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Orthonormal sets of rational functions on the unit circle

M.M. Djrbashian [Dzrbasian]

[zvestiva Akademii Nauk Armyanskoi SSR, ser. Matematika
1 (1966) 3-24, 2 (1966) 106-125

Abstract

This paper reveals the algebraic properties of sets of rational functions which are
orthogonal on the unit circle with respect to the weight (27) 'da(z), and whose poles
are among a given sequence of points situated outside the unit circle.

In case when all the poles of the set under consideration coincide with the point at
infinity, the theorems proved here concur with the well known assertions of the theory
of orthogonal (with respect to the weight function) polynomials developed by Szegd

[2], [3]-

1 Structure of orthogonal systems.
Functional properties of kernels of the distribution

(2m) "t da(z)

1.1. Let {4} (Jax| < 1) be an arbitrary sequence of complex numbers which may appear

as numbers of finite or even infinite multiplicity (and also not necessarily in succession).
Two sequences {v;}5° and {px} of positive integers are associated with the sequence

{ar}s, where (for k > 0) v denotes the multiplicity of appearance of the number o4 in the

group of numbers {ag, a1,... , o} and pg is defined from the condition
- 1, if (642 7£ 0 .
pk_{Vk; o =0 (k=0,1,2,...). (1.1)

Finally, with the sequence {a;}° of complex numbers we associate the sequence

ZPr—1 o0
—_— 1.2
{ (1 - a_kz)uk }o ( )
of rational functions.

Note that (for given k£ > 0) the function 2P*~'(1 — @gz)™* has only one pole of order v
in the point z = a% (|a£k| > 1), if ap # 0. If o, = 0, this pole is situated in the point z = co
and has the order pr — 1.

Observe also that in the last case, where o = 0 (kK = 0,1,2,...), it is obvious that
vi = = k+1(k=0,1,2,...) so that with the null sequence {0}5° we associate the

sequence of powers {z*}.



With the sequence of numbers { a4}, we associate a system of rational functions {¢x(2)}

defined as ( | |2)1/2
1-— [845)

Pl =

(1 — |on)2 % g — 2 |

l—anz 01—z o

n(z) = (n=1,2,3,...) (1.3)

where |z—’°| = £’°| —1 for a = 0. Such a system is called Malmgquist system.
Tt is well known that this system is orthonormal on the unit circle in the sense that

I g — 0, n#m iz
ﬂ/w ¢n(z)¢m(z)dm:5n,m:{ 1: nim (n,m=0,1,2,...;2 =¢€7). (1.4)

From this, it follows by elementary arguments that the system of functions {¢.(2)}$ is
obtained by orthogonalization of the ordered sequence of rational functions (1.2) on the unit
circle z = €', —1 < z < 7 with respect to the weight function ;—Wdaz. Hence it follows easily,
that the representation

ZPr—1

(1 — Q. Za(”) ) a1(1n) 7£ 0 )

bn(2) = zn: b(n)L b £ 0 (1.5)
" o -z’ " '

holds true for arbitrary n > 0.

1.2. Let a(z) be an arbitrary bounded nondecreasing function in the interval [—m, 7]
with an infinite set of points of increase.

We will orthogonalize the ordered sequence of rational functions (1.2) on the unit circle
z =€ (—7 < z < ) with respect to the weight function (27)~'da(z).

But it obviously follows from formula (1.5), that the orthogonalization process with
respect to the weight function (27)~'da(z) on the unit circle applied to the ordered sequences

of functions
ZPE—1 o0
(] (e

(1 —agz) |,

leads to one and the same orthogonal system.

Thus we get a sequence of rational functions {®,(2)}5° satisfying conditions which de-
terme the functions of our systems in a unique way:
a) ®,(z) is a “polynomial of degree n” of the first n + 1 Malmquist functions

z) = z”: endr(z), can>0, (1.6)
k=0

% [ #u(Bnle)dale) = b, z=€" (mm=0,1,2,...). (1.7)

We denote

(¢ o) = 5 / 6o(2)da(2)da(z), z=¢® (p,g=0,1,2,...). (1.8)



and introduce the Gramian as

(¢o, o) ... (¢o,¢n)

(¢1,90) ... (¢1,¢n)

Do = (¢o,¢0), Dn= (n=1,2,...). (1.9)

($mrb0) - ($mr 6n)

In view of the fact that every finite part {¢x(2)}5° of the countable systems of func-
tions {Px(2)}S is linearly independent, it can be asserted, that all determinants D,, (n =
0,1,2,...) are positive.

Hence, using the orthogonalization formulas of E. Schmidt, the desired functions of the
systems {®x(2)}5° can be represented in the from

_ o(2)
vDo ’

(o, d0) .- (0, ¢n-1) (o, n)
(d1,60) oo (P1,0n-1)  (é1,6n)

Po(2)

1

> = U,

: : : (1.10)
(fn-1,00) - (Pn-1,9n-1) (¢n-1,%n)

go(2) .. Pn-a1(2) Pn(2)

For our purpose we introduce a special notation for the extreme coeflicients of the function
®,(z) in its decomposition (1.6) in terms of the Malmquist functions. Namely, we put

kn=cnn and I,=con . (1.11)
Obviously we have by formula (1.10)
kn = (Dn_1Dp)Y? (1.12)

(¢o, 1) - (do,¢n)

(¢1,:¢1) (¢1,:¢n) 7 (113)

($ntr d0) - (bnot bn)

where we set D_; = 1.

Finally we mention that in the particular case where o, = 0 (k = 0,1,2,...), then the
Malmgquist system becomes the system of powers {2*}$°. When orthogonalizing with respect
to the weight (27) 'da(z), the system {®x(2)}5° becomes the orthogonal system of Szegd
polynomials { Px(2)} with respect to the same weight

! [ P Pa(ida(s) = b, 2= (nm=0,1,2,...). (1.14)

or Jox

1.3 Now we give some lemmas about optimizing properties of orthogonal systems {®x(2)}5°
and the associated systems

Sn(2) =) ®u(6)®k(2) (n=0,1,2,...). (1.15)



which are called kernels of the distribution (27) *da(z).

Note that these properties are obviously analogous to the corresponding well-known op-
timality properties of the Szego polynomials.

First let us agree on the following notation. For an integer n > 0, we denote by M {ax}8
all possible linear combinations of the system of Malmquist functions {¢x(2)}$°. Thus it is
the set of rational functions of the form

n

Ru(2) =) cudu(2) (1.16)

k=0

where {cx}§ are arbitrary complex numbers. Such functions are called generalized Malmquist
polynomials of degree n.

Furthermore, observe that a general aspect of the theory of orthogonal systems implies,
that not only for an arbitrary n > 0

,(z) = z”: kndr(2), Cun>0, (1.17")
k=0

but conversely, also
$n(2) =D den®i(2), dnn#0. (1.17")
k=0

Thus an arbitrary function R,(z) € M{ar}y can be represented in the form
Ru(z) =) di®i(z) . (1.18)
k=0

Lemmal. In the class M{ox}§ of functions of the form

Qn(2) = ¢n(2) + c1pn_1(2) + - - + ando(2) , (1.19)

the minimum of the functional

p(Qn) = 5 [ 1Qu(e)Pda(e) , 2=, (1.20)

s obtained for the function

QV(2) = k' @n(2) (1.21)
where
. _ (0) _ _ -2 Dn
min p(Qn) = m(Qn) = pin = k" = 5. (1.22)

Indeed, from (1.17") we can conclude that the function @,(z) can be represented in the
from

Qu(z) = 2 vpy(2) (119)

where the coefficients {v,}5 " are arbitrary, but v, = k.
In view of the orthonormality of the system {®x(2)}$° in the sense of (1.7), it follows
from the representation (1.19'):

n—1

w(Qn) =D |vp® + k.2 > k%,

p=0



where the inequality becomes an equality only in the case vo = vy = -+ = v,_; = 0. This

obviously completes the proof.

Lemma?2 Let(# 1l/ag (k=0,1,...,n) be an arbitrary constant number. In the

family of functions {P(z)} € M{ar}y satisfying the additional condition

1 g~ .
o [ IP()Pdaz), 2=,

27 —Tr

the mazimum of the functional
L(Pn) = |Pa(0)I?

is realized by the function

where, according to (1.15),

and

L(P{7) = max L(Pn) = Sa((; C) -
Indeed, with the representation of the function P,(z) € M{ax}} in the form

Po(2) = > pe®i(2)
k=0
and by condition (1.23), we get
dolml?=1.
k=0
But then according to Cauchy’s inequality, we have

PP <3 Ikl - 32 160 = Sul(5C)
k=0 k=0

where equality is possible only when

ie.,if

where ¢ is a constant.
The value of this constant is determined from condition (1.13)

W(PO) = (3 |2:(C)? =1,
k=0

from which follows , that

(1.23)

(1.24)

(1.25)

(1.26)



This completes the proof of the lemma.

Lemma3. Let{ #1/ag (k=0,1,...,n) and Ay be arbitrary but fized constants.

In the family of functions R(z) € M{c}t satisfying the additional condition

R’n(c) = AO 9
the minimum of the functional

1

T o

W) = 5= [ |Bn(2)dale) 2= e,

s obtained for the function

Sn((; 2)
Sn(¢0)

Ao 2
WD) = min p(Rn) = SL(C!C) :

RO)(z) = Ao

where

(1.26")

(1.27)

(1.28)

(1.29)

With the representation of the the function R,(z) € M{c4}? in the form (1.19'), we have

WRn) =D uwl*
k=0
Then condition (1.26) means that

zn:?)kq)k(f) = A .
k=0

Hence by the Cauchy inequality we get

n

Ao < 32 nl?- 2 18000 = (Ra)Su(G0)

€. AP
M) 2 5060

where equality is only possible when

ve=c®r(¢) (k=0,1,2,...,n).

Therefore the optimizing function has the form

n

R.(2) = RO)(2) = Y ®u(()Pr(2) = cSn((;2)

k=0

The value of the constant ¢ is defined by condition (1.26):

RP)(¢) = eSal(5¢) = Ao,

1.e.




and the lemma is proved.
The kernel S,,((; z) of the distribution (27) 'da(z) which is involved in solutions of the
two last optimization problems, could be characterized by the following important properties.
Lemmad4. Assume p((;2z) € M{ar}y for any value of the parameter

1
(#— (£=0,1,2,...,n).
Qg

Then the identity

[ oG egEa() = 5(Q), == e (1.30)

holds for any function g(z) € M{c}s, if and only if

p((2) = 5a(C52) - (1.31)
Noting that any function g(z) € M{ax}} can be represented in the form

z) = kzi: ar®r(2) ,

and using condition (1.31), we arrive at the identity (1.30) since

1

27/ p((; 2)g(2)da(z) = %/_7; {é@k(@@k(z)} {éak@k(z)}da(m) =

= Zakq)k q(¢) .

Thus condition (1.31) is sufficient for the realization of the identity (1.30).
Note that the function p((; z) can obviously be represented in the form

z) =Y Cr(C)®k(2)
k=0
Furthermore, if the condition (1.30) is fulfilled, then it holds in particular for the choice
9(z) = ¥p(2) € M{en}y (p=0,1,...,n).
Therefore it follows from (1.30) that

217r/ (6 2)2p(2)de(a) = zn:Ck(C)%/_:q)k(z)@p(z)da(m):

1.e.




2 Functional equation for kernels of the distribution

(2m) "t da(z)

2.1. At first let us prove some main identities* which holds for Malmquist systems {¢x(2)}5°
associated with a given sequence {4} of complex numbers.
Setting in the rest of the paper

n

Bn—l—l = H

k=0

o — 2 |ol 4

(2.1)

1 —agz o

we have established
L emm ab. For arbitrary values of the variables z and (, we have the identity

IR Bpi1(()Bria(2) _
G _I§)¢k(g)¢k(z)+ s (n=0,1,2,...) . (2.2)

Proof. Obvious it is sufficient to prove the correctness of the identity (2.2) for |z| < 1
and |(] < 1.
Note that for |{]| < 1, we have

%/ﬂ Mmﬂ:{i ¢”(t)dt}:¢l,—(t) (v=0,1,...,n) .

=11 — (t 2w Jigj=1t — (

Therefore, setting

(¢ 2) = — — > (O dr(2) , (2.3)

we get the equality

L e0Rma =0 (=01, ). (2.4

o

But by (1.3), we have for |t| =1

Y0 _ (1- |C¥u|2)1/2 11 —apt |ok | (v=0,1,...) (2.5)

t t— a, po ok —1 o

v—1
where, for the value v = 0, the product [] should be replaced by one.
k-0

*Such identities and their generalizations were often used in interpolation problems of function theory
(see, e.g., Dsh. Uolsh [5], P. Lagrange [6], E. Lammel [7]).

In our investigation, this identity is mainly used to deal with convergence of Fourier series in Malmquist
systems [8].

TJust as in formula (1.3), it should be assumed that if oy = 0 then

lok| _ o

= —=-1.
(853 |ak|



Since |dt| = % for |t| = 1, and using (2.5), the condition (2.4) can be written in the from

1 uﬁl(l B a—kt)
—_/ Bo(t; () dt=0 (v=0,1,...,n) . (2.4)
2711 Jjt|=1 "H (o — 1)
k—0

Note further, that the rational function under the integral in (2.4') is defined for an arbitrary
v > 0. We conclude easily that the condition (2.4) is equivalent to the following:

q)(r (au’ C) 7! At|:1 ( q)ﬂ(ti C) dt =0 ( Z: (())7 ]i7 . " " yPv — 1 ) 7 (26)

g t— oy )t

where as above p, > 1, denotes the multiplicity of the appearance of the number «, in the
group of numbers {ag, a1,... , o}
But from equality (2.6) and taking definition (2.1) of the function Bpy1(z) into account,
we conclude that the quotient
802 )/ Basa (2)

is holomorphic in the closed disc |z| < 1. Therefore the integral formula

B2 0) = B%;r(z)/m 1 (tﬂ ;1( Dt (2] < 1) (2.7)

is valid.
Noting that for |t| =1

B 11(t) = B (t),
we further have from (2.3),

%~/|t|=1 (th ;1( )|dt| _ {%/M:l X _B;:)l(it)_ C)dt} _

_ kzj: ¢k {ZL ﬂ+1(t)¢k(t)dt} ‘ (28)
B,

Since the function

)<

is holomorphic in the closed disc |t| < 1, we have

273 1 —Zzt)(t —

On the other hand, by (2.1) and (2.5) we have for |t| =1

n

) n oy H (Oék - t)
Ba0® — ey [ 2 22— 01, .
k=v k kl;[ (]_ — Oékt)

where the left-hand side is holomorphic in the closed disc |¢| < 1.

9



Hence it follows that

%/'ﬂ:l %dtzo (k=0,1,... ,n) (2.10)

for |z| < 1.
Finally, from (2.8), (2.9) and (2.10) follows that

1 ®,.(¢;¢) B (2 B,
—/ (£ ) B )|dt| _ BunlQ) (2.11)
27 Jigj=1 1— 2t 1—¢(=z
From (2.7) and (2.11) we have
B, B,
u(2; () = “50 i (2)
_ Cz
From this and formula (2.3), the identity (2.2) follows. The Lemma is proved.
Let now .
Sa(G2) = Y () er(2) (2.12)
k=0

denote the kernel of the distribution (27) 'dz.

Then it follows from Lemma 5 that in particular

Corollary. For arbitrary values of variables z and (, the kernel S,((; z) satisfies
the functional equation

Sn((;2) =

Ban(Q)Bma(2) o (1. 1) _ (2.13)

G o

2.2. Now we prove that the functional equation (2.13) also holds for kernels of an arbitrary
distribution (27) *da(z).

Theorem 1. For arbitraryn > 0, z and (, the kernel S,((;2) of the distribution
(2r)'da(z) satisfies the functional equation

Bpn11(¢)Bnyi1(2) 11
Sn((;2) = = Snl= =] - 2.14
(G L 7 (2.14)
Proof. According to Lemma 4, we have in particular the identity
1 L
ﬂ/_ Su(C; )b (2)da(z) = 6,00) (v =0,1,...,n) (2.15)

which is valid for arbitrary ¢ # 1/ax (k=0,1,...,n).
Now observe that we have S,((; z) € M{ax}y for arbitrary ( # 1/ag (k=0,1,...,n) so

that we have the representation

Su((;2) = 2 A Ou(z) - (2.16)

10



From this and from formula (2.15), it follows that the coefficients {Ax({)}7 satisfy the
conditions

1 4= n L

o /_ {Z Ak(ofﬁk(z)} bu(2z)da(z) =

_ZAk o, ¢) = () (v=0,1,...,n). (2.17)

If we write now the formulas (2.16) and (2.17) in the form

5 A1) — 4u(0) = 0

L v=20,1,... ,n), 2.18
£ AOH) -5 G =0 ) (2:18)

we can assert that the system of linear orthogonal equations (2.18) has the non-trivial solu-
tion

{Ag, Ay,... ,An,—1} .

Consequently, the determinant of this system must be identically zero, i.e.,

(o0, 0) (#1,00) -+ (#n,d0)  ¢o(()
(b0, 91) (d1,¢1) -+ (én,d1)  ¢1(C)

Il
o

(QSO;‘QSH) (¢1;¢n) (¢n7¢n) ¢n—(o
$o(2)  di(2) ... dalz)  Sa((2)

Furthermore, keeping in mind the definition (1.9) of the determinant D,, we get the
following representation for the function S,(¢; 2):

(do,¢0) .- (én,b0) ¢o(C)

. (do,81) .. (dn, 1) ¢1(0)
S(G2)=—5-| : e (2.19)

" (QSO; ¢n) T ((ﬁn; ¢n) ¢H(C)

do(z) ... dn(2) 0
Now we introduce the following system of rational functions for a fixed value n > 0:
()(5) = —B"%l(z)an_k (é) (k=0,1,...,n). (2.20)
Then we have ] (1 — Jaun )12
(n), v lan| (1 —|an
¢ (2) = 0, l-—a.z
™, - |ap|} (1 —lani)? & ap—2z |yl

(k=1,2,...,n). (2.21)

From definition (2.20) it follows that
(80,8 = o [ 4268 (=)da(z) =

11



— o [ bdNBa (7M@) = (brgrbns) (g =01, m),  (222)

since |Bpi1(2)| =1 for |z] = 1.

In particular, for a(z) = =, it follows from formula (2.22), that the system of rational
functions {qﬁgc")(z)}g is orthonormal on the unit circle with respect to the weight (27)~'dz.
Therefore it presents a finite Malmquist system associated with the sequence of numbers
{om,0n_1,... ,q0}.

Now we orthogonalize this new finite system of functions {qﬁgc")(z)}g on the unit circle
with respect to the weight (27) *da(z). Now we get a finite system of rational functions
{@gc")(z)}g, which satisfies the conditions:

a) @Sc")(z) is a “polynomial of degree k” in the first k& + 1 functions {gbgc")(z)}g, ie.,

k
M(2) = S dMg(z), >0

p=0

1 " n T
o [ o2 (da(a) = 80, z=¢* (pa=0,1,2,...,m).

27 —Tr

Denoting further

n —

SM(¢z) =38 (0)eM(2) (2.23)

k=0

we have in analogy with formula (2.19)

(57, 457) - (80, 457) &(0)
. L @) e 40
n)(r. _ . . . /
Sn (5 2) = D7(1n) : : : (2.19")
(57,65 - (8, 459) #2(0)
D) () 0
where () 4(m) ()
(e o (gs?"),qs,(:))
D(n) _ ( 1n ’ On ) Tt (¢1n 7¢7('Ln)) (19/)
(60, 467) o (48, 40)
is the Gramian for the collection of functions {gbgc")(z)}g.
Let us prove that the identity
SeH(¢52) = Sal(5 2) (2.24)
holds. To this end, we now assume for the sake of simplicity of our arguments, that the
group of numbers {ao, ... ,a,} satisfies the condition
a, #0, a,#a; (t#7; 1,7=0,1,...,n), (2.25)

i.e., that all these numbers are different from each other and different from zero.

12



Then the corresponding finite Malmquist system {¢x(z)}7 is the result of orthogonaliza-
tion of the system of rational functions

(=,
]_—a_kz 0

on the circle z = € with respect to the weight (27)~!dz.
That means that in the considered case, the set M{c4}5 coincides with the set of linear

combinations of “polynomials of degree n” of the form

Ra(z) =3 —% (2.26)

k=0 1— Qg2

Furthermore it is obvious that the finite Malmquist system {gbgc")(z)}g, which is orthogonal
on the circle z = €' with respect to the weight (27)~'dz, as we have constructed it above,
is obtained by orthonormalizing the ordered system of rational functions

1 n
l—amkz ),

Hence the set M{a,_x}y of all generalized “polynomials of degree n” of the form

n

3 agi™(2)

k=0

also coincides with the set of rational functions (2.26), i.e., M{on_k}s = M{ar}y.

Now we turn to the optimization problem, whose solution was mentioned in Lemma 3,
assuming that parameter Ag = 1.

Since M{ar}y = M{on_k}5, optimization over these families of functions gives optimiz-
ing functions and corresponding minima which must be identical.

That means, that

Su(C2) _ 5065 2)

©)(2) = =
B2 =560 SN
but also . .
w(RY) = =

Sa(6:C) T SMNGO

for all zand ( # 1/ag (k=0,1,...,n).

Hence the desired identity (2.24) follows, but for the moment only for the restriction
(2.25) on the collection of complex numbers {ax}5.

In order to get rid of this restriction on the collection of numbers {ax}y, we consider an
other collection {ax}f (0 < |ag| < 1) which does satisfy the condition (2.25).

Let {fx(2)}7 and {556")(2)}3 be Malmquist systems associated with the ordered groups
of numbers {a}y and {&,_x}y, respectively.

Furthermore, let {®(2)}? and {éé")(z)}g be systems of functions which are obtained
from the systems {¢x(2)}? and {556")(2)}3 respectively by orthogonalization on the unit
circle z = €** with respect to the weight (27) 'da(z).

13



Finally, let

n

S5u(Ci2) = 3 Bu(O)®u(z) and S((;2) Zq)(") 130(2)

k=0

be the kernels of the systems {®(z)}? and {éé")(z)}g respectively. Because condition (2.25)
is assumed to hold for the group of numbers {&}%, it holds as before that the identity

50(¢52) = Sa(¢52) (2.24')

is true for ¢ and 2 # 1/ (k=0,1,2,... ,n).
But it is obvious that if

limar =0 (k=0,1,...,n), (2.27)
then the limit relations
limge(2) = gu(2) ,  lim{7(2) = ¢7(2) (k=0,1,...,n)

hold. They even hold uniformly for all z in the plane outside sufficiently small neighborhoods
of the distinct points in {1/a%}%. In particular it holds on the unit circle z = e'®.
Therefore we also have

Bm(dp, ¢q) = (¢ps ¢g) and  Lm(¢(™, M) = (¢, ¢l™)  (p,q =0,1,...,n).

Thus for the corresponding orthogonal systems and kernels with respect to the weight
(2r)'da(z) it holds that under condition (2.27), the limit relation

limék(z) =®k(2z) (k=0,1,...,n),

and also
lim 8§ (2) = &} (2) ,
lim §H(C; z)=5,(¢;2) (2.28)
lim S7V(¢; 2) = S{Y(¢5 2)
hold true.

It is sufficient now to take the limit in identity (2.24') under the condition (2.27). By
formula (2.28), the correctness of identity (2.24) is already verified without any additional
restrictions on the collection {4 }o.

Now we see that the Gramian D{™ for system of functions {qﬁgc")(z)}g is also positive.
Therefore, using formulas (2.22)

(¢(n) ¢(n)) (¢n q ¢n p) (¢n—p7 ¢n—q) (p7 g=0,1,2,... 7n) )
we get from (1.9')

(¢n7¢n) s (¢n7¢0) (¢n7¢n) R (¢07¢n)

D(n) _ m — (¢”—17 ¢”) ce (¢TL—17 ¢0) _ (¢TL7 ¢n—1) s (¢07 ¢n—1)

Gt - (B0 d0) (bmdo) - (d0,0)
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It is obvious that reflection in the anti diagonal for the last determinant will not change
its value. By virtue of (1.9), we get the equality

D™ =D, .

(2.29)

Finally, from (2.19'), (2.24) and (2.29), and by using formulas (2.22), we arrive at the
following representation for the kernel

But according to definition (2.21) of the system of functions {gbgc")(z)}g, we have

(¢n, ¢n)
(¢n-1,¢n) -

(b0, $n)
$5(2)

() = _ Brna(2)
) By
0 - -2, (1)
From this and from (2.30) it follows that
((ﬁn; ¢")
(Pn-1,bn) ..
8u(C; 2) = _ Bni1({)Bnia(2) 5
CZDTL
(60, )
$n(3)

Observe now that the identity

is valid for arbitrary z. From (2.30") we get further

((ﬁﬂ; ¢n) ce
Bn+1(QBn+1(2)S (E l) _ 1 (qs”—?:‘ﬁn)
(z z C D, (¢_07 i)
$n(C)
On the other hand, we have from (2.19)
(fns o) -
nintl (¢n;¢1)
- (—1)*5™ ‘
S”(C; Z) - - Dn :
((ﬁﬂ; ¢n) ce
¢n(2)

15

(6, o) 5(0)
(n-1,60) #(¢)

(do, bo)  ¢5(C)
$(2) 0

(k=0,1,...,n).
(¢n7¢0) (}Sn(%
(fn-1,¢0) én-1(

(4o d0)  do(2)
() 0

Iy ——
Bn_|_1 (%) Bn_|_1(2) =1

(¢n7 ¢0) ¢n(z)
(¢n—1, ¢0) ¢n—1(2)

(do,80)  dol2)
ao0) 0

(b0, ¢o)
(do, ¢1)

(do, én)
bo(2) 0

(2.30)

(2.30")

(2.31)



(¢n7¢n) ce (¢0;¢n) ¢n—(o
((ﬁn; ¢n—1) s (QSO; ¢n—1) ¢n—1(c)

(burde) - (ordo)  Fo0)
bn(2) bo(2) 0

Finally, reflecting the last determinant in its main diagonal and keeping formula (2.31)

in mind, we get the identity (2.14). Thus the theorem is proved.

Note that in the particular case when o9 = 3 = ... = @, = --- = 0, the system of
functions (1.2) or the system of corresponding Malmquist functions {¢x(2)}5° reduce itself
to the systems of powers {zF}%.

Therefore it is obvious, that, in the case

ar=0 (k=0,1,2,...),

the system of functions {®x(2)}5° goes over into the system of Szegé polynomials { Px(2)}5°
which are orthogonal on the unit circle z = e*® with respect to the weight (27)~'da(z).
Finally, since for o4, =0 (k= 0,1,2,...), we have

Bpa(2)=2""" (n=0,1,2,...),

so that Theorem 1 implies in particular a well-known formula of Szego which is proved very
easily.

Corollary. For systems of polynomials {Py(2)}5° which are orthogonal onto the
unit circle with respect to the weight (2m) 'da(z), the corresponding kernel

ou((;2) = Y P(O)Pel2)! (2.32)

satisfies the functional equation

onlti) = @rsa (353 (23)

2.3 In addition to the main identity (2.14) in the previous subsection, we deduce several
results which are important to derive further formulas concerning the kernel S,((; 2) of an
arbitrary distribution (27) 'da(z).

Lemm a 6. For arbitrary n > 0, the following formulas hold:

1°.
ool Bl (1)
n\Qn; e — én — y 2.34
Sn(om; 2) an (1— |an?)2 2 P (2.34)
k2
Sn(Qn;ap) = —— 2.34'
(cnien) = =2 (2.30)

where k, > 0 is the coefficient for ¢,(z) in the representation

®,.(2) = kndn(2) ; (2.35)

{Note from trans.: In the original paper formula (2.32) was identical to (2.33). We have replaced it by
the correct one.
In the original paper formula (2.32) was identical to (2.33). We have replaced it by the correct one.
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2°.

|| k) Brni1(2) ) (1)
n , _ — n @’n - y 2
Sn(ao; 2) & (1— |a0|2)1/2 2 2 (2.36)
(k{M)?
Sn(c0; a0) = 1= [aol? (2.36")

where kl(,”) is the coefficient for ¢§,”)(z) in the representation
B (2) = KM (2) + - + I (2)  (p=0,1,...,n); (2.37)

3°. Between coefficients {I{M}s and ky, and also between {I,}5 and k{™, the relations

ST =2, (2.38)
p=0
Z 1| = (k)2 (2.39)

hold.
Proof. 1°. From formula (2.20), it follows for arbitrary p > 0, that

%(é) :—Bp#qs(”_) (2) (k=0,1,...,p),

+1(2) P k
where » m
ap — 2 |
B = — .
p+1(z) kHZO 1 — a_kz o

Hence, from (2.35), we have the representation

— {1 — /(1 — (1
o () = () 4 g -

¢ (») (p)
Bp+1(C){k” (O + -+ Lo (O}

whence we get for 0 <p <n

n

Bppi(O)=— (1) _ — (o (7)¢ )
A, (1) - T 220+ nor,

where the symbol ﬁ must be replaced by the identity for p = n.
k=p+1
From formula (2.40), we obviously get

. Bon (O (1) _ _ B
CEISnT(I)I)(E)_O (p=0,1,... ,n—1). (2.41)

Further, since from the explicit expression (2.21) of the system {qﬁgc")(z)}g follows, that

. o] 1 .
o (am) = ErOTER Plon) =0 (k=1,2,...,n), (2.42)
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we get from (2.40) for p = n

 BpaQg (1) lanlks
i P20 (1) = (249

Finally, according to identity (2.14) of Theorem 1, we have

sn(g;z)zﬁl(iz"“ pg;)cp ( )e, (2) _

R0

p=0

From this we get by using the relations (2.41) and (2.43), the formula (2.34) of the lemma
when taking the limit under { — . Furthermore, by the relation (2.43), we get (2.34")
from (2.34) after taking the limit for z — a,.

2°. Observe that the system of functions {®(2)}5 was associated with the ordered group
of numbers {ao, a1, ... ,a,}, while the system {@Sc")(z)}g was associated with the ordered
group {an, an_1,...,00}-

Therefore, with an appropriate replacement of parameters appearing in formulas (2.34)

and (2.34') for the kernel S(™)((; 2) of the system {@gc")(z)}g, it is obvious that we get the

formulas )
S ;) = 120l B BrelZg (1)

o (1—|aof?)? 2 z
k(n))2
5™ — ("7 )
' (co; o) 1 — |aol?

2.24) in order to get formulas (2.36) and (2.36")

Consequently, it is sufficient to use identity (
of the lemma and, hence also formula (2.42).
3°. Using formula (2.42), we get from (2.37)

o
an(1 — |aw|?)Y/?

n _ g(n) 4(n)
8 (ay) = 140 (an) =
Therefore, in view of identity (2.24) which is established in the proof of Theorem 1, we have
Sn(an; an) = S(”) (an; an) Z |(I>(") (an)|® = | |2 Z |l(n)|

From this and from (2.34), the formula (2.38) follows.
Thus the lemma is proved completely.
From this lemma, it follows in the particular case when o =0 (k= 0,1,2,...), that
Corollary. For a system of Szegé polynomials { Pr(2)}$ which is orthogonal on the
unit circle z = €' with respect to the weight (2m) 'da(z), the kernel o,((;2) satisfies the

conditions . . .
= S P(0)P(z) = 3 LePu(2) = knz"Pa (—) ,
k=0 k=0

z

= = D,
0) = 3. IR0 = 3 il = 2 = 22t 2.1
k=0 k=0 n

18



Indeed, in the considered case, we have
dr(2) = 25, Buna(z) = 2", Pe(0) =l .

Therefore, in particular, the assertion (2.44) follows from formulas (2.34) and (2.34').

3 Formula of Christoffel type. Recurrence relations

3.1. According to Lemma 5, we have that for the kernel
Sn(Gi2) = > de(()gu(z) (n>0) (3.1)
k=0

of a Malmquist system, the representation

1 — Bn1(()Bny1(2)
1—¢(z

Sa(C52) = (3.2)

holds.
We transform the right-hand side of the formula (3.2). To this end, we first observe that

(1= Joms )2 2 o — 2 |ow|

Pnir(2) = l—anz ool -z o
1 — |ayq|2)2/2 1 — loy,.q|?)2/2
_ ( |Oé -I-1| ) Bn_|_1(z) _ |ak+1|( |Oé -I-1| ) Bn_|_2(2) )
1 —ani1z Okl Opt1 — 2
Hence, it follows that in the first place
1l —a, Z l—a,q2z)—~
Brra(Q) B () = Lot — Bnii®) g sy L (2) (33)

1 — [ony|?

and secondly, since

we have

1 (1 = anp1{)(1 — @nyz) {Bn+2(C) S (%)} Bn+22(2) Bt (%) , (3.4)

1 — |any|? ¢

If we substitute the values (3.3) and (3.4) in the right-hand side of formula (3.2), we have

(1 =@ ()(1 — @ny12)
1 — [ony|?

(B30 (1) 2495 (2) ~ B2
1—¢(z '

Sn((;2) =

X
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3.2. Let us prove that formula (3.5) remains true for the kernel S,((; z) of an arbitrary
distribution (27) 'da(z).
Theorem2. For arbitraryn > 0, z and (, the formula

(1 — a1 ()(1 — oy z)
L

Sn((;2) =

{BHTZ(C)(I)r&l (%)} B2 (i) — @11 (()Pnya(2)
X — (3.6)
1—¢(=z
holds for the kernel S,.((; 2) of an arbitrary distribution (27) *da(z).
Proof. First note that by (2.40):

Bn+2(z)

z

1 n 7T (n
Bt () = ~lonnad§ 02 + -+ Tt} (3.7

z

where {QSSC"H)(Z) o+1 is the Malmquist system associated with the ordered group of numbers
{ont1,Qn, ... , 0}

In view of the definition of the system of functions {QSSC"H)(Z) ot1 (see formula (2.21)) it
follows immediately from (3.7), that the rational function

Bn+2(z)

1
=0
Z Z

has poles only for values z = 1/ag (k= 0,1,... ,n+ 1) which are outside of the unit disc.
Un(G2) = (1 = @nsa()(1 — Gnpa2)x
Bn+2(C)

Defining
x{ : Pt (%) Bra(2) !

— Pnn (;) - ‘I’n+1(C)‘I’n+1(z)} ; (38)
we assert, that the rational function U,((; 2) is continuous on the unit circle z = €'* (—m <
z < ), if the restrictions

IC|#1, (#1/ag (k=0,1,2,...,n). (3.9)

are imposed on the parameter (.
With the assumption (3.9), we define further

VG = 5 [ g ate) e, (3.10)

where

9(z) = kzi:ak%(z) (3.11)

is an arbitrary “polynomial of degree n” of Malmquist functions.
However, the identity

- G ()




holds for z = € (—m < z < 7), from which we get the representation for functions V,,((; g):

(G9) = 905 [ 2P0

27T' —T 1_ CZ
é / Un((; 2) {L?(O} zda(z) = VO (5 9) + VP (G g) - (3.10%)

Hence, first one can see, that

V(¢ 9) = CEA(0e(C) (3.12)

where C{*)(¢) is independent from the function g(¢)%. Further, in view of definition (3.8) of
the function U,((; 2), we have:

VO((;g) = {(1 - an+1c)B"+g(Oq>n+1 (%) } y

o () {7 ot

B,

+
N
—~
N
~—

1 T
Xﬂ/_w(l_mz)

__ L g OErG U
(T w08 @) 5 [ @) - w0 b date) =

= V¢ 9) + V(G ) - (3.13)

To simplify the further steps of the proof, we assume now, that all numbers of the group
{ox}¢ are different from each other and different from zero.

With this assumption, it follows from (3.11), that the function g(z) can be represented
in the form

9(z) = w7, (3.14)
1 (1 — ax2)
k=0
where P,(z) is an ordinary polynomial of powers not higher then n.
Assuming again that the parameter ( satisfies the condition (3.9), from the representation

(3.14), we have:

n

Po(2) 1T (1 — @) — Ba(¢) 11 (1 — a2)
g(C) — k=0 - k=0 7 (315)
2= (2= ¢) IT(1 — @2)(1 — @()

k=0

where it is obviously, that the numerator of the quotient in the right-hand side is dividable

by z — (.
However, for our assumption about the collection of numbers {o4}?, the numerator of
the quotient (3.15) is a polynomial of degree n 4+ 1 in z of the form

l(—l)” ]_n[ a_k] Po(O)z™™ 4 b2 -+ b
k=0

$Later on such functions of ¢ will be denoted by C’,gj)(C) (1=1,2,...).
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Therefore, dividing it by z — {, we have by (3.14):

g(z) — g(C) = — Qn(z) 7 (316)
PmC - - a0
where @,(2) is a polynomial of degree n of the form
Qn(z) = [(—1)” ﬁ a_k] P.(0)z" +cn12™ + o (3.16")
k=0
From (3.16) and (3.16"), it follows that
(z N Oén_|_1)g(2) B g(C) - PH(C) + Qﬂ(z; C) (317)
et fa-a) [10-a)

where Q,(z;() is a certain polynomial in z of degree at most n.
Now observe that the regular rational quotient

n

Q.(z; () H(l —agz)7!

k=0

has a partial fraction decomposition of the form

HQH(ZQO :zn: Ar(€) ‘ (3.18)

[1(1 —ogz) koo 1 — Q&2
k=0

On the other hand, the system of functions {®4(2)}§ results by taking the ordered system

of functions { }Z and orthogonalizing it on the unit circle with respect to the weight

1—arz

(2r)"'da(z). Therefore it is obvious, that together with (3.18), the representation

e LD (3.18)
[T(1 —ogz) k=0
k=0

holds true.

Finally, from (3.14), (3.18') and (3.17), the representation
(o~ ane) 222 —g(0) 1+ 3 BOR) (3.17)
k=0
follows. As

o [ (o BGIda(z) =0 (k=0,1,...,m),

we get by substituting the value (3.17) in the expression for the function V(*)(¢;g):

VE(¢0) = SO~ @i Baa QT [ Baia(2)dae)
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Thus we have

V(G g) = CP(¢)g(C) - (3.19)

Finally, we take up the function V.3)(¢; g).
Therefore we first observe that

Bn+2(z)
Z

(079 _
_lemaly g )Bne)
an—l—l

(1 —anr12)
for z = €**. Thus it follows that

V(¢ 9) = CO(¢ / ®pn11(2)Bnya(2)Zx

9(z) — 9({)
X {(1 — an+1z)ﬁ} da(z) . (3.20)
But from (3.16) and (3.16'), we have:
N0 (< SR (s RN 1
(1 = ngiz)=— ¢ ntl + ;

M -a() T1(1—a)
k=0 k=0

where wp(2; () is a polynomial in z of degree n at most.
Therefore, with calculation (3.14), we have for z = €™

{(1 _ MZ)M} = g - =0 (3.21)
= e

where r,,(2; () = (—1)"" 2"w,(3; () is a polynomial in z of degree at most n.

By substituting the value (3.21) in integral (3.20), we get:

V(¢ g) = CE(C)g(0)+

0005 [ Tl Bana(e) )

H(ak —2)

k=0

da(z) . (3.22)

Further, it is obvious that

Bo(e)oB0 w50

M(ow—2) 101 - az2)

where v,(2; () is a polynomial in z of degree not higher then n.
Therefore we have the representation:

VE((;9) = CEN(QOg(C) - (3.23)

Finally, taking the formulas (3.10') and (3.13) into account, and by virtue of (3.12), (3.19)
and (3.23), we get in the end:

6o = 5 [ T G a(e) = 000 (3.24)
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where the function C,(() certainly satisfies the conditions (3.9) for the values of parameter
¢. Moreover, it does not dependent on the function g(¢).
Now let us prove, that C,({) # 0.

Therefore, we first remark that

(]— - m2)¢n+1(z) = n’rn—l—&
e
and i 1
(1 — anpz) n+2(z)‘1’n+1 (_) - M )
SIS
in the result of which, we have the representation:
Ua((;2) = (50 (3.25)
[1(1 —agz)

k=0

where 7,,11(2), Xnt+1(2) and un11(z; () are polynomials in z of degree not higher than n + 1.
On the other hand, as

Bn+2(C)Bn+2 (%) =1,

it follows from definition (3.8) for the function U,((; 2) itself, that U,(¢; %) = 0.

This means that the rational quotient (3.25) is dividable by 1 — (z for arbitrary (.
Therefore we have: Ua(t:2) (2:0) .
nl§; 2 Un+1(%;
= = = > m(OPk(2) , (3.26)

1-(z ﬁ(l—a_kz) k=0
k=0

where v,11(2; () is a polynomial in z of degree not higher then n.
Assuming C,,(¢) = 0 and taking formula (3.24) for the successive functions

9(z) = ®(2) (k=0,1,...,n),

we have

i/” UG 25 da(z) =0 (k=0,1,... n).
2 J—x 1 —(z
From this and from representation (3.26), it follows that vx({) = 0 (¢ = 0,1,...,n) and
consequently, U,((;2z) = 0.

But then, in view of definition (3.8) of the function U,((;2), we have identically (with
respect to the variables z and ()

Bri2(¢ 1\ | Bnia(z 1
+<.2( )‘I’n+1 (E) %Q)r&l (;) = 0,11(()Pny1(2) -
Hence, setting specifically { = z, we have
B,.is(z 1\ |?
‘Aq, (1) =t (3:27)




Now observe, that it follows from formulas (2.34) and (2.34’) of Lemma 6, that

2
= 55+1(04n+1; Qni1)

Bn+2(z)

1
i ()
Z Z

- n—I—l(an—I—l;an—I—l) . (328)

1. ]-_ |O[1'L—|—1|2
1m —_—— =

z—)an+1

2
kn+1

Therefore, when taking the limit for z — a,41 in the identity (3.27), we get

Sn—l—l(an—l—l; an—l—l) — |¢n+1(aﬂ+1)|2 )

from which it follows that

n

Sny1(Qni1; Ony1) = Z |‘I’k(04n+1)|2 =0. (3.29)

k=0

But according to (1.9) and (1.10),

¢o(2)
/Dy

But in view of |®o(any1)|? > 0, we have S,(ani1; any1) > 0, contradicting equality (3.29).
Thus the assumption C,(¢) = 0 leads us to contradiction.
On the other hand, from definition (3.8) of the function U,((; 2), it also follows, that the

2\1/2

(¢07¢ ) 1/2(1 — |ai)

1 —agz

Po(2) =

expression
Un(G; 2)
1—(z
is a rational function in { with poles in points { = 1/ax (k=0,1,... ,n) at |2| = 1.
Therefore it also follows from the integral formula (3.24), that the product C, (O)g(C) is
a rational function of ( whose poles can only be in the points { = 1/ax (k= 0,1,... ,n)

As C,(¢) # 0, we have Cp({) # 0 everywhere, except for a finite number of points. For
such a (, formula (3.24) can be written in the form

o [ C 1_@ g(z)da(z) = g(C) -

But then, according to Lemma 4, we have:

Un(G 2)

T = 0al0)8a((52) (3.30)

which holds identically with respect to z and (.
Now we verify that C,({) is independent of (.
Therefore noting that

Sna(C52) = Sn(2:() 5 Un((52) = Un(2;0)

and taking conjugates in (3.30), we get:




Interchanging the positions of variables z and ( in this identity leads us to the identity

Un($52) _ w70 (0
e R OL (D (3.31)

Comparing identities (3.30) and (3.31), we get

from which it follows that C,({) = ¢, = const.
Thus, from (3.30), we have

[i"(ciz) = cnSa(C; 2) - (3.30")
— Cz
where ¢, is does not dependent on z or (.

In order to determine the value of the constant c,, we note that by definition (3.8) of the

function U,((;2) and by (3.28), we have:

Un(an+1; an+1) = lim Un(z; 2) = (1 - |an+1|2)2{5n+1(an+1; Oén+1)—

z—)an+1

—|‘I’n+1(an+1)|2} =(1- |an+1|2)25n(an+1; Qni1) -

Therefore, setting { = z in (3.30"), we get for z — any1

(]— — |an—|—1|2)5n(an+1; an-l—l) = cnSn(an-I—l; an—l—l) .

Hence, because
Sn(an+1; an-l—l) > |‘I)0(0£n-|—1)|2 >0 )

we get
en = (1 — |oms1]?) . (3.32)

Substituting the value (3.32) in (3.30') and having the meaning (3.8) of the function
Un(¢; 2) in mind, we arrive at formula (3.6) of the theorem. However, for the moment it is
shown only under the condition that all the numbers of the group {ax}y are different from
each other and differ from zero.

Finally, we want to release this restriction. To this end, we proceed in the same way
as we did already in the proof of Theorem 1. Namely, having an arbitrary group of num-
bers {a;}5™!, we consider a new group {az}5™' (0 < |ax| < 1) satisfying the restrictions
formulated above.

Let {gk(z) 2+l be a Malmquist system associated with the ordered group of numbers
{@p}n*t, and let {®4(2)}2*! be the result of orthogonalization of this system on the unit
circle with respect to the weight (27) *da(z).

Finally let

n

Sn(C;2) = > ®k(¢)®i(2)

k=0

be the kernel of the system {®x(2)}7.
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As all numbers of the group {a;}s"" are different from each other and different from
zero, formula (3.6) of the theorem is valid for the kernel S,((; 2), i.e.,

(1= 81 Q)(L — Gni12)

Sn(CQZ) = 1 |an+1|2
[Bn%(ﬁ)énﬂ (%)] B’”%(Z)énﬂ (%) — &’n+1(f)&’n+1(z) (3.6)
y i )
1—¢=z 7
h

where - » ﬁak—2|5‘k|
ntol2) = == .
+2 im0 1 —orz o

But, if"

limar =0, (k=0,1,...,n+1),

then, it is easy to see that
hm(zk(z)zgﬁk(z) (k:0717 ,’)’L—|—1) )

lim Bnya(2) = Bnya(2)

and therefore

limék(z) =®(z) (k=0,1,...,n+1).

Hence, passing to the limit in identity (3.6"), we already get the desired formula (3.6) of the
theorem without any restriction on the collection of numbers {ay }o+!. Thus, the theorem is
proved completely.

In the particular case that o = 0 (kK = 0,1,...), we get the Szegé formula from this
theorem.

Corollary. Forthe kernel S,((;z) of the system of Szegd polynomials {Pr(2)},

the formula

(P ()2 P (1) — Paa (O Pt (2)
- 1—¢(z

Sn((; 2) (3.33)

holds.

4 Recurrence relations, important example of distri-
bution

4.1. Now we deduce recurrence formulas for orthogonal systems {®x(2)}.
To this end, we write identity (3.6) of the theorem in the form

B"+2(C)<I>n+1 (l) Bn+zz(2)

1—(z ‘
(1= a0l —az) Sn((2) . (4.1)

fNote, that we can take again all Gny1 = apga-

= (1 - |an+1|2)
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We consider the integral

1

(2= 5 [ RalG2)un(Qdt, (=& (4.2)

and compute it in two ways by using the identity (4.1).
First note that

: /_7; D1 (()Pnra(()dt =

o
= % /_: {kn+10nt1(0) + - + lag160(() } g1 (()dt = kngq (4.3)

in view of the orthogonality of the Malmquist system.
Furthermore observe that

Pl (%) b12(0) = Bryal0%mis (Obmn (0) =
e
_¢ (11 _|a:+1|c) Brt2(C) Brt1(¢) @1 () =

_ _C|an+1|(1 _ |Oén+1|2)1/2 Pnt1(¢) 7
Ant1 C_ Qnit1

for ¢ = e*, and therefore

™ Bn 9 _
%/_W +C (C)(I)n+1 (%) bnir(C)dt =

_ |04n+1|(1 . |an+1|2)1/2i/|c| ®n11(¢) d¢ =
=1

Ot 1 271 ¢ — anys1

an
(DL, WHONRY (4.4

Having in mind the value of the integrals (4.3) and (4.4) and using the right-hand side
of formula (4.1), we have

o, 1
Iu(2) = 1) a2 ) P ()
Ant1 Z

_kn+1®n—|—1(z) . (4:4:’)

In order to compute the same integral in a second way, assume now that ¢, 11 # 0. Then,

in view of the identity
1—?2_: 1 {z—l— (Jzn_|_1—z_}7
1— an—l—lc Cnt1 1— an—l—lc

we have from (4.1)

z

Ra32) = (1= o) ool 2)
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Aqpy1 — 2
+(1 = |y |? s Sn((;2) =
( | +1| )an+1(1 . an-|—1C)(]- . —Oén_|_12) (C )

= R{(¢2) + RY(¢ 2) (4.5)

Since obviously
5(6;2) = 3 del2)8(0),
we have e - |
o= | RO an(Qdt =0, (=t (4.6)

Furthermore, noting that

(B"zl“ )) ban(C) = ¢

for ¢ = €' and using identity (2.14) of Theorem 1, we get from definition (4.5) of the function
R?)(¢; 2) that

(1 - |an+1 |2)1/2

]_ — Oén_|_1c

@)(¢: — (1 — lais|? 3/2Bn+2(2) (5n (%’C)
R(G2)nin(€) = (L~ lompa )2 P22 i s

Hence, from (4.6), (4.2), and (4.5), we have

¢Sa(3¢) A

(e) = U lomn P Boale) 1 _
" [y z  2miJigl=1 1 — @l ¢ — anga
oy, Bn Z ]_
= %(1 - |an+1|2)1/2%()5n (g; an+1) (4-7)

under the restriction a,1; # 0. By taking the limit, we can remove the restriction on 11
as usual.

Comparing the two representations (4.4) and (4.7) of the function J,(z), we arrive at the
following formula for systems of functions {®;}5:

|anga] Kni1

ant1 (1 — |ang]?

_ Bnia(2) {@n+1(an+1)m (é) 4 zn: P (ant1)Px (%)}

z k=0

(k=0,1,2,...). (4.8)

)1/2 q)n-l-l (z) =

If a1 # 0, then formula (4.7) can be transformed, using the functional identity (2.14)
for the kernel S,((; 2).

Thus, after an appropriate transformation, we have under the restriction a1 # 0 that

oy, kn Bn Z ]_
_| o " )1/2‘I’n+1(2) = ‘I’n+1(an+1)%()‘1’n+1 (;) +

ant1 (1 — |ang]?

Opi1| Bpialoan, Opi] — 2 P — 1

Qni1 Qni1 11— ani12 k=0 Qni1
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(n=0,1,2,...) . (4.9)

In the limiting case, when a4, = 0 (k =0, 1,2,...), it follows from (4.8), that for a system
of Szegé polynomials {Py(2)}5°, we have

s Pos(a) = B0 (1) + SRR (3) | o

2 k=0 2

However, using the first of formula (2.44), we get

épk(o)?k (é) =S, (0; %) =knz " Po(2) .

But according to the definition of the numbers I, we have in the considered case that
P,+1(0) = l,41. Therefore, from (4.10) we come to the first recurrence formula of Szegé

— 71
Fnis Pays(2) = lpy1 2" P (—) b hnzPa(z) (n=0,1,2,...) . (4.11)
VA

Substituting z for £ in (4.11) and taking complex conjugates, and eliminating 2™+ P, ;1(3),
gives the second recurrence formula of Szego:

— /1
Fni Paps(2) = knsa Pa(2) + lns1 2" P (;) . (4.11)

We can give analog formulas for general orthogonal systems of rational functions {®x(2)}&,
but we will not do this here.

4.2. To conclude, we establish explicit formulas for orthogonal systems {®4(2)}s° and
for corresponding kernels S,((; z) in the case of special but important classes of distribution
functions.

Assume that the constants

A,>0 and {wm}h (0<% <1) (4.12)

are arbitrary. For given p > 0, we consider the functions

A2 Dy(z) = AL/? 4.1
(U Hl_akz7 Hl_’}’]ﬂ’ ( 3)
and also the distribution function da(z) = wy(z)dz, where
wy(z) = D) (-7 <z <), (414

Let us prove
Theorem3. 1°. An orthogonal system of rational functions {®x(2)} associated with
sequence {ax} (Jax| < 1) and with distribution (27) 'wy(z)dz admits the representation

(1—Jan))? " o — 2 |

1 —a,z k=pi1 1 —agz o

Bn(2) = eXrwp(2)

(n=p+1L,p+2,...), (4.15)
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where X, (Imx, = 0) is a constant.

2°. The formula

_ 1 _ Bnti(€)Brii(2)
(1= ¢2)Du(C)Ds(2)  (1-¢2)D, (3) Dy (1)
(n=p,p+1,...). (4.16)

s valid.
Proof. 1°. Observe that, according to (4.13) and (4.14),

wy()|wp(2)P =1 (z=¢€",—1 <z <7). (4.17)
Therefore, denoting

~ 1 — n2 1/2 n-1 .
IR Gl LR | G ek AR A S S S PR T

1—a,z kpi1 1 —agz o

for n,m > p + 1, we have:

% / " p(2)B(2)Bm(2)d =

—T

1 T 1 — n2 1/2 n-1 .
L ey sl
27 J_= 1 —a,z k:p-l—l]'_akz ay,

% (1 —|om[2)/2 ™ o — 2 |y
1—a,z

}daz =bpm (2= ei"”) , (4.19)

k=pi1 1 —agz o

in view of the orthonormality of a Malmquist system associated with the sequence {az}23;.

Thus, the system of functions {ék(z)};‘_’l_l is orthonormal on the unit circle with respect
to the weight (27) 1w,(z)dz
Now we show that for arbitraryn > p+1land 0 <m <n-—1

! / " 0p(2)B(2)B(2)dz = 0 (2 = &) . (4.20)

or Jox

Indeed, from (4.17) and (4.18), we have forn > p+ 1

1 = .
I == /_ _wy(@)8n(2) 8 (2)de =

_ L/M:l (1= lon)? "ff % — 2 |°‘k|{zq’m(z)}dz _ (4.21)

211 1 -tz 2o 1 — oz o wp(2)

On the other hand, since the representation

®,,.(2) i km®Pk(2), Cmm >0 (4.22)
k=0
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holds true, where {¢r(2)}5° is a system of Malmquist functions, we also have
P,
Om(2) = # ;
[1(1 — axz)

k=0
where Pp,(z) is a polynomial of degree m at most.
(I)m(z)} 1/2 _mp— (1) -1
z =A/'2"P, | - Z — CYk
{ wp(2) ; z kl_[o H

for |z| = 1, it follows that for 0 < m < n — 1, the integrand of the second integral of (4.21)
can be represented in the form

Because

1—’ykz

n r n—1
Qm(z) H (1 —agz)™" H 1 —F%z)” H (z — o) , (4.23)
k=p+1 k=0 k=m-—1

where Q.,(2) is a polynomial of degree not higher then m. (For m = n — 1, the product
n—1
[T must be replaced by one.)
k=m-—1
However, the function (4.23) is holomorphic in the closed disc |z| < 1, and therefore the
correctness of formula (4.20) follows from (4.21).
Finally, from the obvious representation

2= Y aatilz) (n2p)

and in view of condition (4.19), we conclude that

Thus, for n > p + 1, we have

®,.(2) = ann®u(2),

from which we get in view of the equality

o [ @)@ () = 5 [ wy@)By(e) P =1,

that |ann| = 1.
Hence it follows, that

Pu(z) = €™ ®u(z) (n>p+1),

where the real constant x,, is determined from the condition that ¢, , > 0 in representation
(4.22). Thus formula (4.15) is established.

2°. According to formula (4.15), we have in particular

(1- |04p+1|2)1/2
1 —apii2

(I)p-l—l(z) = eixﬁlwp(z)

?
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and therefore

/1 ] 1 1 — 2\1/2
B, (_) = e Xet 51, (_) ( |lopt1]?) '

z z Z — Qpy1

From this formula follow the identities

(1= G100 = i) 5 rmys 1 (2) = an(Cnlz) (4.24)

1— |ap+1|2

(=l e[ oy, (1Y) Bl (1)

1— |ap+1|2 ¢ ¢

_ {w—p (%) B,,+1(c)}w—p (2) Bowa(e) (4.25)

Having noted that, according to Theorem 2,

(1 — 2 ()(1 — %pra2)
1 — |opts]?

Sp((52) =

) {Bﬁg(c)ﬁ (%)}B%(Z)m (5) — 3,1 (O)®pi1(2)
1—(z 7

we get from (4.24) and (4.25)

Wy ;) Bpta Wy () Bpri(2) — wp(Qws(2
Sp(C;z):{ (&) B (02} 1(2_)22 () = plQeslz) (4.26)

We denote further
Bi=oppir; (1=0,1,2,...)
and we introduce a system {ix(2)}$ associated with the sequence of complex numbers
{Be}e:
(- Wz)””ﬁ G —= Bl (h_p10,..).

Yi(z) = 1 — Brz s 1 _ ﬁ_jz B;

Then, according to (4.15),

Dpi1+k(2) = eixp+l+kwp(z)¢k(z) (k=0,1,2,...)

and therefore

3 B =~ Cenle) X BCT). (w.21)

But for a system of functions {¢x(2)}5°, we have according to Lemma 5:

_ 1= Bu(QBa(2)
S BNl = T,

where

En(z):’f Bi—2 |Bil _ Buipnr(2)

= 1-Biz B;  Bpu(z)
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Consequently, formula (4.27) can be written in the form

{Bn+p+1 (O Bnipti(2)

Sn+p((52) — Sp((52) = wp(()w BoialQ) J Bonils) (4.28)
1—(z
Finally, from (4.24) and (4.28), and for alln =0,1,2,..., we have
Sn+P(C§ 2) =
1 Brypt1(€) Brypt1(z)
— {Bn—l—l(c (Z) }Bp+1 wp ( ) {wp :+-1I-(C) “ (Z) B:+-1I_(Z) . (429)
1 —(z
Now we observe that, from definition (4.13) of the functions w,(2) and D,(z), we have
71 Cp
Bona(2)5s (3) = pory (el = 1), (4:30)

from which, by virtue of the obvious identity Bpi1(2)Bpt1 (%) = 1, we also have

wpl2) = =2 Bpua(2) (4.31)
D, (})

Finally, using identities (4.30) and (4.31), the formulas (4.24) and (4.29) can be combined
and written in the form

Snip((32) = ! ~ Baips1(Q)Bnipia(2)
- GDUODNE)  (1-2)D, (1) D, (2)
(n=0,1,2,...)

which is equivalent to the formula (4.16) of the theorem.
4.3. From the previous theorem, it follows further that

Theoremd4. 1°. If

o0

B =Y (1 |ox|) = +o0 , (4.32)

k=0
then the formula

ad 1
z) = ¢ ¢ = — 4.33
= O = e .
holds true for arbitrary z and ¢ (|z| <1 and |(| < 1).
2°. If
B=) (1-|al) <+oo, (4.32)

k=0
then, for arbitrary z and ¢ (|z| # 1 and |(| # 1) which are different from numbers of the
sequence {1/ag}, the formula

SulGi2) = 30 Bu(C)Bul(z) = —— - ) (4.35)



where - o
ar — 2 |0
B(z) = H — -

k=0

(4.36)

1 —agz o

s a convergent Blaschke product.
In order to obtain statements 1° and 2° of the theorem, it is sufficient to take the limit
in formula (4.16) for n — 4o00. Here we only need to consider the case, that

lim B,(2)=0 (|]z] <1)

n— 00

for B = +00 and that

lim Bn(z) = B(z) (|z|#1,z+# 1/og,k=0,1,...)

n— 00

for the condition B < +o0.
In the considered example of the distribution (27) 'w,(z)dz, there is a clear and essential
distinction for the sets of convergence points and the values of the sum of the bilinear series

o0

S(¢2) =D k(()Pk(2)

k=0

depending on divergence or convergence of the series

o0

B= 31— laul) .

k=0

It turns out that, in the general case of an arbitrary distribution (27)~'da(z), the nature
of convergence and the value of the sum of series S((; z) depends essentially on the fact that
the values -

A= / loga/(z)dz  and B=) (1— |l .
- k=0
are finite or infinite. However, we will not discuss this here but we will address this question
in a separate paper.
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