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Orthonormal sets of rational functions on the unit circleM.M. Djrbashian [D�zrba�sian]Izvestiya Akademii Nauk Armyanskoi SSR, ser. Matematika1 (1966) 3{24, 2 (1966) 106{125AbstractThis paper reveals the algebraic properties of sets of rational functions which areorthogonal on the unit circle with respect to the weight (2�)�1d�(x), and whose polesare among a given sequence of points situated outside the unit circle.In case when all the poles of the set under consideration coincide with the point atin�nity, the theorems proved here concur with the well known assertions of the theoryof orthogonal (with respect to the weight function) polynomials developed by Szeg}o[2], [3].1 Structure of orthogonal systems.Functional properties of kernels of the distribution(2�)�1d�(x)1.1. Let f�kg10 (j�kj < 1) be an arbitrary sequence of complex numbers which may appearas numbers of �nite or even in�nite multiplicity (and also not necessarily in succession).Two sequences f�kg10 and fpkg10 of positive integers are associated with the sequencef�kg10 , where (for k � 0) �k denotes the multiplicity of appearance of the number �k in thegroup of numbers f�0; �1; : : : ; �kg and pk is de�ned from the conditionpk = ( 1; if �k 6= 0�k; if �k = 0 (k = 0; 1; 2; : : : ) : (1:1)Finally, with the sequence f�kg10 of complex numbers we associate the sequence( zpk�1(1� �kz)�k )10 (1:2)of rational functions.Note that (for given k � 0) the function zpk�1(1� �kz)��k has only one pole of order �kin the point z = 1�k (j 1�k j > 1), if �k 6= 0. If �k = 0, this pole is situated in the point z =1and has the order pk � 1.Observe also that in the last case, where �k = 0 (k = 0; 1; 2; : : : ), it is obvious that�k = pk = k + 1 (k = 0; 1; 2; : : : ) so that with the null sequence f0g10 we associate thesequence of powers fzkg10 . 1



With the sequence of numbers f�kg10 , we associate a system of rational functions f�k(z)g10de�ned as �0(z) = (1� j�0j2)1=21 � �0z ;�n(z) = (1� j�nj2)1=21 � �nz n�1Yk=0 �k � z1� �kz j�kj�k (n = 1; 2; 3; : : : ) (1:3)where j�kj�k = �kj�k j = �1 for �k = 0. Such a system is called Malmquist system.It is well known that this system is orthonormal on the unit circle in the sense that12� Z �� �n(z)�m(z)dx = �n;m = ( 0; n 6= m1; n = m (n;m = 0; 1; 2; : : : ; z = eix) : (1:4)From this, it follows by elementary arguments that the system of functions f�n(z)g10 isobtained by orthogonalization of the ordered sequence of rational functions (1.2) on the unitcircle z = eix;�� � x � � with respect to the weight function 12�dx. Hence it follows easily,that the representation zpk�1(1 � �nz)�k = nXk=0�(n)k �k(z) ; �(n)n 6= 0 ;�n(z) = nXk=0 b(n)k zpk�1(1� �kz)�k ; b(n)n 6= 0 (1:5)holds true for arbitrary n � 0.1.2. Let �(x) be an arbitrary bounded nondecreasing function in the interval [��; �]with an in�nite set of points of increase.We will orthogonalize the ordered sequence of rational functions (1.2) on the unit circlez = eix (�� � x � �) with respect to the weight function (2�)�1d�(x).But it obviously follows from formula (1.5), that the orthogonalization process withrespect to the weight function (2�)�1d�(x) on the unit circle applied to the ordered sequencesof functions ( zpk�1(1� �kz)�k )10 and f�k(z)g10leads to one and the same orthogonal system.Thus we get a sequence of rational functions f�n(z)g10 satisfying conditions which de-terme the functions of our systems in a unique way:a) �n(z) is a \polynomial of degree n" of the �rst n+ 1 Malmquist functions�n(z) = nXk=0 ck;n�k(z) ; c1;n > 0 ; (1:6)b) 12� �Z�� �n(z)�m(z)d�(x) = �n;m ; z = eix (n;m = 0; 1; 2; : : : ) : (1:7)We denote(�p; �q) = 12� �Z�� �p(z)�q(z)d�(x) ; z = eix (p; q = 0; 1; 2; : : : ) : (1:8)2



and introduce the Gramian asD0 = (�0; �0) ; Dn = ���������� (�0; �0) : : : (�0; �n)(�1; �0) : : : (�1; �n)... ...(�n; �0) : : : (�n; �n) ���������� (n = 1; 2; : : : ) : (1:9)In view of the fact that every �nite part f�k(z)g10 of the countable systems of func-tions f�k(z)g10 is linearly independent, it can be asserted, that all determinants Dn (n =0; 1; 2; : : : ) are positive.Hence, using the orthogonalization formulas of E. Schmidt, the desired functions of thesystems f�k(z)g10 can be represented in the from�0(z) = �0(z)pD0 ;�n(z) = 1pDn�1Dn ������������� (�0; �0) : : : (�0; �n�1) (�0; �n)(�1; �0) : : : (�1; �n�1) (�1; �n)... ... ...(�n�1; �0) : : : (�n�1; �n�1) (�n�1; �n)�0(z) : : : �n�1(z) �n(z) ������������� : (1:10)For our purpose we introduce a special notation for the extreme coe�cients of the function�n(z) in its decomposition (1.6) in terms of the Malmquist functions. Namely, we putkn = cn;n and ln = c0;n : (1:11)Obviously we have by formula (1.10)kn = (Dn�1Dn)1=2 ; (1:12)ln = (�1)n(Dn�1Dn)�1=2 ���������� (�0; �1) : : : (�0; �n)(�1; �1) : : : (�1; �n)... ...(�n�1; �0) : : : (�n�1; �n) ���������� ; (1:13)where we set D�1 = 1.Finally we mention that in the particular case where �k = 0 (k = 0; 1; 2; : : : ), then theMalmquist system becomes the system of powers fzkg10 . When orthogonalizing with respectto the weight (2�)�1d�(x), the system f�k(z)g10 becomes the orthogonal system of Szeg}opolynomials fPk(z)g with respect to the same weight12� Z ��� Pn(z)Pm(z)d�(z) = �n;m ; z = eix (n;m = 0; 1; 2; : : : ) : (1:14)1.3 Now we give some lemmas about optimizing properties of orthogonal systems f�k(z)g10and the associated systemsSn(�; z) = nXk=0�k(�)�k(z) (n = 0; 1; 2; : : : ) : (1:15)3



which are called kernels of the distribution (2�)�1d�(x).Note that these properties are obviously analogous to the corresponding well-known op-timality properties of the Szeg}o polynomials.First let us agree on the following notation. For an integer n � 0, we denote byMf�kgn0all possible linear combinations of the system of Malmquist functions f�k(z)g10 . Thus it isthe set of rational functions of the formRn(z) = nXk=0 ck�k(z) ; (1:16)where fckgn0 are arbitrary complex numbers. Such functions are called generalized Malmquistpolynomials of degree n.Furthermore, observe that a general aspect of the theory of orthogonal systems implies,that not only for an arbitrary n � 0�n(z) = nXk=0 ck;n�k(z) ; cn;n > 0 ; (1:170)but conversely, also �n(z) = nXk=0 dk;n�k(z) ; dn;n 6= 0 : (1:1700)Thus an arbitrary function Rn(z) 2Mf�kgn0 can be represented in the formRn(z) = nXk=0 dk�k(z) : (1:18)L e m m a 1. In the class Mf�kgn0 of functions of the formQn(z) = �n(z) + �1�n�1(z) + � � �+ �n�0(z) ; (1:19)the minimum of the functional�(Qn) = 12� Z ��� jQn(z)j2d�(x) ; z = eix ; (1:20)is obtained for the function Q(0)n (z) = k�1n �n(z) ; (1:21)where min�(Qn) = �(Q(0)n ) = �n = k�2n = DnDn�1 : (1:22)Indeed, from (1.1700) we can conclude that the function Qn(z) can be represented in thefrom Qn(z) = nXp=0 vp�p(z) ; (1:190)where the coe�cients fvpgn�10 are arbitrary, but vn = k�1n .In view of the orthonormality of the system f�k(z)g10 in the sense of (1.7), it followsfrom the representation (1.190):�(Qn) = n�1Xp=0 jvpj2 + k�2n � k�2n ;4



where the inequality becomes an equality only in the case v0 = v1 = � � � = vn�1 = 0. Thisobviously completes the proof.L e m m a 2. Let � 6= 1=�k (k = 0; 1; : : : ; n) be an arbitrary constant number. In thefamily of functions fP (z)g 2Mf�kgn0 satisfying the additional condition12� Z ��� jPn(z)j2d�(x) ; z = eix ; (1:23)the maximum of the functional L(Pn) = jPn(�)j2 (1:24)is realized by the function P (0)n = � Sn(�; z)qSn(�; �) (j�j = 1) ; (1:25)where, according to (1.15), Sn(�; z) = nXk=0�k(�)�k(z) ;and L(P (0)n ) = maxL(Pn) = Sn(�; �) : (1:26)Indeed, with the representation of the function Pn(z) 2Mf�kgn0 in the formPn(z) = nXk=0 pk�k(z) ;and by condition (1.23), we get nXk=0 jpkj2 = 1 :But then according to Cauchy's inequality, we havejPn(�)j2 � nXk=0 jpkj2 � nXk=0 j�k(�)j2 = Sn(�; �) ;where equality is possible only whenpk = c�k(�) (k = 0; 1; 2; : : : ) ;i.e., if Pn(z) = P (0)n (z) = c nXk=0�k(�)�k(z) = cSn(�; z) ;where c is a constant.The value of this constant is determined from condition (1.13)�(P (0)n ) = jcj2 nXk=0 j�k(�)j2 = 1 ;from which follows , that c = �qSn(�; �) (j�j = 1) :5



This completes the proof of the lemma.L e m m a 3. Let � 6= 1=�k (k = 0; 1; : : : ; n) and A0 be arbitrary but �xed constants.In the family of functions R(z) 2Mf�kgn0 satisfying the additional conditionRn(�) = A0 ; (1:260)the minimum of the functional�(Rn) = 12� Z ��� jRn(z)j2d�(x) ; z = eix ; (1:27)is obtained for the function R(0)n (z) = A0Sn(�; z)Sn(�; �) ; (1:28)where �(R(0)n ) = minfRng�(Rn) = jA0j2Sn(�; �) : (1:29)With the representation of the the function Rn(z) 2Mf�kgn0 in the form (1.190), we have�(Rn) = nXk=0 jvkj2 :Then condition (1.26) means that nXk=0 vk�k(�) = A0 :Hence by the Cauchy inequality we getjA0j2 � nXk=0 jvkj2 � nXk=0 j�k(�)j2 = �(Rn)Sn(�; �) ;i.e., �(Rn) � jA0j2Sn(�; �) ;where equality is only possible whenvk = c�k(�) (k = 0; 1; 2; : : : ; n) :Therefore the optimizing function has the formRn(z) = R(0)n (z) = c nXk=0�k(�)�k(z) = cSn(�; z) :The value of the constant c is de�ned by condition (1.260):R(0)n (�) = cSn(�; �) = A0 ;i.e., c = A0Sn(�; �) ;6



and the lemma is proved.The kernel Sn(�; z) of the distribution (2�)�1d�(x) which is involved in solutions of thetwo last optimization problems, could be characterized by the following important properties.L e m m a 4. Assume �(�; z) 2Mf�kgn0 for any value of the parameter� 6= 1�k (k = 0; 1; 2; : : : ; n) :Then the identity 12� Z ��� �(�; z)g(z)d�(x) = g(�) ; z = eix ; (1:30)holds for any function g(z) 2Mf�kgn0 , if and only if�(�; z) � Sn(�; z) : (1:31)Noting that any function g(z) 2Mf�kgn0 can be represented in the formg(z) = nXk=0�k�k(z) ;and using condition (1.31), we arrive at the identity (1.30) since12� Z ��� �(�; z)g(z)d�(x) = 12� Z ��� ( nXk=0�k(�)�k(z))( nXk=0�k�k(z))d�(x) == nXk=0�k�k(�) = g(�) :Thus condition (1.31) is su�cient for the realization of the identity (1.30).Note that the function �(�; z) can obviously be represented in the form�(�; z) = nXk=0Ck(�)�k(z) :Furthermore, if the condition (1.30) is ful�lled, then it holds in particular for the choiceg(z) = �p(z) 2Mf�kgn0 (p = 0; 1; : : : ; n) :Therefore it follows from (1.30) that12� Z ��� �(�; z)�p(z)d�(x) = nXk=0Ck(�) 12� Z ��� �k(z)�p(z)d�(x) == Cp(�) � �p(�) (p = 0; 1; : : : ; n) ;i.e., �(�; z) � nXk=0�p(�)�k(z) = Sn(�; z) :7



2 Functional equation for kernels of the distribution(2�)�1d�(x)2.1. At �rst let us prove some main identities� which holds for Malmquist systems f�k(z)g10associated with a given sequence f�kg10 of complex numbers.Setting in the rest of the paperBn+1 = nYk=0 �k � z1� �kz j�kj�k y; (2:1)we have establishedL e m m a 5. For arbitrary values of the variables z and �, we have the identity11� �z = nXk=0�k(�)�k(z) + Bn+1(�)Bn+1(z)1� �z (n = 0; 1; 2; : : : ) : (2:2)Proof. Obvious it is su�cient to prove the correctness of the identity (2.2) for jzj < 1and j�j < 1.Note that for j�j < 1, we have12� Zjtj=1 ��(t)1 � �tjdtj = ( 12� Zjtj=1 ��(t)t� � dt) = ��(t) (� = 0; 1; : : : ; n) :Therefore, setting �n(�; z) = 11� �z � nXk=0�k(�)�k(z) ; (2:3)we get the equality 12� Zjtj=1�n(t; �)��(t)jdtj = 0 (� = 0; 1; : : : ; n) : (2:4)But by (1.3), we have for jtj = 1��(t)t = (1� j��j2)1=2t� �� ��1Yk�0 1 � �kt�k � 1 j�kj�k (� = 0; 1; : : : ) ; (2:5)where, for the value � = 0, the product ��1Qk�0 should be replaced by one.�Such identities and their generalizations were often used in interpolation problems of function theory(see, e.g., Dsh. Uolsh [5], P. Lagrange [6], E. Lammel [7]).In our investigation, this identity is mainly used to deal with convergence of Fourier series in Malmquistsystems [8].yJust as in formula (1.3), it should be assumed that if �k = 0 thenj�kj�k = �kj�kj = �1 :8



Since jdtj = dtit for jtj = 1, and using (2.5), the condition (2.4) can be written in the from12�i Zjtj=1�n(t; �)��1Qk�0(1 � �kt)��1Qk�0(�k � t) dt = 0 (� = 0; 1; : : : ; n) : (2:40)Note further, that the rational function under the integral in (2.40) is de�ned for an arbitrary� � 0. We conclude easily that the condition (2.4) is equivalent to the following:�(r)n (�� ; �) = r!2�i Zjtj=1 �n(t; �)(t� ��)1+rdt = 0  r = 0; 1; : : : ; p� � 1� = 0; 1; : : : ; n ! ; (2:6)where as above p� � 1, denotes the multiplicity of the appearance of the number �� in thegroup of numbers f�0; �1; : : : ; ��g.But from equality (2.6) and taking de�nition (2.1) of the function Bn+1(z) into account,we conclude that the quotient �n(z; �)=Bn+1(z)is holomorphic in the closed disc jzj � 1. Therefore the integral formula�n(z; �) = Bn+1(z)2� Zjtj=1 �n(t; �)B�1n+1(t)1 � zt jdtj (jzj < 1) (2:7)is valid.Noting that for jtj = 1 B�1n+1(t) = Bn+1(t);we further have from (2.3),12� Zjtj=1 �n(t; �)B�1n+1(t)1� zt jdtj = ( 12�i Zjtj=1 Bn+1(t)(1� zt)(t� �)dt)�� nXk=0 �k(�)( 12�i Zjtj=1 Bn+1(t)�k(t)t(1� zt) dt) : (2:8)Since the function Bn+1(t)1 � zt (jzj < 1)is holomorphic in the closed disc jtj � 1, we have( 12�i Zjtj=1 Bn+1(t)(1� zt)(t� �)dt) = Bn+1(�)1� �z : (2:9)On the other hand, by (2.1) and (2.5) we have for jtj = 1Bn+1(t)��(t)t = �((1� j�� j2)1=2 nYk=� j�kj�k ) nQk=�+1(�k � t)nQk=�(1 � �kt) (� = 0; 1; : : : ; n) ;where the left-hand side is holomorphic in the closed disc jtj � 1.9



Hence it follows that12�i Zjtj=1 Bn+1(t)�k(t)t(1� zt) dt = 0 (k = 0; 1; : : : ; n) (2:10)for jzj < 1.Finally, from (2.8), (2.9) and (2.10) follows that12� Zjtj=1 �n(t; �)B�1n+1(t)1 � zt jdtj = Bn+1(�)1 � �z : (2:11)From (2.7) and (2.11) we have �n(z; �) = Bn+1(�)Bn+1(z)1� �z :From this and formula (2.3), the identity (2.2) follows. The Lemma is proved.Let now Sn(�; z) = nXk=0 �k(�)�k(z) (2:12)denote the kernel of the distribution (2�)�1dx.Then it follows from Lemma 5 that in particularC o r o l l a r y. For arbitrary values of variables z and �, the kernel Sn(�; z) satis�esthe functional equation Sn(�; z) = Bn+1(�)Bn+1(z)�z Sn  1z ; 1�! : (2:13)2.2. Now we prove that the functional equation (2.13) also holds for kernels of an arbitrarydistribution (2�)�1d�(x).T h e o r e m 1. For arbitrary n � 0, z and �, the kernel Sn(�; z) of the distribution(2�)�1d�(x) satis�es the functional equationSn(�; z) = Bn+1(�)Bn+1(z)�z Sn  1z ; 1�! : (2:14)Proof. According to Lemma 4, we have in particular the identity12� Z ��� Sn(�; z)��(z)d�(x) = ��(�) (� = 0; 1; : : : ; n) (2:15)which is valid for arbitrary � 6= 1=�k (k = 0; 1; : : : ; n).Now observe that we have Sn(�; z) 2Mf�kgn0 for arbitrary � 6= 1=�k (k = 0; 1; : : : ; n) sothat we have the representation Sn(�; z) = nXk=0Ak(�)�k(z) : (2:16)10



From this and from formula (2.15), it follows that the coe�cients fAk(�)gn0 satisfy theconditions 12� Z ��� ( nXk=0Ak(�)�k(z)) ��(z)d�(x) == nXk=0Ak(�)(�k; ��) = ��(�) (� = 0; 1; : : : ; n) : (2:17)If we write now the formulas (2.16) and (2.17) in the form8>><>>: nPk=0Ak(�)(�k; ��)� ��(�) = 0 ;nPk=0Ak(�)�k(z)� Sn(�; z) = 0 (� = 0; 1; : : : ; n) ; (2:18)we can assert that the system of linear orthogonal equations (2.18) has the non-trivial solu-tion fA0; A1; : : : ; An;�1g :Consequently, the determinant of this system must be identically zero, i.e.,������������� (�0; �0) (�1; �0) : : : (�n; �0) �0(�)(�0; �1) (�1; �1) : : : (�n; �1) �1(�)... ... ... ...(�0; �n) (�1; �n) : : : (�n; �n) �n(�)�0(z) �1(z) : : : �n(z) Sn(�; z) ������������� � 0 :Furthermore, keeping in mind the de�nition (1.9) of the determinant Dn, we get thefollowing representation for the function Sn(�; z):Sn(�; z) = � 1Dn ������������� (�0; �0) : : : (�n; �0) �0(�)(�0; �1) : : : (�n; �1) �1(�)... ... ...(�0; �n) : : : (�n; �n) �n(�)�0(z) : : : �n(z) 0 ������������� : (2:19)Now we introduce the following system of rational functions for a �xed value n � 0:�(n)k (z) = �Bn+1(z)z �n�k �1z� (k = 0; 1; : : : ; n) : (2:20)Then we have �(n)0 (z) = j�nj�n (1 � j�nj2)1=21� �nz ;�(n)k (z) = nYp=n�k ( j�pj�p ) (1 � j�n�kj2)1=21� �n�kz nXp=n�k+1 �p � z1� �pz j�pj�p(k = 1; 2; : : : ; n) : (2:21)From de�nition (2.20) it follows that(�(n)p ; �(n)q ) = 12� Z ��� �(n)p (z)�(n)q (z)d�(x) =11



= 12� Z ��� �n�q(z)�n�p(z)d�(x) = (�n�q; �n�p) (p; q = 0; 1; : : : ; n) ; (2:22)since jBn+1(z)j = 1 for jzj = 1.In particular, for �(x) � x, it follows from formula (2.22), that the system of rationalfunctions f�(n)k (z)gn0 is orthonormal on the unit circle with respect to the weight (2�)�1dx.Therefore it presents a �nite Malmquist system associated with the sequence of numbersf�n; �n�1; : : : ; �0g.Now we orthogonalize this new �nite system of functions f�(n)k (z)gn0 on the unit circlewith respect to the weight (2�)�1d�(x). Now we get a �nite system of rational functionsf�(n)k (z)gn0 , which satis�es the conditions:a) �(n)k (z) is a \polynomial of degree k" in the �rst k + 1 functions f�(n)k (z)gn0 , i.e.,�(n)k (z) = kXp=0 c(n)p �(n)p (z) ; c(n)k > 0 ;b) 12� Z ��� �(n)p (z)�(n)q (z)d�(x) = �p;q ; z = eix (p; q = 0; 1; 2; : : : ; n) :Denoting further S(n)n (�; z) = nXk=0�(n)k (�)�(n)k (z) ; (2:23)we have in analogy with formula (2.19)S(n)n (�; z) = � 1D(n)n ��������������� (�(n)0 ; �(n)0 ) : : : (�(n)n ; �(n)0 ) �(n)0 (�)(�(n)0 ; �(n)1 ) : : : (�(n)n ; �(n)1 ) �(n)1 (�)... ... ...(�(n)0 ; �(n)n ) : : : (�(n)n ; �(n)n ) �(n)n (�)�(n)0 (z) : : : �(n)n (z) 0 ��������������� : (2:190)where D(n)n = ����������� (�(n)0 ; �(n)0 ) : : : (�(n)0 ; �(n)n )(�(n)1 ; �(n)0 ) : : : (�(n)1 ; �(n)n )... ...(�(n)n ; �(n)0 ) : : : (�(n)n ; �(n)n ) ����������� (1:90)is the Gramian for the collection of functions f�(n)k (z)gn0 .Let us prove that the identity S(n)n (�; z) � Sn(�; z) (2:24)holds. To this end, we now assume for the sake of simplicity of our arguments, that thegroup of numbers f�0; : : : ; �ng satis�es the condition�i 6= 0 ; �i 6= �j (i 6= j; i; j = 0; 1; : : : ; n) ; (2:25)i.e., that all these numbers are di�erent from each other and di�erent from zero.12



Then the corresponding �nite Malmquist system f�k(z)gn0 is the result of orthogonaliza-tion of the system of rational functions � 11 � �kz�n0on the circle z = eix with respect to the weight (2�)�1dx.That means that in the considered case, the set Mf�kgn0 coincides with the set of linearcombinations of \polynomials of degree n" of the formRn(z) = nXk=0 �k1� �kz : (2:26)Furthermore it is obvious that the �nite Malmquist system f�(n)k (z)gn0 , which is orthogonalon the circle z = eix with respect to the weight (2�)�1dx, as we have constructed it above,is obtained by orthonormalizing the ordered system of rational functions( 11� �n�kz)n0 :Hence the set Mf�n�kgn0 of all generalized \polynomials of degree n" of the formnXk=0 ck�(n)k (z)also coincides with the set of rational functions (2.26), i.e.,Mf�n�kgn0 �Mf�kgn0 .Now we turn to the optimization problem, whose solution was mentioned in Lemma 3,assuming that parameter A0 = 1.Since Mf�kgn0 �Mf�n�kgn0 , optimization over these families of functions gives optimiz-ing functions and corresponding minima which must be identical.That means, that R(0)n (z) = Sn(�; z)Sn(�; �) � S(n)n (�; z)S(n)n (�; �) ;but also �(R(0)n ) = 1Sn(�; �) � 1S(n)n (�; �)for all z and � 6= 1=�k (k = 0; 1; : : : ; n).Hence the desired identity (2.24) follows, but for the moment only for the restriction(2.25) on the collection of complex numbers f�kgn0 .In order to get rid of this restriction on the collection of numbers f�kgn0 , we consider another collection fe�kgn0 (0 < je�kj < 1) which does satisfy the condition (2.25).Let f e�k(z)gn0 and f e�(n)k (z)gn0 be Malmquist systems associated with the ordered groupsof numbers fe�kgn0 and fe�n�kgn0 , respectively.Furthermore, let fe�k(z)gn0 and fe�(n)k (z)gn0 be systems of functions which are obtainedfrom the systems f e�k(z)gn0 and f e�(n)k (z)gn0 respectively by orthogonalization on the unitcircle z = eix with respect to the weight (2�)�1d�(x).13



Finally, let eSn(�; z) = nXk=0 e�k(�)e�k(z) and eS(n)n (�; z) = nXk=0 e�(n)k (�)e�(n)k (z)be the kernels of the systems fe�k(z)gn0 and fe�(n)k (z)gn0 respectively. Because condition (2.25)is assumed to hold for the group of numbers fe�kgn0 , it holds as before that the identityeS(n)n (�; z) � eSn(�; z) (2:240)is true for � and z 6= 1=e�k (k = 0; 1; 2; : : : ; n).But it is obvious that if lim e�k = �k (k = 0; 1; : : : ; n) ; (2:27)then the limit relationslim e�k(z) = �k(z) ; lim e�(n)k (z) = �(n)k (z) (k = 0; 1; : : : ; n)hold. They even hold uniformly for all z in the plane outside su�ciently small neighborhoodsof the distinct points in f1=�kgn0 . In particular it holds on the unit circle z = eix.Therefore we also havelim( e�p; e�q) = (�p; �q) and lim( e�(n)p ; e�(n)q ) = (�(n)p ; �(n)q ) (p; q = 0; 1; : : : ; n) :Thus for the corresponding orthogonal systems and kernels with respect to the weight(2�)�1d�(x) it holds that under condition (2.27), the limit relationlim e�k(z) = �k(z) (k = 0; 1; : : : ; n) ;and also lim e�(n)k (z) = �(n)k (z) ;lim eSn(�; z) = Sn(�; z) ; (2:28)lim eS(n)n (�; z) = S(n)n (�; z)hold true.It is su�cient now to take the limit in identity (2.240) under the condition (2.27). Byformula (2.28), the correctness of identity (2.24) is already veri�ed without any additionalrestrictions on the collection f�kgn0 .Now we see that the Gramian D(n)n for system of functions f�(n)k (z)gn0 is also positive.Therefore, using formulas (2.22)(�(n)p ; �(n)q ) = (�n�q; �n�p) = (�n�p; �n�q) (p; q = 0; 1; 2; : : : ; n) ;we get from (1.90)D(n)n = D(n)n = ����������� (�n; �n) : : : (�n; �0)(�n�1; �n) : : : (�n�1; �0)... ...(�0; �n) : : : (�0; �0) ����������� = ���������� (�n; �n) : : : (�0; �n)(�n; �n�1) : : : (�0; �n�1)... ...(�n; �0) : : : (�0; �0) ���������� :14



It is obvious that re
ection in the anti diagonal for the last determinant will not changeits value. By virtue of (1.9), we get the equalityD(n)n = Dn : (2:29)Finally, from (2.190), (2.24) and (2.29), and by using formulas (2.22), we arrive at thefollowing representation for the kernelSn(�; z) = � 1Dn ��������������� (�n; �n) : : : (�n; �0) �(n)0 (�)(�n�1; �n) : : : (�n�1; �0) �(n)1 (�)... ... ...(�0; �n) : : : (�0; �0) �(n)n (�)�(n)0 (z) : : : �(n)n (z) 0 ��������������� : (2:30)But according to de�nition (2.21) of the system of functions f�(n)k (z)gn0 , we have�(n)k (z) = �Bn+1(z)z �n�k �1z� ;�(n)k (�) = �Bn+1(�)� �n�k  1�! (k = 0; 1; : : : ; n) :From this and from (2.30) it follows thatSn(�; z) = �Bn+1(�)Bn+1(z)�zDn �������������� (�n; �n) : : : (�n; �0) �n(1� )(�n�1; �n) : : : (�n�1; �0) �n�1(1� )... ... ...(�0; �n) : : : (�0; �0) �0(1� )�n(1z ) : : : �0(1z ) 0 �������������� : (2:300)Observe now that the identityBn+1 �1z�Bn+1(z) � 1is valid for arbitrary z. From (2.300) we get furtherBn+1(�)Bn+1(z)�z Sn  1z ; 1�! = � 1Dn ������������� (�n; �n) : : : (�n; �0) �n(z)(�n�1; �n) : : : (�n�1; �0) �n�1(z)... ... ...(�0; �n) : : : (�0; �0) �0(z)�n(�) : : : �0(�) 0 ������������� : (2:31)On the other hand, we have from (2.19)Sn(�; z) = �(�1)n(n+1)2Dn ������������� (�n; �0) : : : (�0; �0) �0(�)(�n; �1) : : : (�0; �1) �1(�)... ... ...(�n; �n) : : : (�0; �n) �n(�)�n(z) : : : �0(z) 0 ������������� =15



= � 1Dn ������������� (�n; �n) : : : (�0; �n) �n(�)(�n; �n�1) : : : (�0; �n�1) �n�1(�)... ... ...(�n; �0) : : : (�0; �0) �0(�)�n(z) : : : �0(z) 0 ������������� :Finally, re
ecting the last determinant in its main diagonal and keeping formula (2.31)in mind, we get the identity (2.14). Thus the theorem is proved.Note that in the particular case when �0 = �1 = : : : = �n = � � � = 0, the system offunctions (1.2) or the system of corresponding Malmquist functions f�k(z)g10 reduce itselfto the systems of powers fzkg10 .Therefore it is obvious, that, in the case�k = 0 (k = 0; 1; 2; : : : ) ;the system of functions f�k(z)g10 goes over into the system of Szeg}o polynomials fPk(z)g10which are orthogonal on the unit circle z = eix with respect to the weight (2�)�1d�(x).Finally, since for �k = 0 (k = 0; 1; 2; : : : ), we haveBn+1(z) = zn+1 (n = 0; 1; 2; : : : ) ;so that Theorem 1 implies in particular a well-known formula of Szeg}o which is proved veryeasily.C o r o l l a r y . For systems of polynomials fPk(z)g10 which are orthogonal onto theunit circle with respect to the weight (2�)�1d�(x), the corresponding kernel�n(�; z) = nXk=0Pk(�)Pk(z)z (2:32)satis�es the functional equation�n(�; z) = (�z)nSn  1z ; 1�! : (2:33)2.3 In addition to the main identity (2.14) in the previous subsection, we deduce severalresults which are important to derive further formulas concerning the kernel Sn(�; z) of anarbitrary distribution (2�)�1d�(x).L e m m a 6. For arbitrary n � 0, the following formulas hold:1�. Sn(�n; z) = �j�nj�n kn(1 � j�nj2)1=2Bn+1(z)z �n �1z� ; (2:34)Sn(�n;�n) = k2n1� j�nj2 ; (2:340)where kn > 0 is the coe�cient for �n(z) in the representation�n(z) = kn�n(z) ; (2:35)zNote from trans.: In the original paper formula (2.32) was identical to (2.33). We have replaced it bythe correct one.zIn the original paper formula (2.32) was identical to (2.33). We have replaced it by the correct one.16



2�. Sn(�0; z) = �j�0j�0 k(n)n(1� j�0j2)1=2Bn+1(z)z �(n)n �1z� ; (2:36)Sn(�0;�0) = (k(n)n )21 � j�0j2 ; (2:360)where k(n)p is the coe�cient for �(n)p (z) in the representation�(n)p (z) = k(n)p �(n)p (z) + � � �+ l(n)p �(n)0 (z) (p = 0; 1; : : : ; n) ; (2:37)3�. Between coe�cients fl(n)p gn0 and kn, and also between flpgn0 and k(n)n , the relationsnXp=0 jl(n)k j2 = k2n ; (2:38)nXp=0 jlkj2 = (k(n)n )2 (2:39)hold.Proof. 1�. From formula (2.20), it follows for arbitrary p � 0, that�k �1z� = � zBp+1(z)�(p)p�k(z) (k = 0; 1; : : : ; p) ;where Bp+1(z) = pYk=0 �k � z1 � �kz j�kj�k :Hence, from (2.35), we have the representation�p  1�! = kp�p  1� !+ � � � + lp�0  1�! == � �Bp+1(�)fkp�(p)0 (�) + � � �+ lp�(p)0 (�)g ;whence we get for 0 � p � nBp+1(�)� �p  1�! = � nYk=p+1 �k � �1� �k� j�kj�k fkp�(p)0 (�) + � � �+ lp�(p)0 (�)g ; (2:40)where the symbol nQk=p+1 must be replaced by the identity for p = n.From formula (2.40), we obviously getlim�!�n Bp+1(�)� �p  1�! = 0 (p = 0; 1; : : : ; n� 1) : (2:41)Further, since from the explicit expression (2.21) of the system f�(n)k (z)gn0 follows, that�(n)0 (�n) = j�nj�n 1(1 � j�nj2)1=2 ; �(n)k (�n) = 0 (k = 1; 2; : : : ; n) ; (2:42)17



we get from (2.40) for p = nlim�!�n Bp+1(�)� �n  1�! = � j�njkn�n(1� j�nj2)1=2 : (2:43)Finally, according to identity (2.14) of Theorem 1, we haveSn(�; z) = Bn+1(�)Bn+1(z)�z nXp=0�p �1z��p  1�! == Bn+1(z)z nXp=08<:Bn+1(�)� �p  1� !9=;�p �1z� :From this we get by using the relations (2.41) and (2.43), the formula (2.34) of the lemmawhen taking the limit under � ! �n. Furthermore, by the relation (2.43), we get (2.340)from (2.34) after taking the limit for z ! �n.2�. Observe that the system of functions f�k(z)gn0 was associated with the ordered groupof numbers f�0; �1; : : : ; �ng, while the system f�(n)k (z)gn0 was associated with the orderedgroup f�n; �n�1; : : : ; �0g.Therefore, with an appropriate replacement of parameters appearing in formulas (2.34)and (2.340) for the kernel S(n)n (�; z) of the system f�(n)k (z)gn0 , it is obvious that we get theformulas S(n)n (�0; z) = �j�0j�0 k(n)n(1 � j�0j2)1=2Bn+1(z)z �(n)n �1z� ;S(n)n (�0;�0) = (k(n)n )21� j�0j2 :Consequently, it is su�cient to use identity (2.24) in order to get formulas (2.36) and (2.360)of the lemma and, hence also formula (2.42).3�. Using formula (2.42), we get from (2.37)�(n)p (�n) = l(n)p �(n)0 (�n) = l(n)p j�nj�n(1� j�nj2)1=2 :Therefore, in view of identity (2.24) which is established in the proof of Theorem 1, we haveSn(�n;�n) = S(n)n (�n;�n) = nXp=0 j�(n)p (�n)j2 = 11 � j�nj2 nXp=0 jl(n)p j2 :From this and from (2.34), the formula (2.38) follows.Thus the lemma is proved completely.From this lemma, it follows in the particular case when �k = 0 (k = 0; 1; 2; : : : ), thatC o r o l l a r y. For a system of Szeg}o polynomials fPk(z)g10 which is orthogonal on theunit circle z = eix with respect to the weight (2�)�1d�(x), the kernel �n(�; z) satis�es theconditions �n(0; z) = nXk=0Pk(0)Pk(z) = nXk=0 lkPk(z) = knznPn �1z� ;�n(0; 0) = nXk=0 jPk(0)j2 = nXk=0 jlkj2 = k2n = Dn�1Dn : (2:44)18



Indeed, in the considered case, we have�k(z) = zk ; Bn+1(z) = zn+1 ; Pk(0) = lk :Therefore, in particular, the assertion (2.44) follows from formulas (2.34) and (2.340).3 Formula of Christo�el type. Recurrence relations3.1. According to Lemma 5, we have that for the kernelSn(�; z) = nXk=0�k(�)�k(z) (n � 0) (3:1)of a Malmquist system, the representationSn(�; z) = 1 �Bn+1(�)Bn+1(z)1� �z (3:2)holds.We transform the right-hand side of the formula (3.2). To this end, we �rst observe that�n+1(z) = (1� j�n+1j2)1=21� �n+1z nYk=0 �k � z1� �kz j�kj�k == (1 � j�n+1j2)1=21� �n+1z Bn+1(z) = j�k+1j�k+1 (1 � j�n+1j2)1=2�n+1 � z Bn+2(z) :Hence, it follows that in the �rst placeBn+1(�)Bn+1(z) = (1 � �n+1�)(1 � �n+1z)1� j�n+1j2 �n+1(�)�n+1(z) (3:3)and secondly, since Bn+2 �1z� = B�1n+2(z) ;we have 1 � (1� �n+1�)(1� �n+1z)1� j�n+1j2 8<:Bn+2(�)� �n+1  1�!9=; Bn+2(z)z �n+1 �1z� : (3:4)If we substitute the values (3.3) and (3.4) in the right-hand side of formula (3.2), we haveSn(�; z) = (1 � �n+1�)(1 � �n+1z)1� j�n+1j2 ���Bn+2(�)� �n+1 �1��� Bn+2(z)z �n+1 �1z�� �n+1(�)�n+1(z)1� �z : (3:5)19



3.2. Let us prove that formula (3.5) remains true for the kernel Sn(�; z) of an arbitrarydistribution (2�)�1d�(x).T h e o r e m 2. For arbitrary n � 0, z and �, the formulaSn(�; z) = (1 � �n+1�)(1 � �n+1z)1� j�n+1j2 ���Bn+2(�)� �n+1 �1��� Bn+2(z)z �n+1 �1z���n+1(�)�n+1(z)1� �z (3:6)holds for the kernel Sn(�; z) of an arbitrary distribution (2�)�1d�(x).Proof. First note that by (2.40):Bn+2(z)z �n+1 �1z� = �fkn+1�(n+1)0 (z) + � � �+ ln+1�(n+1)n+1 (z)g ; (3:7)where f�(n+1)k (z)gn+10 is the Malmquist system associated with the ordered group of numbersf�n+1; �n; : : : ; �0g.In view of the de�nition of the system of functions f�(n+1)k (z)gn+10 (see formula (2.21)) itfollows immediately from (3.7), that the rational functionBn+2(z)z �n+1 �1z�has poles only for values z = 1=�k (k = 0; 1; : : : ; n+ 1) which are outside of the unit disc.De�ning Un(�; z) = (1� �n+1�)(1� �n+1z)��8<:24Bn+2(�)� �n+1  1�!35 Bn+2(z)z �n+1 �1z�� �n+1(�)�n+1(z)9=; ; (3:8)we assert, that the rational function Un(�; z) is continuous on the unit circle z = eix (�� �x � �), if the restrictionsj�j 6= 1; � 6= 1=�k (k = 0; 1; 2; : : : ; n) : (3:9)are imposed on the parameter �.With the assumption (3.9), we de�ne furtherVn(�; g) = 12� Z ��� Un(�; g)1� �z g(z)d�(x) ; z = eix ; (3:10)where g(z) = nXk=0�k�k(z) (3:11)is an arbitrary \polynomial of degree n" of Malmquist functions.However, the identity g(z) = g(�)1� �z + (g(z)� g(�)z � � ) z ;20



holds for z = eix (�� � x � �), from which we get the representation for functions Vn(�; g):Vn(�; g) = g(�) 12� Z ��� Un(�; z)1� �z d�(x)++ 12� Z ��� Un(�; z)(g(z)� g(�)z � � ) zd�(x) � V (1)n (�; g) + V (2)n (�; g) : (3:100)Hence, �rst one can see, that V (1)n (�; g) = C(1)n (�)g(�) ; (3:12)where C(1)n (�) is independent from the function g(�)x. Further, in view of de�nition (3.8) ofthe function Un(�; z), we have:V (2)n (�; g) = 8<:(1� �n+1�)Bn+2(�)� �n+1  1�!9=;�� 12� Z ���(1� �n+1z)Bn+2(z)z �n+1 �1z�(g(z)� g(�)z � � )d�(x)��n(1 � �n+1�)�n+1(�)o 12� Z ��� �n+1(z)((z � �n+1)g(z)� g(�)z � � ) d�(x) �� V (3)n (�; g) + V (4)n (�; g) : (3:13)To simplify the further steps of the proof, we assume now, that all numbers of the groupf�kgn0 are di�erent from each other and di�erent from zero.With this assumption, it follows from (3.11), that the function g(z) can be representedin the form g(z) = Pn(z)nQk=0(1� �kz) ; (3:14)where Pn(z) is an ordinary polynomial of powers not higher then n.Assuming again that the parameter � satis�es the condition (3.9), from the representation(3.14), we have: g(z)� g(�)z � � = Pn(z) nQk=0(1 � �k�)� Pn(�) nQk=0(1 � �kz)(z � �) nQk=0(1� �kz)(1� �k�) ; (3:15)where it is obviously, that the numerator of the quotient in the right-hand side is dividableby z � �.However, for our assumption about the collection of numbers f�kgn0 , the numerator ofthe quotient (3.15) is a polynomial of degree n+ 1 in z of the form"(�1)n nYk=0�k#Pn(�)zn+1 + bnzn + � � �+ b0 :xLater on such functions of � will be denoted by C(j)n (�) (j = 1; 2; : : :).21



Therefore, dividing it by z � �, we have by (3.14):g(z)� g(�)z � � = Qn(z)nQk=0(1 � �kz)(1� �k�) ; (3:16)where Qn(z) is a polynomial of degree n of the formQn(z) = "(�1)n nYk=0�k#Pn(�)zn + cn�1zn�1 + � � �+ c0 : (3:160)From (3.16) and (3.160), it follows that(z � �n+1)g(z)� g(�)z � � = � Pn(�)nQk=0(1� �k�) + 
n(z; �)nQk=0(1� �kz) ; (3:17)where 
n(z; �) is a certain polynomial in z of degree at most n.Now observe that the regular rational quotient
n(z; �) nYk=0(1� �kz)�1has a partial fraction decomposition of the form
n(z; �)nQk=0(1� �kz) = nXk=0 Ak(�)1 � �kz : (3:18)On the other hand, the system of functions f�k(z)gn0 results by taking the ordered systemof functions n 11��kzon0 and orthogonalizing it on the unit circle with respect to the weight(2�)�1d�(x). Therefore it is obvious, that together with (3.18), the representation
n(z; �)nQk=0(1� �kz) = nXk=0Bk(�)�k(z) (3:180)holds true.Finally, from (3.14), (3.180) and (3.17), the representation(z � �n+1)g(z)� g(�)z � � = �g(�) + nXk=0Bk(�)�k(z) (3:170)follows. As 12� Z ��� �n+1(z)�k(z)d�(x) = 0 (k = 0; 1; : : : ; n) ;we get by substituting the value (3.170) in the expression for the function V (4)n (�; g):V (4)n (�; g) = g(�)f(1 � �n+1�)�n+1(�)g 12� Z ��� �n+1(z)d�(x) :22



Thus we have V (4)n (�; g) = C(2)n (�)g(�) : (3:19)Finally, we take up the function V (3)n (�; g).Therefore we �rst observe that(1 � �n+1z)Bn+2(z)z = �j�n+1j�n+1 (1� �n+1z)Bn+1(z)for z = eix. Thus it follows thatV (3)n (�; g) = C(3)n (�) 12� Z ��� �n+1(z)Bn+2(z)z��((1 � �n+1z)g(z)� g(�)z � � ) d�(x) : (3:20)But from (3.16) and (3.160), we have:(1 � �n+1z)g(z)� g(�)z � � = �n+1 Pn(�)nQk=0(1� �k�) + !n(z; �)nQk=0(1� �kz) ;where !n(z; �) is a polynomial in z of degree n at most.Therefore, with calculation (3.14), we have for z = eix((1� �n+1z)g(z)� g(�)z � � ) = �n+1g(�)� zrn(z; �)nQk=0(�k � z) ; (3:21)where rn(z; �) = (�1)n+1zn!n(1z ; �) is a polynomial in z of degree at most n.By substituting the value (3.21) in integral (3.20), we get:V (3)n (�; g) = C(4)n (�)g(�)++C(3)n (�) 12� Z ��� �n+1(z)Bn+1(z) rn(z; �)nQk=0(�k � z)d�(x) : (3:22)Further, it is obvious thatBn+1(z) rn(z; �)nQk=0(�k � z) = 
n(z; �)nQk=0(1 � �kz) ;where 
n(z; �) is a polynomial in z of degree not higher then n.Therefore we have the representation:V (3)n (�; g) = C(4)n (�)g(�) : (3:23)Finally, taking the formulas (3.100) and (3.13) into account, and by virtue of (3.12), (3.19)and (3.23), we get in the end:Vn(�; g) = 12� Z ��� Un(�; z)1� �z g(z)d�(x) = Cn(�)g(�) ; (3:24)23



where the function Cn(�) certainly satis�es the conditions (3.9) for the values of parameter�. Moreover, it does not dependent on the function g(�).Now let us prove, that Cn(�) 6� 0.Therefore, we �rst remark that(1� �n+1z)�n+1(z) = �n+1(z)nQk=0(1� �kz)and (1� �n+1z)Bn+2(z)z �n+1 �1z� = �n+1(z)nQk=0(1� �kz) ;in the result of which, we have the representation:Un(�; z) = un+1(z; �)nQk=0(1 � �kz) ; (3:25)where �n+1(z), �n+1(z) and un+1(z; �) are polynomials in z of degree not higher than n+ 1.On the other hand, as Bn+2(�)Bn+2  1�! � 1 ;it follows from de�nition (3.8) for the function Un(�; z) itself, that Un(�; 1� ) � 0.This means that the rational quotient (3.25) is dividable by 1 � �z for arbitrary �.Therefore we have: Un(�; z)1� �z = vn+1(z; �)nQk=0(1 � �kz) = nXk=0 
k(�)�k(z) ; (3:26)where vn+1(z; �) is a polynomial in z of degree not higher then n.Assuming Cn(�) � 0 and taking formula (3.24) for the successive functionsg(z) = �k(z) (k = 0; 1; : : : ; n) ;we have 12� Z ��� Un(�; z)1 � �z �k(z)d�(x) � 0 (k = 0; 1; : : : ; n) :From this and from representation (3.26), it follows that 
k(�) = 0 (k = 0; 1; : : : ; n) andconsequently, Un(�; z) � 0.But then, in view of de�nition (3.8) of the function Un(�; z), we have identically (withrespect to the variables z and �)24Bn+2(�)� �n+1  1�!35 Bn+2(z)z �n+1 �1z� � �n+1(�)�n+1(z) :Hence, setting speci�cally � = z, we have�����Bn+2(z)z �n+1 �1z������2 = j�n+1(z)j2 : (3:27)24



Now observe, that it follows from formulas (2.34) and (2.340) of Lemma 6, thatlimz!�n+1 �����Bn+2(z)z �n+1 �1z������2 = S2n+1(�n+1;�n+1)1� j�n+1j2k2n+1 == Sn+1(�n+1;�n+1) : (3:28)Therefore, when taking the limit for z ! �n+1 in the identity (3.27), we getSn+1(�n+1;�n+1) = j�n+1(�n+1)j2 ;from which it follows thatSn+1(�n+1;�n+1) = nXk=0 j�k(�n+1)j2 = 0 : (3:29)But according to (1.9) and (1.10),�0(z) = �0(z)pD0 = (�0; �0)�1=2 (1� j�0j2)1=21� �0z :But in view of j�0(�n+1)j2 > 0, we have Sn(�n+1;�n+1) > 0, contradicting equality (3.29).Thus the assumption Cn(�) � 0 leads us to contradiction.On the other hand, from de�nition (3.8) of the function Un(�; z), it also follows, that theexpression Un(�; z)1 � �zis a rational function in � with poles in points � = 1=�k (k = 0; 1; : : : ; n) at jzj = 1.Therefore it also follows from the integral formula (3.24), that the product Cn(�)g(�) isa rational function of � whose poles can only be in the points � = 1=�k (k = 0; 1; : : : ; n).As Cn(�) 6� 0, we have Cn(�) 6= 0 everywhere, except for a �nite number of points. Forsuch a �, formula (3.24) can be written in the form12� Z ��� Un(�; z)Cn(�)(1 � �z)g(z)d�(x) � g(�) :But then, according to Lemma 4, we have:Un(�; z)1� �z � Cn(�)Sn(�; z) (3:30)which holds identically with respect to z and �.Now we verify that Cn(�) is independent of �.Therefore noting thatSn(�; z) = Sn(z; �) ; Un(�; z) = Un(z; �)and taking conjugates in (3.30), we get:Un(z; �)1 � z� � Cn(�)Sn(z; �) :25



Interchanging the positions of variables z and � in this identity leads us to the identityUn(�; z)1 � �z � Cn(z)Sn(�; z) : (3:31)Comparing identities (3.30) and (3.31), we getCn(�) � Cn(z) ;from which it follows that Cn(�) � cn = const.Thus, from (3.30), we have Un(�; z)1� �z � cnSn(�; z) : (3:300)where cn is does not dependent on z or �.In order to determine the value of the constant cn, we note that by de�nition (3.8) of thefunction Un(�; z) and by (3.28), we have:Un(�n+1;�n+1) = limz!�n+1 Un(z; z) = (1� j�n+1j2)2fSn+1(�n+1;�n+1)��j�n+1(�n+1)j2g = (1� j�n+1j2)2Sn(�n+1;�n+1) :Therefore, setting � = z in (3.300), we get for z! �n+1(1� j�n+1j2)Sn(�n+1;�n+1) = cnSn(�n+1;�n+1) :Hence, because Sn(�n+1;�n+1) � j�0(�n+1)j2 > 0 ;we get cn = (1 � j�n+1j2) : (3:32)Substituting the value (3.32) in (3.300) and having the meaning (3.8) of the functionUn(�; z) in mind, we arrive at formula (3.6) of the theorem. However, for the moment it isshown only under the condition that all the numbers of the group f�kgn0 are di�erent fromeach other and di�er from zero.Finally, we want to release this restriction. To this end, we proceed in the same wayas we did already in the proof of Theorem 1. Namely, having an arbitrary group of num-bers f�kgn+10 , we consider a new group fe�kgn+10 (0 < je�kj < 1) satisfying the restrictionsformulated above.Let f e�k(z)gn+10 be a Malmquist system associated with the ordered group of numbersfe�kgn+10 , and let fe�k(z)gn+10 be the result of orthogonalization of this system on the unitcircle with respect to the weight (2�)�1d�(x).Finally let eSn(�; z) = nXk=0 e�k(�)e�k(z)be the kernel of the system fe�k(z)gn0 . 26



As all numbers of the group fe�kgn+10 are di�erent from each other and di�erent fromzero, formula (3.6) of the theorem is valid for the kernel eSn(�; z), i.e.,eSn(�; z) = (1 � e�n+1�)(1 � e�n+1z)1� je�n+1j2 ��� eBn+2(�)� e�n+1 �1��� eBn+2(z)z e�n+1 �1z�� e�n+1(�)e�n+1(z)1� �z ; (3:60)where eBn+2(z) = n+1Yk=0 e�k � z1 � e�kz je�kje�k :But, if{ lim e�k = �k (k = 0; 1; : : : ; n+ 1) ;then, it is easy to see thatlim e�k(z) = �k(z) (k = 0; 1; : : : ; n+ 1) ;lim eBn+2(z) = Bn+2(z) ;and therefore lim e�k(z) = �k(z) (k = 0; 1; : : : ; n+ 1) :Hence, passing to the limit in identity (3.60), we already get the desired formula (3.6) of thetheorem without any restriction on the collection of numbers f�kgn+10 . Thus, the theorem isproved completely.In the particular case that �k = 0 (k = 0; 1; : : : ), we get the Szeg}o formula from thistheorem.C o r o l l a r y. For the kernel Sn(�; z) of the system of Szeg}o polynomials fPk(z)g10 ,the formula Sn(�; z) = �n+1Pn+1 �1��zn+1Pn+1 �1z�� Pn+1(�)Pn+1(z)1� �z (3:33)holds.4 Recurrence relations, important example of distri-bution4.1. Now we deduce recurrence formulas for orthogonal systems f�k(z)g10 .To this end, we write identity (3.6) of the theorem in the formRn(�; z) � Bn+2(�)� �n+1  1�!Bn+2(z)z �n+1 �1z�� �n+1(�)�n+1(z) == (1� j�n+1j2) 1� �z(1� �n+1�)(1� �n+1z)Sn(�; z) : (4:1){Note, that we can take again all e�n+1 = �n+1. 27



We consider the integralJn(z) = 12� Z ��� Rn(�; z)�n+1(�)dt ; � = eit (4:2)and compute it in two ways by using the identity (4.1).First note that 12� Z ��� �n+1(�)�n+1(�)dt == 12� Z ��� fkn+1�n+1(�) + � � �+ ln+1�0(�)g�n+1(�)dt = kn+1 (4:3)in view of the orthogonality of the Malmquist system.Furthermore observe thatBn+2(�)� �n+1  1�!�n+1(�) = �Bn+2(�)�n+1(�)�n+1(�) == �(1� j�n+1j2)1=21 � �n+1� Bn+2(�)Bn+1(�)�n+1(�) == �� j�n+1j�n+1 (1 � j�n+1j2)1=2 �n+1(�)� � �n+1 ;for � = eit, and therefore 12� Z ��� Bn+2(�)� �n+1  1�!�n+1(�)dt == �j�n+1j�n+1 (1 � j�n+1j2)1=2 12�i Zj�j=1 �n+1(�)� � �n+1d� == �j�n+1j�n+1 (1� j�n+1j2)1=2�n+1(�n+1) : (4:4)Having in mind the value of the integrals (4.3) and (4.4) and using the right-hand sideof formula (4.1), we haveJn(z) = �j�n+1j�n+1 (1 � j�n+1j2)1=2�n+1(�n+1)Bn+2(z)z �n+1 �1z���kn+1�n+1(z) : (4:40)In order to compute the same integral in a second way, assume now that �n+1 6= 0. Then,in view of the identity 1� �z1 � �n+1� = 1�n+1 (z + �n+1 � z1 � �n+1�) ;we have from (4.1) Rn(�; z) = (1� j�n+1j2) z�n+1(1� �n+1z)Sn(�; z)+28



+(1� j�n+1j2) �n+1 � z�n+1(1 � �n+1�)(1 � �n+1z)Sn(�; z) �� R(1)n (�; z) +R(2)n (�; z) : (4:5)Since obviously Sn(�; z) = nXk=0 dk(z)�k(�);we have 12� Z ��� R(1)n (�; z)�n+1(�)dt = 0 ; � = eit : (4:6)Furthermore, noting that Bn+1(�)� !�n+1(�) = � (1 � j�n+1j2)1=21� �n+1�for � = eit and using identity (2.14) of Theorem 1, we get from de�nition (4.5) of the functionR(2)n (�; z) thatR(2)n (�; z)�n+1(�) = (1� j�n+1j2)3=2Bn+2(z)j�n+1jz �Sn �1z ; ��(1 � �n+1�)(1 � �n+1�) :Hence, from (4.6), (4.2), and (4.5), we haveJn(z) = (1� j�n+1j2)3=2j�n+1j Bn+2(z)z 12�i Zj�j=1 �Sn �1z ; ��1� �n+1� d�� � �n+1 == j�n+1j�n+1 (1 � j�n+1j2)1=2Bn+2(z)z Sn �1z ;�n+1� (4:7)under the restriction �n+1 6= 0. By taking the limit, we can remove the restriction on �n+1as usual.Comparing the two representations (4.4) and (4.7) of the function Jn(z), we arrive at thefollowing formula for systems of functions f�kg10 :�j�n+1j�n+1 kn+1(1 � j�n+1j2)1=2�n+1(z) == Bn+2(z)z (�n+1(�n+1)�n+1 �1z�+ nXk=0�k(�n+1)�k �1z�)(k = 0; 1; 2; : : : ) : (4:8)If �n+1 6= 0, then formula (4.7) can be transformed, using the functional identity (2.14)for the kernel Sn(�; z).Thus, after an appropriate transformation, we have under the restriction �n+1 6= 0 that�j�n+1j�n+1 kn+1(1 � j�n+1j2)1=2�n+1(z) = �n+1(�n+1)Bn+2(z)z �n+1 �1z�++ j�n+1j�n+1 Bn+2(�n+1)�n+1 �n+1 � z1� �n+1z nXk=0�k  1�n+1!�k(z)29



(n = 0; 1; 2; : : : ) : (4:9)In the limiting case, when �k = 0 (k = 0; 1; 2; : : : ), it follows from (4.8), that for a systemof Szeg}o polynomials fPk(z)g10 , we havekn+1Pn+1(z) = zn+1 (Pn+1(0)Pn+1 �1z�+ nXk=0Pk(0)Pk �1z�) : (4:10)However, using the �rst of formula (2.44), we getnXk=0Pk(0)Pk �1z� = Sn �0; 1z� = knz�nPn(z) :But according to the de�nition of the numbers lk, we have in the considered case thatPn+1(0) = ln+1. Therefore, from (4.10) we come to the �rst recurrence formula of Szeg}okn+1Pn+1(z) = ln+1zn+1Pn+1 �1z�+ knzPn(z) (n = 0; 1; 2; : : : ) : (4:11)Substituting z for 1z in (4.11) and taking complex conjugates, and eliminating zn+1Pn+1(1z ),gives the second recurrence formula of Szeg}o:kn+1Pn+1(z) = kn+1Pn(z) + ln+1znPn �1z� : (4:110)We can give analog formulas for general orthogonal systems of rational functions f�k(z)g10 ,but we will not do this here.4.2. To conclude, we establish explicit formulas for orthogonal systems f�k(z)g10 andfor corresponding kernels Sn(�; z) in the case of special but important classes of distributionfunctions.Assume that the constantsAp > 0 and f
kgp0 (0 � 
k < 1) (4:12)are arbitrary. For given p � 0, we consider the functions!p(z) = A�1=2p pYk=0 z � 
k1� �kz ; Dp(z) = A1=2p pYk=0 1� �kz1� 
kz ; (4:13)and also the distribution function d�(x) = wp(x)dx, wherewp(x) = jDp(eix)j2 (�� � x � �) : (4:14)Let us proveT h e o r e m 3. 1�. An orthogonal system of rational functions f�k(z)g10 associated withsequence f�kg10 (j�kj < 1) and with distribution (2�)�1wp(x)dx admits the representation�n(z) = ei�n!p(z)(1� j�nj2)1=21 � �nz n�1Yk=p+1 �k � z1� �kz j�kj�k(n = p + 1; p + 2; : : : ) ; (4:15)30



where �n (Im�n = 0) is a constant.2�. The formula Sn(�; z) = nXk=0�k(�)�k(z) == 1(1 � �z)Dp(�)Dp(z) � Bn+1(�)Bn+1(z)(1� �z)Dp �1��Dp �1z�(n = p; p+ 1; : : : ) : (4:16)is valid.Proof. 1�. Observe that, according to (4.13) and (4.14),wp(x)j!p(z)j2 � 1 (z = eix;�� � x � �) : (4:17)Therefore, denotinge�n(z) = !p(z)(1 � j�nj2)1=21� �nz n�1Yk=p+1 �k � z1� �kz j�kj�k (n = p + 1; p + 2; : : : ) ; (4:18)for n;m � p + 1, we have: 12� Z ��� wp(x)e�n(z)e�m(z)dx == 12� Z ��� 8<:(1 � j�nj2)1=21� �nz n�1Yk=p+1 �k � z1� �kz j�kj�k 9=;��8<:(1 � j�mj2)1=21� �mz m�1Yk=p+1 �k � z1 � �kz j�kj�k 9=;dx = �n;m (z = eix) ; (4:19)in view of the orthonormality of a Malmquist system associated with the sequence f�kg1p+1.Thus, the system of functions fe�k(z)g1p+1 is orthonormal on the unit circle with respectto the weight (2�)�1wp(x)dxNow we show that for arbitrary n � p+ 1 and 0 � m � n� 112� Z ��� wp(x)e�n(z)�m(z)dx = 0 (z = eix) : (4:20)Indeed, from (4.17) and (4.18), we have for n � p+ 1J (n)m � 12� Z ��� wp(x)e�n(z)�m(z)dx == 12�i Zjzj=1 (1� j�nj2)1=21 � �nz n�1Yk=p+1 �k � z1� �kz j�kj�k (z�m(z)!p(z) )dz : (4:21)On the other hand, since the representation�m(z) mXk=0 ck;m�k(z) ; cm;m > 0 (4:22)31



holds true, where f�k(z)g10 is a system of Malmquist functions, we also have�m(z) = Pm(z)nQk=0(1� �kz) ;where Pm(z) is a polynomial of degree m at most.Because (z�m(z)!p(z) ) = A1=2p zmPm �1z� mYk=0(z � �k)�1 pYk=0 z � �k1� 
kzfor jzj = 1, it follows that for 0 � m � n � 1, the integrand of the second integral of (4.21)can be represented in the formQm(z) nYk=p+1(1� �kz)�1 pYk=0(1� 
kz)�1 n�1Yk=m�1(z � �k) ; (4:23)where Qm(z) is a polynomial of degree not higher then m. (For m = n � 1, the productn�1Qk=m�1 must be replaced by one.)However, the function (4.23) is holomorphic in the closed disc jzj � 1, and therefore thecorrectness of formula (4.20) follows from (4.21).Finally, from the obvious representatione�n(z) = nXk=0 ak;n�k(z) (n � p1)and in view of condition (4.19), we conclude thatak;n = 0 (k = 0; 1; : : : ; n� 1) :Thus, for n � p + 1, we have e�n(z) = an;n�n(z) ;from which we get in view of the equality12� Z ��� wp(x)j�p(z)j2dx = 12� Z ��� wp(x)je�p(z)j2dx = 1 ;that jan;nj = 1.Hence it follows, that �n(z) = ei�n e�n(z) (n � p + 1) ;where the real constant �n is determined from the condition that cn;n > 0 in representation(4.22). Thus formula (4.15) is established.2�. According to formula (4.15), we have in particular�p+1(z) = ei�p+1!p(z)(1� j�p+1j2)1=21� �p+1z ;32



and therefore �p+1 �1z� = e�i�p+1z!p �1z� (1� j�p+1j2)1=2z � �p+1 :From this formula follow the identities(1 � �p+1�)(1 � �p+1z)1� j�p+1j2 �p+1(�)�p+1(z) = !p(�)!p(z) ; (4:24)(1� �p+1�)(1 � �p+1z)1� j�p+1j2 (Bp+2(�)� �p+1  1�!)Bp+2(z)z �p+1 �1z� == (!p  1�!Bp+1(�))!p �1z�Bp+1(z) : (4:25)Having noted that, according to Theorem 2,Sp(�; z) = (1 � �p+1�)(1 � �p+1z)1� j�p+1j2 ��nBp+2(�)� �p+1 �1��oBp+2(z)z �p+1 �1z�� �p+1(�)�p+1(z)1� �z ;we get from (4.24) and (4.25)Sp(�; z) = n!p �1��Bp+1(�)o!p �1z�Bp+1(z)� !p(�)!p(z)1 � �z : (4:26)We denote further �j = �p+1+j (j = 0; 1; 2; : : : )and we introduce a system f k(z)g10 associated with the sequence of complex numbersf�kg10 :  k(z) = (1� j�kj2)1=21 � �kz k�1Yj=0 �j � z1 � �jz j�jj�j (k = 0; 1; 2; : : : ) :Then, according to (4.15),�p+1+k(z) = ei�p+1+k!p(z) k(z) (k = 0; 1; 2; : : : )and therefore p+nXk=p+1�k(�)�k(z) = !p(�)!p(z) n�1Xk=0  k(�) k(z) : (4:27)But for a system of functions f k(z)g10 , we have according to Lemma 5:n�1Xk=0  k(�) k(z) = 1 � eBn(�) eBn(z)1� �zwhere eBn(z) = n�1Xj=0 �j � z1� �jz j�jj�j = Bn+p+1(z)Bp+1(z) :33



Consequently, formula (4.27) can be written in the formSn+p(�; z)� Sp(�; z) = !p(�)!p(z)1� nBn+p+1(�)Bp+1(�) oBn+p+1(z)Bp+1(z)1� �z : (4:28)Finally, from (4.24) and (4.28), and for all n = 0; 1; 2; : : : , we haveSn+p(�; z) == nBn+1(�)!p �1��oBp+1(z)!p �1z�� n!p(�)Bn+p+1(�)Bp+1(�) o!p(z)Bn+p+1(z)Bp+1(z)1 � �z : (4:29)Now we observe that, from de�nition (4.13) of the functions !p(z) and Dp(z), we haveBp+1(z)!p �1z� = cpDp(z) (jcpj = 1) ; (4:30)from which, by virtue of the obvious identity Bp+1(z)Bp+1 �1z� � 1, we also have!p(z) = cpDp �1z�Bp+1(z) : (4:31)Finally, using identities (4.30) and (4.31), the formulas (4.24) and (4.29) can be combinedand written in the formSn+p(�; z) = 1(1 � �z)Dp(�)Dp(z) � Bn+p+1(�)Bn+p+1(z)(1� �z)Dp �1��Dp �1z�(n = 0; 1; 2; : : : )which is equivalent to the formula (4.16) of the theorem.4.3. From the previous theorem, it follows further thatT h e o r e m 4. 1�. If B = 1Xk=0(1� j�kj) = +1 ; (4:32)then the formula Sn(�; z) � 1Xk=0�k(�)�k(z) = 1(1� �z)Dp(�)Dp(z) (4:33)holds true for arbitrary z and � (jzj < 1 and j�j < 1).2�. If B = 1Xk=0(1� j�kj) < +1 ; (4:32)then, for arbitrary z and � (jzj 6= 1 and j�j 6= 1) which are di�erent from numbers of thesequence f1=�kg10 , the formulaSn(�; z) = 1Xk=0�k(�)�k(z) = 1(1 � �z)Dp(�)Dp(z) � B(�)B(z)(1� �z)Dp �1��Dp �1z� ; (4:35)34



where B(z) = 1Yk=0 �k � z1 � �kz j�kj�k (4:36)is a convergent Blaschke product.In order to obtain statements 1� and 2� of the theorem, it is su�cient to take the limitin formula (4.16) for n! +1. Here we only need to consider the case, thatlimn!1Bn(z) = 0 (jzj < 1)for B = +1 and thatlimn!1Bn(z) = B(z) (jzj 6= 1; z 6= 1=�k; k = 0; 1; : : : )for the condition B < +1.In the considered example of the distribution (2�)�1wp(x)dx, there is a clear and essentialdistinction for the sets of convergence points and the values of the sum of the bilinear seriesS(�; z) = 1Xk=0�k(�)�k(z)depending on divergence or convergence of the seriesB = 1Xk=0(1� j�kj) :It turns out that, in the general case of an arbitrary distribution (2�)�1d�(x), the natureof convergence and the value of the sum of series S(�; z) depends essentially on the fact thatthe values A = Z ��� log�0(x)dx and B = 1Xk=0(1� j�kj) :are �nite or in�nite. However, we will not discuss this here but we will address this questionin a separate paper.References[1] M.M. D�zrba�sian. Orthogonal systems of rational functions on a circle with a given set ofpoles.. Doklady Akademii Nauk SSSR, 147, 1962. English translation Soviet MathematicsDoklady 3(6):1794{1798, 1962.[2] G. Szeg}o. Orthogonal polynomials. Ch. X and XI. M. 1962. English edition, AMS,Providence, Rhode Island, �rst edition 1939, fourth edition 1975.[3] U. Grenander and G. Szeg}o. Toeplitz forms and their applications. Ch. 2 and 3. M. 1961.English edition, University of California Press, Berkley, 1958.[4] F. Malmquist. Sur la d�etermination d'une classe de fonctions analytiques par leurs valeursdans un ensemble donn�e de poits. In C.R. 6i�eme Cong. Math. Scand. (Kopenhagen,1925), pages 253{259, Copenhagen, 1926. Gjellerups.35
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