 we
know that the GMRES residual polynomial~'GMRESm (�) = � ~ m(�) must be a scalar multiple
of the characteristic polynomial of~Rm in order to eliminate all the components of the resid-
ual inAKm(A; r0). The constant� can be determined from~'GMRESm (0) = � ~ m(0) = 1 since~ m(0) 6= 0 unless the dimension ofKm(A; r0) is less thanm or GMRES stagnates in the last
step. The value of~ m(0) can easily be computed from (48)~ m(0) = � det ~Rm = (�1)m 1�m mYj=1 �j;j: (73)

We obtain the following expression for the residual polynomial~'GMRESm (�) = ~ m(�)~ m(0) : (74)

This completes the proof.
The GMRES residual polynomial is uniquely defined by the normalisation~'GMRESm (0) = 1

and by the fact that itsm zeroes are the Harmonic Ritz values~#(m)i~'GMRESm (�) = mYi=1  1� �~#(m)i ! : (75)
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8 Breakdown of FOM and Stagnation of GMRES

We describe breakdown of FOM and stagnation of GMRES in terms of the Ritz and Harmonic
Ritz values. To illustrate the crucial points we use the following example.Consider the linear
systemAnxn = bn whereAn = 0BBB@ 0 1

... ...0 11 0 1CCCA 2 Rn�n ; xn = 0BBB@ 10
...0 1CCCA 2 Rn and bn = 0BBB@ 0

...01 1CCCA 2 Rn : (76)

The Arnoldi process generates an orthonormal basis for the Krylov subspace startingfrom v1 =� 0 : : : 0 1 �H . After the first step we havev2 = � 0 : : : 0 1 0 �H and (4) is reduced toAv1 = � v1 v2 � �H1 (77)

where �H1 is given by �H1 = � 01 � : (78)

In this case FOM clearly breaks down sinceH1 = � 0 � is singular. From (19) we see that FOM
sets the Ritz value#(1) = 0 equal to zero. The FOM residual polynomial~'FOM1 (�) = 1� �#(1) (79)

evaluated for nonzero� clearly shows that the norm of the residualkrFOMk2 may grow without
bound when FOM encounters a breakdown.

In this case GMRES clearly stagnates. From (60) we see that the Harmonic Ritz value~#(1) =1 is set equal to infinity. Hence the GMRES residual polynomial~'GMRES1 (�) = 1� �~#(1) (80)

evaluated for finite� clearly shows the stagnation.
The fundamental relation (36) computed by Simpler GMRES is reduced toAv1 = v2R1 (81)

where the matrixR1 = � 1 � is nonsingular sinceKm(A; r0) has maximal dimension. The
stagnation in Simpler GMRES can be seen from the fact that the corresponding projection�1 = 0
is zero.

We conclude that if a vector is added toAKm(A; r0) that is orthogonal to the residual, both
FOM and GMRES do not make any progress since no better approximations are available. This
is referred to as breakdown of FOM which means that a Ritz value equals zero and stagnation of
GMRES which means that an Harmonic Ritz value equals infinity. These observations explain
the peaks in the FOM residual curve when a Ritz value becomes very small. Thecorresponding
GMRES residual curve stagnates as the Harmonic Ritz values become very large.
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9 A Simple Test Case

We are concerned with the eigenvalue estimates when GMRES nearly stagnates. The matrixAn
is given in (76) and the right-hand side isbn(") = � " : : : " 1 + " �H 2 Rn .

The initial guessx0 = 0 is the zero vector. Our interest is in the convergence behaviour for
small" > 0. The eigenvalues ofAn satisfy�n = 1, meaning that in the complex plane they form
a regularn-polygon on the unit circle. The numerical results in this section were obtained with" = 10�6 andn = 20. The norm of the residualkrGMRESk2 decreased from1� 2:0� 10�12 to1� 3:8� 10�11 in 19 steps.

Form < n the matrices�Hm andVm can be approximated successfully by�H�m defined in (82)
andV �m defined in (83). It is straightforward to verify thathi;j = O ("2) for i = 2; 3; : : : ; m and
for j = i+ 1; i+ 2; : : : ; m so we set these elements to zero in this analysis and approximate�Hm
by �H�m: �H�m = 0BBBBB@ 2" 2" : : : 2"1 1

... 1
1CCCCCA 2 R(m+1)�m : (82)

In order to normalise the vectors inV �m we compute the normkv�i k2 = 1 + " + O ("2) fori = 1; 2; : : : ; m. This normkv�i k2 � 1 is approximated by one. The orthogonality of the vectorsv�i andv�j is verified by computing the inner product(v�i )Hv�j = O ("2) for i 6= j. In this analysisVm is approximated byV �m:

V �m = 0BBBBBBBBB@
" " : : : "
...

...
..." " : : : "" " 1 + "" " : : : �"" 1 + " ...1 + " �" : : : �"

1CCCCCCCCCA 2 Rm�n : (83)

The Ritz values#(m) are the eigenvalues ofHm. The characteristic polynomial ofH�m can
easily be obtained m(�) = ��m + 2"�m�1 + 2"�m�2 + � � �+ 2"�+ 2" = 0: (84)

Using a well known summation formula (84) can be rewritten as��m + 2"�1� �m1� � � = 0: (85)

The Ritz values#(m) for this test case tend to zero as" tends to zero. Hence we can approximate1� �m � 1 and we have that1� � = O(1)�m � 2"1� � = O(2"): (86)
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Figure 1: The Ritz (�) and Harmonic Ritz (+)
values computed fromK10(A20; b20(10�6)) for
the stagnation test case.
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Figure 2: The Ritz (�) and Harmonic Ritz (+)
values computed fromK19(A20; b20(10�6)) for
the stagnation test case.

With these approximations we see that the Ritz values#(m) arej#(m)j = O � mp2"� : (87)

Equation (86) shows that the Ritz values approximately form a regularm-polygon in the complex
plane.

The Harmonic Ritz values~#(m) are the eigenvalues of the generalised problem (60). Since�Hm is approximated by�H�m, we can approximate�HHm �Hm by the identityIm:�HHm �Hm � ( �H�m)H �H�m = Im + 4"2ccH � Im (88)

wherec = � 1 1 : : : 1 �H 2 Rm . With this approximation we can rewrite the generalised
eigenvalue problem (60) from which the Harmonic Ritz values~#(m) are computed asyHmHm = yHm 1�H : (89)

Equation (89) allows us to conclude that the Harmonic Ritz~#(m) values are the reciprocals of the
complex conjugates of the ordinary Ritz values#(m):~#(m) = 1(#(m))H : (90)

From (87) and (90) we see that the Harmonic Ritz values~#(m) arej~#(m)j = O� 1mp2"� : (91)
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Table 1: Estimated and computed norm of the Ritz and Harmonic Ritz values computed fromKm(A20; b20(10�6)) for the stagnation test case.

Ritz Values Harmonic Ritz Valuesm min est. max min est. max
10 0.263 0.269 0.278 3.595 3.714 3.802
19 0.491 0.501 0.521 1.919 1.995 2.037

Hence the Harmonic Ritz values~#(m) go off to infinity as" tends to zero. Table 1 shows the
quality of the estimations (87) and (91), which increases with decreasing" and decreasingm.

From (82) we estimate�min(Hm) � 2" andhm+1;m � 1. With this result we see thatkh2m+1;mfmeHmk2 � 1=(2"), showing that the bound in (63) can be reached. We havekHmk2 � 1
andkHm+h2m+1;mfmeHmk2 � 1=(2"). Hence we cannot expect the Ritz values and the Harmonic
Ritz values to be equal. Since GMRES stagnates, the norm of the FOM residual will be large.
Equations (82) and (83) allow us to estimate the norm of the FOM residualkrFOMk2 � 1=(2").

These results show that the differences between the Ritz values and the Harmonic Ritz values
are significantly large when GMRES (nearly) stagnates. To illustrate this we show in Fig. 1 the
Ritz values and the Harmonic Ritz values computed fromK10(A20; b20(10�6)). The Harmonic
Ritz values are plotted using a plus sign (+), while the Ritz values are shown with a times sign
(�). An asterisk (�) is used to plot the eigenvalues. Figure 2 shows the Ritz values and the
Harmonic Ritz values computed fromK19(A20; b20(10�6)).
10 A Convection-Diffusion Problem

This test case was taken from [5]. Our aim is to compute the steady-state solution of a linearised
convection-diffusion problem. The problem is formulated as follows: given a divergence-free
(r~w = 0) convective velocity field~w, find a scalar variableu satisfying��r2u+ ~wru = f in 
 (92)

with a Dirichlet boundary conditionu(x) = g(x) on @
. A 2D convection dominated
convection-diffusion problem is solved on a uniform square grid with mesh widthh = 1=64.
The constant velocity field~w = � �1=p2 1=p2 � has unit lengthk~wk2 = 1 and has a45�
inclination with the grid lines. The diffusion parameter was set to� = 10�6, resulting in a “mesh
Peclet number” ofPe = kwk2h=(2�) = 7812:5 > 1, which clearly shows that the convection is
dominant.

After SUPG finite element discretisation a linear systemAu = f is obtained in which the
unknownu is the discretised version of the unknown in (92) and the vectorf corresponds to
the right-hand side. The nonsymmetric matrixA = �L + N is the sum of the discretisation of
the diffusive term and the skew-symmetric discrete version of the convection operatorN . The
matrixL = �r2h + S is the sum of the discretised Laplacian and a matrixS corresponding to
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Figure 3: The norm of the residualkrGMRESk2
as a function ofm for the convection-diffusion
problem.
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Figure 4: The Ritz (�) and Harmonic Ritz
(+) values computed fromK130(A; f) for the
convection-diffusion problem.

stabilisation terms, since streamline upwinding is used. We use unpreconditionedGMRES to
solve the linear systemAu = f .

Figure 3 shows the residual normkrGMRESk2 as a function of the dimensionm of Km(A; f).
In Fig. 4 – 6 the Ritz value#(m)i = 1 and the Harmonic Ritz value~#(m)j = 1 are not shown due
to scaling. The Harmonic Ritz values are plotted using a plus sign (+), while the Ritz values are
shown with a times sign (�). The Krylov subspaceK130(A; f) of dimensionm = 130 yields
an accurate solution. Hence the differences between the Ritz values and Harmonic Ritz values
are small. Figure 4 shows the Ritz values and Harmonic Ritz values computedfromK130(A; f).
To illustrate that the Ritz values and the Harmonic Ritz values differ significantly when GMRES
(nearly) stagnates, we show in Fig. 5 the Ritz values and the Harmonic Ritz values computed
from K41(A; f). Figure 6 shows the Ritz values and the Harmonic Ritz values computed fromK80(A; f).
11 Concluding Remarks

Nachtigal et al. [7] have presented a number of arguments why the GMRES residual polynomial
should be used instead of Arnoldi eigenvalue estimates. They compute the coefficients of the
polynomial explicitly by transforming back to the Krylov (power) basis and incorporate a root-
finding step in their hybrid algorithm. However finding the roots of a polynomial is an ill-
conditioned problem.

In this paper we indicate that the zeroes of the GMRES residual polynomial can be com-
puted by solving the eigenvalue problem (60) or (62). This is not only a cheap but also a stable
procedure.
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(+) values computed fromK41(A; f) for the
convection-diffusion problem.
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Figure 6: The Ritz (�) and Harmonic Ritz
(+) values computed fromK80(A; f) for the
convection-diffusion problem.

Toh and Trefethen [13] advocate the use of�Hm because it bypasses the usual consideration of
Ritz values or “Arnoldi eigenvalue estimates”. For highly nonnormal matriceswe cannot expect
the Arnoldi iteration to be effective at determining eigenvalues. On the oher hand, Greenbaum
et al. [6] have shown that eigenvalues cannot be used to predict the convergence ofGMRES for
highly nonnormal matrices. Toh and Trefethen argue that in order to analyse the convergence of
unsymmetric Krylov solvers plots of the Ritz values should be made, but they point out that this
is not sufficient.

Therefore we suggest that in order to analyse the convergence of unsymmetric Krylov solvers
both the Ritz spectrum and the Harmonic Ritz spectrum should be plotted. The cost of computing
the Harmonic Ritz values only depends onm, which in practice is small, while the computation
of pseudospectra and lemniscates is usually far too expensive.
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