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Abstract

The Rational Krylov Sequence (RKS) method can be seen as a generalisation of Arnoldi’s method. It
projects a matrix pencil onto a smaller subspace; this projection results in a small upper Hessenberg pencil.
As for the Arnoldi method, RKS can be restarted implicitly, using the QR decomposition of a Hessenberg
matrix. This restart comes with a projection of the subspace using a rational function. In this paper, it is
shown how the restart can be worked out in practice. In a second part, it is shown when the filtering of the
subspace basis can fail and how this failure can be handled.
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1 Introduction

The Rational Krylov Sequence (RKS) algorithm [12, 15, 13, 14] is an algorithm that finds a limited set of
eigenvalues of a (generalised) eigenvalue problem

Az = ABz

in a certain region of the complex plane. Eigenvalues in such a region are called ‘wanted’ eigenvalues, they
can be rightmost eigenvalues, the largest or the smallest eigenvalues,... RKS extends the idea of shift-invert
Arnoldi [10, 16, 17] by computing a rational Krylov subspace

{v1, S1v1, S2S1v1,...}, with S; = (4 — u;B)"'B,

instead of a regular Krylov subspace with a fixed u. The subspace is spanned by an orthogonal basis V.
The eigenvalue problem is then projected onto this subspace. From the projected problem a sequence of
approximate eigenvalues and eigenvectors is computed that, under mild assumptions, converges to a certain
eigenpair.

However, the size of the subspace can become too large. E.g., if more than one eigenvalue is sought,
then it is not necessary to extend Vi each time with a large number of vectors. Eigenvalues are computed
one at a time. When a new, different eigenvalue is wanted, V; contains a lot of superfluous information
for the computation of that eigenvalue. On the other hand, it is a waste of computational effort to restart
the algorithm totally and to begin with a completely new subspace. For Arnoldi’s method, the Implicitly
Restarted Arnoldi method [5, 4, 18] was proposed as a solution to this problem. Similarly, the RKS method
can be restarted implicitly [3] or explicitly. This can be done without losing too much relevant information.
Implicitly restarting the RKS method then corresponds to filtering the subspace with a rational filter

p—1
Viip — H(A — pr—iB) (i A — i B)Vi—p,
72=0

where the «;, 3; may be chosen freely. Therefore, it was called Implicitly Filtered RKS (IFRKS). In [8], it
was noticed that this filtering property can be used to filter away spurious eigenvalues. Indeed, if the matrix
B is singular, then the problem has an infinite eigenvalue (possibly defective) that will be approximated by
large finite eigenvalues. These spurious eigenvalues can mislead the algorithm, e.g. when the largest finite
eigenvalues are needed. They can also have an important influence on the accuracy of the solution. The
eigenvectors of the infinite eigenvalue lie in the null-space of the columns of B. Restarting the subspace with
a; = 0, will then remove these spurious eigendirections from the basis Vj.

In this text, we show how the restarting algorithm that has been presented in [3], can be used safely to
shrink the subspace V3. We also show in which cases the implicit filtering of the subspace can fail. Therefore,
this text must be seen as a continuation of [3]. It reflects somewhat the downside of the IFRKS method.
However, we show how the problems can be avoided that come along with it.

The text is structured as follows. In §1, we explains briefly the RKS method. We show how RKS reduces
the matrix pencil and how approximate eigenvalues can be computed from the resulting, small pencil. In §2,
we show how an RKS relation can be restarted implicitly in a most general way. We propose two possible
practical ways to compute the restart. In §3, we focus on a possible flaw in the method : the filtering
procedure can fail. We give an example of this property and show how it can be detected. §4 closes the text
with some conclusions.

1.1 The RKS algorithm

Algorithm 1 RKS
0. Given vy € C™, [jv1]| = 1.
Let Vl = [’Ul].
1. Fori=1,...,k do
1.1. Select a pole p; and a continuation vector t; # 0 € C*
1.2. Form w = (A — w;B)"'BV;t;.
1.3. Orthogonalise w against the columns of V; and let h; = V> w.
1.4. Normalise v;11 = w/n; with n; = ||w||.
1.5. Compute the approzimate eigenpair (6;,y;).



In this section, we define the RKS algorithm and we define the most important matrices that are involved
in the text. The RKS algorithm is presented in Algorithm 1. In each step ¢, it computes a vector

w = (A — u; B)"'BVit;,

which is orthogonalised and added to the basis V;

Viti = [V viqa]
viy1 = (w—Vihy)/ms
with h; = V7w and n; = ||lw— V;h4||.

The scalar p; is called the pole, t; € C? is the continuation vector. It is easy to see that

[ ] ][ 5]

K K

Summarising this information of the first k steps, we get
AVii1Hy = BV 1 Ky, (1)

where Ky, Hy € C*t1X* are unreduced upper Hessenberg matrices and ViviVet1 =1 (An unreduced upper
Hessenberg matrix is a matrix that has nonzero subdiagonal elements.) If we collect the poles in a diagonal
matrix My = diag(p;) € C*** and the continuation vectors in an upper triangular matrix T, € C*+1x*
then

Ky = Hy My + T}. (2)

Note that any pair of unreduced Hessenberg matrices can be decomposed in a unique way as in (2). Therefore,
any relation (1) with unreduced Hessenberg matrices corresponds uniquely to a RKS process with a certain
starting vector, a set of poles and continuation vectors assuming that none of the poles is an eigenvalue of
(A4, B). We will call (1) a RKS relationship when it fulfills that condition.

It should be noted that (1) can be shifted. The following lemma shows this in a slightly more generalised
way.

Lemma 1.1 Suppose that AVy 1Hy = BV 1Kk + Sp. Given a set of scalars 7, «, B, then this relation
can be rewritlen as

(A — TB)Vk+1(aKk — ,BHk) = (OLA — ,BB)V]H_l(Kk — THk) + (Ta — ,B)Sk
Proof Obvious. a

Notation 1.1 Mairices are denoted by upper case roman characters. The indez of a mairic is equal to iis
number of columns (this is also the iteration step in which @ is constructed). The k X k leading submatrices
of the (rectangular) Ky, Hy, Ty are denoted by K,, H,, T,. The range of the columns of a matric V is
denoted by R (V). The 4, j-th element of a matriz H is denoted by (H); j. Lower case roman characters are
vectors and scalars are denoted by Greek characters, & denotes the complex conjugate of a scalar. -* denotes
the Hermitian transpose and || - || denotes the 2-norm. The machine precision is denoted by u.

1.2 Computation of the approximate eigenvalues

The large matrix pencil (4, B) is projected on the smaller pencil (Kj, Hy). However, the approximate
eigenvalues can not be computed directly from these matrices, since they are rectangular. There are different
ways to reduce (K, H) to a (generalised) eigenvalue problem.

Definition 1.1 /9, 11] Given a matrizc A and o subspace basis Vi,. Then (6,y = Vi2) is called o Ritz pair
of A (in R (V)) with respect to R (V%) if
Ay —0y L V.

(8,y) is a Harmonic Ritz pair of A with respect to R (Vi) if

Ay —0y 1 AV,



Applying this definition on the reduced eigenvalue problem of the RKS relation, gives the following
lemma.

Lemma 1.2 Suppose that B is nonsingular. Then (8,y = Vi 1Hyz) is a Ritz pair of B~ A with respect to
R (Vi1 Hy) if
H,’;Kkz — GH;H]CZ =0.

(0,9 = Vir1Hez) is a Harmonic Ritz pair of B~1A with respect to R (Vir1Hy) of
K;Kyz—0K;Hyz = 0.
Suppose that py is not an eigenvalue of (A, B). Then the solution (6,y = Vii1Hyz) of
K,z—6H,z=0 (3)
is ¢ Harmonic Ritz pair of B~1(A — ux B).
Proof The first part is proven in [6]. The second part follows from
B 'AVi 1 Hyz — Vi1 Hyz 1 B rAV, 1 Hy
Vip1Kiz — 0Vip1Hyz L Vi1 Ki
K;Kyz —0K;Hyz = 0.

The last result can be found by shifting (1) with p, and noticing that the (k+1, k)-th element of K — pr Hy,
is zero. If uy is not an eigenvalue of (4, B), then Kj — prHy has full rank (see [3]), so

(K —prH) ' Kpz — 0(Ky — ppHy) Hyz = (K — e Hy )" Kz — 0(K ), — ppHy )" Hyz =0,
so K z—0H,z=0. a
If the eigenvalues that are wanted lie in the interior of the spectrum of (4, B), then using Harmonic Ritz
values can turn out to be advantageous. However, the importance of the difference between ‘regular’ Ritz
values and Harmonic Ritz values is not clear at this moment. In the remainder of this text, we will use the
third option (3) to compute the approximate eigenpair, since this option seems to be a most natural choice
for RKS.

We will measure the level of convergence of the algorithm by the residual norm of the approximate
eigenvector

[Irell = | Ayx — 0% Byk|| = ||AVi+1Hrze — O BViy1 Hizr || = |mezi,k ||tk — Ok ||| Bukt1], (4)

with 2z ; the k-th component of z;. We assume that ||Bvg41|| = O(1). The residual norm will be small
if |nr2p,x| and/or |ur — 0| is small. If we do not change the pole uj in every step, then |u; — 6;| will be
larger than |ngzx,z|. However, it is not necessary for |n;| to be small when the method converges to some
eigenvector. But if the method converges, then |7z |, which is a measure for the contribution of vgy1 in
Yk, must clearly tend to zero.

2 Applying IFRKS

In this section, we show in general how the RKS subspace V311 can be filtered implicitly, using the matrices
K} and Hy. Then we derive two possible ways to compute this restart. In the next section, we will show
that even when things are carefully computed, the filtering of V; can fail. First, we recall how the RKS
relation can be restarted. Theorem 2.1 is a generalised formulation of the result in [3].

Theorem 2.1 Consider a RKS relationship (1).

(a) Given an orthogonal matriz Q € C¥T1XE g vector ¢ € C**1 that is orthogonal to Q, ¢*Q = 0. Then
there exists a matriz Z € CF*%=1 awith

q*KkZZOZq*HkZ. (5)
Ifwe cal Vit =V, 11Q, Ki, = Q" KxZ and H | = Q*HpZ, then
AVH = BV K, (6)

is a new RKS relation. The corresponding shifts ,u;" are given by ,u;" = fiy1, t=1,..,k—1.



(b) Given the set of Ritz vectors y; = Vip1Hpz, 1 =1,... k. If

R(Z) = R(zl,...,zk_l)
R(Q) = R(Hgzi,...,Hpzz_1,u), where u"H =0,
then the new Ritz values are 917" =6; and z; = Zz;", i=1,...,k—1.

(c) If, given the scalars o, B € C, with ap; # B, Q is computed from the QR decomposition
QR = aKy — BHy, Q € CHIXE gnd R € CF*F, (7)
then R (V;Y) =R ((A— wB) Y(eA-BB)V;), i=1,...,k.

Proof The proof of (a) and (c) can be found in [3]. We only prove (b). If §; is computed from M*Kyz; =
OM*Hz;, with M = 0, K — o2Hy, then (M*Q)Q*KkZzi'I' +0= Gi(M*Q)Q*HkZz;' + 0. If we multiply this
equation on the left by Z*, we get (M"’)*K;’_lz;' = Gi(M+)*H;'_1z;|', with M+ = UlK;__l - UzH;__l. a

Computation of @ The computation of Q is a straightforward result of Theorem 2.1. Once we have set
the parameters « and (3, then Q is the orthogonal, unreduced upper Hessenberg matrix in the (skinny) QR
factorisation (7). The computation of Q) is rather cheap, considered that @ has to be orthogonalised anyway
— in order to get an orthogonal Vk+. However, the QR decomposition is an process that is only backward
stable, so forward errors may be introduced. In the next section, we will focus further on this problem.

Computation of Z In contrast to the computation of @, there are many degrees of freedom left for the
computation of Z. Indeed, any full rank upper triangular matrix U € C*~1X*¥~1 corresponds to a new
matrix ZV = ZU that fulfills the conditions of Theorem 2.1. U does not change the filtering properties of
the restart, nor the new approximate eigenvalues, since it only replaces (K, Hi ;) by (Ki_,U, H_,U).
Therefore, we will look for a Z and a U that are cheap to compute and that make the restarting procedure
as robust as possible. If we multiply (1) with U before the restart, then we get

KY = KwU = HyUMy, + (ToU + Hy MU — HLUM) = HY My, + T,
with Tlgj = KkU — HkUMk.

Lemma 2.2 Given Q € C*1¥* that fulfills (7) and say that Q € CF**~1 is the upper left submatriz of Q.
Suppose that T, has full rank. Then Z = (aMy — BI)(T,,)~1Q fulfills condition (5) and it leads to matrices

K;’_l, H;’_l that are unreduced upper Hessenberg.

O<©|

Proof First note that, because @ is upper Hessenberg, if ¢*Q = 0 then ¢* [ ] =qlpy1,:Q =0. If

QR = (aKi — BHy) = Hi(aMy, — BI) + oT, (8)
then ¢*(aKr — BH)Z = 0. On the other hand
¢ HZ = ¢ Hy(aMy — BI)(T,) "0 = ¢*(aKy — BH)(T,) " — ag Ty (T,) @ = 0 +0.
Hence, (5) is fulfilled (if @ = 0, then Kj and Hj can be exchanged). By using (8), we get
HY [ =Q*HiZ = R(T,)'Q-alki1
Kf 1 =QKxZ = RMi(Ty) 'Q+BLei-1,

so these matrices are the product of a full rank upper triangular matrix and an unreduced upper Hessenberg
matrix. Therefore, K;’_l and H;’_l must be unreduced upper Hessenberg. a

The choice of Z that is proposed in Lemma 2.2 is easy to apply. It is also not very expensive to implement.
However, it heavily depends on the inversion of the matrix Ty. If T is nearly singular, then the restarting
procedure can be unstable. This is often the case when the continuation vector is chosen t; = 2 : since we
hope that the method will converge, we can expect that zx ~ z,41. But even if T}, would be the unit matrix,
then after a few steps of a repeated restart, the matrix can get a small singular value. However, there is a
solution to this problem : we can multiply equation (1) by an upper triangular matrix U before restarting.
If U can be chosen such that T,gj is e.g. a diagonal matrix, then Z can be computed in a more stable way.
The next proposition shows that such a U can always be found.



Proposition 2.3 Consider ¢ RKS relation (1).
Given T = {T¢Y | TV = KwU — H UMy, U is upper triangular with diag(U) = 1}. Then there ezist at least
one T,gj € 7T that is a diagonal matriz.

Proof The i-th column u; of U must fulfill
ne; = (K, — w;H,;)u; (e; is the i-th unit vector),

which is always possible since in [3] was proven that if y; is not a solution of the eigenvalue problem, then
(K,; — u:H;) has full rank. "

Before we give an example of this solution, we should note that finding U is not as expensive as it seems.
Indeed, if the shift u; was held fixed for a few steps, then the system must only be solved once with a multiple
right hand side. Moreover, the objective is not to make 7} diagonal, but only to make it well conditioned.
A possible disadvantage of the strategy is that it cannot be guaranteed that ||U|| is never large. Algorithm 2
proposes a solution that finds a U that has a small norm and that corresponds to a well conditioned TY
matrix. The algorithm computes U as in Proposition 2.3, unless the computed diagonal element (U);; is
smaller that a given tolerance 7 (e.g. 7 = le-4). Otherwise, U would be nearly singular.

Algorithm 2 Compute U

0. Given Ky, Hy and some tolerance T.
SetU =1[].

1. Fori=1,...,k do

U;
1.1. Solve (K; — piH;) [ v ] =& Algorithm 3 IFRKS
1.2. If |ui| > 7||w| then 0. Guwen Ky, Hg, Viy1
U w 1. Select (o, 8), with ap; #6, i=1,...,k
Set U «— [ * R
0 v 2. Compute [Q ¢] [ ] = aKy — BH;
Else 0
Choose a 4; € C+ 1, 3. Compute Z
ot U U 4 4. Set V' =V, 1Q.
— *
¢ 0 1 Set K, = Q*KiZ.
End if. Set HY | = Q*HyZ.

There is a second possible strategy to compute a suitable Z. We can construct Z such that it fulfills (5)
and such that it is orthogonal. However this approach seems rather ad hoc, it turns out to be in many cases
an optimal choice. The following proposition proves that we can always find such a Z.

Proposition 2.4 Given Q € C¥+1Xk that fulfills (7), there ezist a matriz Z that fulfills condition (5) and
that is both orthogonal and upper Hessenberg.

Proof Say [@ ¢] [ f)l ] = aKy — BHy and call [y, g] = ¢*(BKx + a@Hy), v € C, g € C1¥*~1 Then,

unless v; is an eigenvector, vy # 0 and

g
Z = S,
[ —Yk—1 ]

where S € C*~1Xk~1 ig an upper triangular matrix such that Z is orthogonal (e.g. S contains the orthog-
onalisations coefficients of a Gramm Schmidt process.). Note that the choice of (8K} + @Hy) is only taken
to have a combination of K} and Hy that is linearly independent from a Ky — BHy. O

Example 2.1 We constructed a 100 x 100 matrix 4 such that A; = —1/7, i=1,...,100:

1 1
1 00
_1 1
2 100
A: ‘.
_ 1 1
99 109
~ 100



Z Al zt
x(T) 2e+14 | 3et+8 | 2et+l4
llg*HeZ|| | letld | Te—9 | le-14
&(U) 2e+1
67 — 61| | 4e6 | 8e-12 | 4e-12
|6 — 6] | 3e6 | 5e—12 | 4e—12
|6 — 03] | 2e—6 | 5e—12 | 4e-12

Table 1: Comparison of different computations of Z. The first uses Z = (M — HSI)I_lQ, the second
transforms the problem such that T is better conditioned, the latter computes the orthogonal Z

We performed 8 steps of Algorithm 1 on this matrix, using vy = [1 --- 1]/10. In the first 5 steps, we used
as pole pi..5 = 1 and as continuation vector the unit vector. In the last 3 steps, we used p; = 8;_; and
for ¢; the corresponding approximate eigenvector. After these 8 steps, the error on the rightmost eigenvalue
Al = —0.011s |91 — A1| = 3e — 3.

We then used three different algorithms to restart the RKS relationship in order to remove the leftmost
approximate eigenvalue of (Kg, Hg). The results are displayed in Table 2.1. The first column shows the
results for 7 = (Mg — HSI)Iglcé. It illustrates that this straightforward choice of Z introduces not only a
large error on 917". More importantly, ||¢* Hx Z|| 3> 0, which means that a large error is introduced on the new
RKS relation. This is important, because if the RKS relation is not correct, then the future approximated
eigenvalues might become inaccurate. The error is caused by the badly conditioned T matrix.

The second column shows the application of Algorithm 2 (with 7 = 10e-4 and %; = [1---1]* ) on this
example. A good U is found that reduces the norm of ™! to some extent. However, ||T7"|| is still large.
The results for 6} and ||g* Hx Z|| are better.

The third approach seems to give the best results. The errors on the 8 are very small and ||¢* Hy Z|| =
O(u).

3 Possible errors while using IFRKS

In practice, the computed RKS relation (1) is not exact. In each step of Algorithm 1, a computational
error 1s added to the relation. If the error is small, then it will have no important effect on the convergence
properties of the algorithm. However, in [8], it has been shown for the Implicitly Restarted Arnoldi method,
that this error can have an important effect on the filtering properties of the restarting algorithm. In this
section, we show a similar property for the IFRKS algorithm. We show that, even if the error on the RKS
relation is small, the filtering step described in Theorem 2.1(c) can be inaccurate.

There are two main sources of possible computational errors in Algorithm 1. First, the linear system in
step 1.2. will only be solved to some residual error :

(A — p:B)w = BVit; + 55, with [|si]| < u(||4 — piBl[[Jw]| + || BVits]]),
where u is the machine precision. Secondly, the orthogonalisation steps 1.3. and 1.4. can be inexact :
w = Vih; + vigim + 57

If we call s’ the rounding error made on the computation of the é-th column of K; and if we sum the errors
in the vector s; = s} — (A — u;B)s! + BV;115)”, then we can collect all the error vectors in one matrix
[$1,.-.,8k] = Sk. We get the corrected RKS relationship

AVk+1Hk = BVk+1Kk + S%. (9)

In Theorem 3.2, we will show that if the filtering step fails, then the influence of Sy will be larger in general
than the influence of the error on the computed QR decomposition. In order to prove that, we need the
following Lemma.

Lemma 3.1 If we call 01(T) > 02(T) > ... the singular values of a matriz T and if R € CF~1%*~1 has full
rank, then given a vector r € C*~1 and a scalar p € C

ai(R):ai([ff ;D <ko(R)+pl, i=1,...,k—1,



where k < 1+ ||R™1r]|
Proof See [2]. O

As a result, Lemma 3.1 says that if |p| <« O'k_l(R) and if & is not too large, then o4_1(R) = O(O’k_l(R)).
Le., the smallest singular value of the leading submatrix R is approximately equal to the second smallest
singular value of R. In the following theorem, we show how the error Si can cancel the filtering property.

Theorem 3.2 Given an inezact RKS relation (9), with ||Si]| < e; given the QR decomposition OR =
aKy — BHy, with Q the computed approzimation of Q = Q + AQ such that ||QR — (e K, — BHy)|| is small.
Then there exzist a matriz P of full rank such that

V.t =(A—pB) '(aA-BB)Vy P+ E,

with ||E|| < e|apr —,3|0',;1(R) +||AQ||. Moreover, if (R)g,x < ox—1(R), then ||AQ||r < Q||R||0',;_11(R)u, for
some > 0.

Proof Given (9) and Lemma 1.1, we can write

(A= B)Viy1(aKy —BHy) = (aA—BB)Vip1(Kr — ueHy) + (apr — B)Sk
= (A —BB)Vi(K) — prHy) + (cpr — B)Sk
(A—peB)Ve41QR = (cA—BB)V (Kk ,U'kH ) + (e — B)Sk

Vit1Q = (A —wB) Y ad - BB)WVi[(K) — urH)R™Y + (ape — B)SkR7Y,

with ||(epr — B)Se R7Y|| < elau —,3|0',;1(R). In [1] is proved that |[|AQ||r < \/§||R||||R,;_11||u—|— O(u?),
where Rj_; is the k — 1 X k — 1 leading submatrix of R. If we neglect the second order term in u and if we
combine this result with Lemma 3.1, we get

1AQ|IF < V2||R||(k + (R)x,p/ox-1(R))o; 11 (R) < V2| R||(r + 1)o; 2 (R),
with « as in Lemma 3.1 and (R)g,x/0r-1(R) < 1 < k. O

Theorem 3.2 says that when a RKS relation is restarted and it has a R that is almost singular, then the
filtering property can be lost. However, the influence of the (possibly small) error matrix Sy will be dominant
to the inaccuracy of the computed matrix Q, assuming that 0 ~ ox(R) < of_1(R).

Let us consider a case where ||R™!|| can be large. This means that R is nearly singular, so there exists a
vector z of unit length, such that

or(R) = ||Rz|| = || Krz — BHyz|| ~ 0.
If B/a = O, then with z equal to the corresponding eigenvector of (K, H,), we get

ox(R) < ||Rz|| = (aps — B)|me2k,5]-

A small |npzgi|, corresponds, following (4), to the residual of an eigenvector that has converged well.
Therefore, using IFRKS to remove a converged eigenvector from the subspace Vi1 seems not to be a good
idea, because the filtering will be inaccurate. A second filtering step can then be necessary.

It is clear that unlike the problems with the computation of Z, this problem can not be cured by switching
to a different set of Kj and Hj matrices. In that case, a more explicit procedure should be employed (see
e.g. [2]). It should be stressed that, however the filtering can fail, the norm of the ‘new’ error matrix S;c"
will be of the same order of ||Sk|| if the condition (5) is fulfilled to computational accuracy.

Before we illustrate this with an example, we must keep in mind the following warning. There is a second
possibility to have a large ||RY||. If Hy is singular, then Kj must be (in general) singular too, since both
sides of (1) must have the same rank and share the same null space. Any combination of K and Hj will
then have a singular R. Moreover, the small eigenvalue problem will have an arbitrary eigenvalue. We can
aspect a similar behaviour if H; and K} have a small singular value and R becomes near-singular. Therefore,
this situation must be avoided by the RKS algorithm, since it will lead to wrong results that, unfortunately,
are hard to identify.



| k=10 | Filter Filter k=4 | Filter | Remove Remove
0 1 —9.49
(O‘HB) (0, 1) (0, 1) (0, 1) (Leleft) (Leright)
61 50.5 1369 —9.49 —9.4883 —9.4883 —9.4883 —10+0.32
6, 13—332 | —949 | —11.4—14.67 | —11.4—14.6: | —11.4—14.62 | —11.4—14.62 | —11.6 — 14.72
Opest —9.38 —9.49 —9.49 —9.4883 —9.4883 —9.4883
|| Ay — 61 By1|| le—6 8e—4 3e-5 le—10 le—10 4e—10 4e—10
JAVH — BVK||/|H|| | le14 | 2e-12 2e—12 3e—14 3e—14 3e—14 le-13
or(R) le—4 6e—4 9e—10 8e—8 6e—19
or—1(R) 9e—4 le-3 2e—6 le—4 le—4
#0:p 3 1 0 0 0 0 0

Table 2: Illustrations of aspects of filtering with IFRKS

Example 3.1 Let us recall the example in [3].

The example comes from a model of viscous free-surface fluid flow on a tilted plane [7]. The Navier-Stokes
equations were discretised by a finite element approach leading to an eigenvalue problem Az = ABz of size
n = 536. The matrices A and B are nonsymmetric, B is singular (B has rank 429) and A is not. The goal is
to find the rightmost eigenvalues used for the stability analysis of a steady state solution of the Navier-Stokes
equations.

The main problem is that B is singular. This means that Az = ABz has an infinite eigenvalue. Moreover,
for this example, this eigenvalue is defective. When we apply an iterative eigenvalue solver to this problem,
this infinite eigenvalue may emerge as finite spurious eigenvalues. The calculation of spurious eigenvalues
can be avoided as follows. Let R denote the eigenspaces (and the generalised eigenspaces if the eigenvalues
are defective) corresponding to the finite eigenvalues and A the eigenspace (and generalised eigenspace)
corresponding to the infinite eigenvalue. Since R™ = R + A/, it is sufficient to remove the A" component
in V, in order to avoid the calculation of ‘infinity’. Since an infinite eigenvalue of Az = ABz corresponds
to a zero eigenvalue of A~!B, A" = nullspace((A~!B)") where v is the index of this eigenvalue. If v = 1,
then the eigenvalue is non-defective. Thus, the calculation of spurious eigenvalues due to singular B can be
avoided by filtering

VT «— orth((A™'B)*V)

or even by shifting the problem, e.g. as
VT «— orth((A — p,B)"*B---(A— u1B)"'BV) .

Such a filtering is easily done by the IFRKS method with shifts (e, 8) = (0, 1).

For this example, the rightmost eigenvalues are known, so it is easy to check whether a computed
rightmost eigenvalue is spurious. These eigenvalues are A; = —9.4883, Ay 3 = —11.6062 £ 14.66024, and
A5 = —15.9689 + 3.23434. The index of the infinite eigenvalue is not known, but we found that a small
number of QZ steps were sufficient to avoid the calculation of spurious eigenvalues in this problem. We ran
the following test in Matlab on a Ultra Sparc-2 station.

First, we performed 10 steps of Algorithm 1 with pole p;...;.0 = 1 and v; = [1---1]/4/n. Then, we filtered 2
times the subspace V with (e, 8) = (0, 1) in order to remove the spurious eigenvalues from the approximated
spectrum. We resumed Algorithm 1 with pole p; = 8; = —9.49 for 4 iterations. We then filtered 1 time
with (e, 8) = (0,1). Finally, we restarted the subspace twice with an exact shift, i.e. (&,8) = (1,6). The
first time, we removed the leftmost Ritz value. Since this Ritz value lies far from the second shift, it has not
converged. Finally, we tried to remove the converged Ritz value from the approximate spectrum. Table 3.1
shows the results.

The example illustrates several points. First, it shows that it is important to filter away possible spurious
eigenvalues before changing the pole u. Indeed, the first column of Table 3.1 shows that if we set the new
u equal to the rightmost eigenvalue, 8; = 50.5, then this will slow down the convergence. This pole lies
far from the true rightmost eigenvalue. The second and third column show that it can be necessary to
filter more than once, if the zero eigenvalue of B is defective. Indeed, it takes two filtering steps to remove
all spurious eigenvalues (#6,, displays the number of Ritz values that have a positive real part. These
Ritz values are certainly spurious). If we resume the RKS algorithm with a new pole, then the rightmost
eigenvalue converges well. The filtering step in column five turns out to be not necessary, since there are




no spurious eigenvalues (with positive real parts) left. We filtered once anyway, to be sure. The last two
columns illustrate that it is safe to remove Ritz values that have not converged yet. However, it is not safe
to remove the converged, rightmost eigenvalue. The last column of Table 3.1 shows how such a filtering step
fails : the Ritz eigenvalue —9.4883 is not removed, but a bad approximation remains present in the subspace.
This failure is caused by the fact that R is almost singular (o (R) = 6e—19).

4 Conclusions

In this text, we showed how the RKS relation can be restarted in two different ways. The first option
was to transform the matrices (K, Hy) with an upper triangular matrix U to the set (K¢, HY), such that
the corresponding IkU is well conditioned. The second option was to compute Z directly such that it is
orthogonal. The latter option seems to be the most effective. It also has the advantage that it is easy to
implement. In order to introduce no large errors in the RKS relation, it is important for both methods to
make sure that the ||¢* K Z|| and ||¢* HxZ|| in (5) are as small as possible.

Restarting the RKS relation can be combined with an implicit filtering step of the subspace that is
spanned by V;. However, similarly to the IRA method, this filtering can fail if the matrix QR = a K, — GHy
is almost singular. We showed that if this near-singularity is caused by a well converged eigenvalue, then
the influence of the computed @ on the filtering step is smaller than the influence of the near singularity.
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