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COMPUTING ZEROS OF ANALYTIC FUNCTIONS VIA MODIFIEDMOMENTS BASED ON FORMAL ORTHOGONAL POLYNOMIALSPETER KRAVANJA, MARC VAN BAREL, AND ANN HAEGEMANSAbstract. We consider the problemof computing all the zeros of an analytic function that lie inthe interior of a Jordan curve, together with their respective multiplicities. Our approach usesmodi�ed moments based on formal orthogonal polynomials. Numerical experiments indicatethat it is far superior to classical approaches, which consider the usually ill-conditioned mapfrom the Newton sums to the unknowns.1. IntroductionLet W be a simply connected region in C , f :W ! C analytic inW , and 
 a positively orientedJordan curve inW that does not pass through any zero of f . We consider the problem of computingall the zeros of f that lie in the interior of 
, together with their respective multiplicities.Let N denote the total number of zeros of f that lie in the interior of 
, i.e., the number ofzeros where each zero is counted according to its multiplicity. Suppose that N > 0. Let n be thenumber of mutually distinct zeros of f that lie in the interior of 
. Let z1; : : : ; zn be these zerosand �1; : : : ; �n their respective multiplicities. An easy calculation shows that zk is a simple poleof f 0=f with residue �k for k = 1; : : : ; n. It follows thatN = 12� i Z
 f 0(z)f(z) dzand thus N can be calculated via numerical integration. Methods for the determination of zerosof analytic functions that are based on the numerical evaluation of integrals are called quadraturemethods. A review of such methods is given in [10]. A classical approach is to consider the integralssp := 12� i Z
 zp f 0(z)f(z) dz; p = 0; 1; 2; : : : :The residue theorem implies that the sp's are equal to the Newton sums of the unknown zeros,sp = nXk=1�kzpk; p = 0; 1; 2; : : :;and thus the problem is transformed into that of solving a system of polynomial equations. Thisapproach has been taken by Delves and Lyness [3] and was reconsidered by Li [12] and, recently,by the authors [11]. Let us recall the results obtained in [11]. De�ne H as the in�nite Hankelmatrix H := �sp+q�p;q�0and let Hk := 266664 s0 s1 � � � sk�1s1 . . . ...... . . . ...sk�1 � � � � � � s2k�2377775 ; k = 1; 2; : : : ;Date: November 1996.1991 Mathematics Subject Classi�cation. 65H05, 65E05.1



2 PETER KRAVANJA, MARC VAN BAREL, AND ANN HAEGEMANSbe its k � k leading principal submatrix. De�ne also the k � k matrix H<k asH<k := 266664s1 s2 � � � sks2 . . . ...... . . . ...sk � � � � � � s2k�1377775 ; k = 1; 2; : : : :In what follows we will assume that all the sp's that are needed have been calculated (via numericalintegration). In particular, we will assume that the value of N is known. Then n can be calculatedas rankHN .Theorem 1. n = rankHn+p for every integer p � 0. In particular, n = rankHN .Once n is known, the zeros z1; : : : ; zn can be calculated by solving a generalized eigenvalueproblem that has Hankel structure.Theorem 2. The eigenvalues of the pencil H<n � �Hn are given by z1; : : : ; zn.Once z1; : : : ; zn have been found, the multiplicities �1; : : : ; �n can be computed by solving theVandermonde system 26664 1 � � � 1z1 � � � zn... ...zn�11 � � � zn�1n 3777526664�1�2...�n37775 = 26664 s0s1...sn�137775 :Theoretically the N �n smallest singular values of HN are equal to zero. In practice, this will notbe the case, as by evaluating the corresponding integrals numerically one can only obtain approx-imations for the sp's and because of roundo� errors in the SVD computation. If the numericalrank n of HN is di�cult to determine, it is safe to consider HN as a matrix of full rank and tosolve an N � N generalized eigenvalue problem and associated Vandermonde system.Theorem 3. For every integer t � n the eigenvalues of the pencil H<t ��Ht are given by z1; : : : ; znand t� n eigenvalues that may assume arbitrary values.Each of these t � n indeterminate eigenvalues corresponds to two corresponding zeros on thediagonals of the generalized Schur decomposition of H<t and Ht. When actually calculated, thesediagonal entries are di�erent from zero because of roundo� errors. The quotient of two such cor-responding diagonal entries is an eigenvalue that is not a zero of f . Fortunately, the correspondingVandermonde system enables one to detect such spurious \zeros." Indeed, its matrix will almostsurely (i.e., with probability one) be regular and therefore the system will have only one solution,which gives the true zeros of f their correct corresponding multiplicity and the spurious ones\multiplicity" zero.Unfortunately, the map from the Newton sums to the zeros and their respective multiplicities isusually ill-conditioned (see [11] and also the papers of Gautschi [6, 7] who studied the conditioningof this map in the context of Gauss quadrature formulae). Suppose for example that n = 6,z1 = 1; z2 = 2; z3 = 3; z4 = 4; z5 = 5; z6 = 6and �1 = � � � = �6 = 1. Then by computing the Newton sums explicitely as sp =Pnk=1 �kzpk andby calculating the eigenvalues of H<n � �Hn using Matlab (with 
oating point relative accuracy� 2:2204 10�16), we obtain1:000000000007227; 2:000000000339424; 3:000000002071328;4:000000002666899; 5:000000000762610; 6:000000000031502:(The imaginary parts are not shown|they are O(10�12).) The conditioning is particularly badin the case of clustered zeros. For example, if n = 6,z1 = 3; z2 = 3:00001; z3 = 3:00002;z4 = 8; z5 = 8:00002; z6 = 8 + i 0:00001



COMPUTING ZEROS OF ANALYTIC FUNCTIONS 3and �1 = � � � = �6 = 1, then we would obtain�8:929298009058625+ i 0:000131585717976; 3:000009996398890+ i 0:000000000000279;3:018824719310254� i 0:000004739453523; 5:539985015441636+ i 0:001639228103641;8:000006673486054+ i 0:000003317117220; 7:996191856990388� i 0:002550799354460:In [11] we have reduced the ill-conditioning by �rst shifting the origin in the complex plane to thearithmetic mean of the zeros, � := Pnk=1 �kzkPnk=1 �k = s1s0 :Then the zeros are better relatively separated, which is appropriate in 
oating point arithmetic,as we argued intuitively. In this approach the unknowns are calculated from the integrals12� i Z
(z � �)p f 0(z)f(z) dz; p = 0; 1; 2; : : :;i.e., by using the shifted monomial basis f(z � �)kgk�0 instead of the standard basis fzkgk�0. Inthis paper we will show how n; z1; : : : ; zn and �1; : : : ; �n can be calculated from integrals involvingan arbitrary polynomial basis f k(z)gk�0. By analogy with numerical quadrature, we call thisan approach based on modi�ed moments. The formal orthogonal polynomials associated with themeasure that puts mass �k at zk for k = 1; : : : ; n will turn out to be excellent choices for the  k's.By applying the algorithm explained in Section 3 to the previous examples, we obtain1:000000000000001; 2:000000000000000;3:000000000000000; 4:000000000000000;5:000000000000000; 6:000000000000001and2:999999999735130� i 0:000000000001420; 3:000009998575106+ i 0:000000000058456;3:000019999736600+ i 0:000000000000931; 7:999999992384290+ i 0:000000088570409;8:000020157615410+ i 0:000000017110382; 7:999999851862055+ i 0:000009892258188:This paper is organized as follows. In Section 2 we discuss the properties of formal orthogonalpolynomials that are relevant to our purpose. In Section 3 we explain how to use modi�ed momentsand we formulate our algorithm. We conclude with numerical examples in Section 4.2. Formal orthogonal polynomialsLet P be the linear space of polynomials with complex coe�cients. We de�ne a symmetricbilinear form h�; �i : P � P ! Cby setting h�;  i := 12� i Z
 �(z) (z) f 0(z)f(z) dz = nXk=1�k�(zk) (zk)(1)for any two polynomials �;  2 P.A monic polynomial 't of degree t � 0 that satis�eshzk; 't(z)i = 0; k = 0; 1; : : : ; t� 1;(2)is called a formal orthogonal polynomial (FOP) of degree t. (Note that condition (2) is voidfor t = 0.) The adjective formal emphasizes the fact that, in general, the bilinear form (1) doesnot de�ne a true inner product. An important consequence of this fact is that, in contrast topolynomials that are orthogonal with respect to a true inner product, FOPs 't need not exist orneed not be unique for every degree t. (For details, see [9] and the references cited therein.) If (2)is satis�ed and 't is unique, then 't is called a regular FOP and t a regular index. If we set't(z) =: u0;t + u1;tz + � � �+ ut�1;tzt�1 + zt



4 PETER KRAVANJA, MARC VAN BAREL, AND ANN HAEGEMANSthen condition (2) translates into the Yule-Walker system266664 s0 s1 � � � st�1s1 . . . ...... . . . ...st�1 � � � � � � s2t�237777526664 u0;tu1;t...ut�1;t37775 = �26664 stst+1...s2t�137775 :(3)Hence, the regular FOP of degree t � 1 exists if and only if the matrix Ht is regular. Thus, therank pro�le of H determines which regular FOPs exist. If t is a regular index, then't(z) = 1detHt ������������ s0 s1 � � � st�1 1s1 . . . ... z... . . . ... ...st�1 � � � � � � s2t�2 zt�1st � � � � � � s2t�1 zt ������������ ;(4)as one can easily verify. Note that this implies thath't; 'ti = detHt+1detHt :The regular FOP of degree 1 exists and is given by '1(z) = z � � where � = s1=s0 is thearithmetic mean of the zeros. Theorem 1 implies that the regular FOP 'n of degree n exists andtells us also that regular FOPs of degree larger than n do not exist. The polynomial 'n is easilyseen to be 'n(z) = (z � z1) � � � (z � zn):It is the monic polynomial of degree n that has z1; : : : ; zn as simple zeros. Its coe�cients can becalculated by solving an n � n Yule-Walker system. This polynomial has the peculiar propertythat it is orthogonal to all polynomials (including itself),hzk; 'n(z)i = 0; k = 0; 1; 2; : : : :(In fact, the orthogonal complement P? of P in P is an ideal generated by 'n.) Theorem 2 cannow be interpreted as follows: the zeros of the regular FOP of degree n are given by the eigenvaluesof the pencil H<n � �Hn. The following theorem shows that this zero/eigenvalue property holdsfor all regular FOPs.Theorem 4. Let t � 1 be a regular index. Then the zeros of the regular FOP 't of degree t aregiven by the eigenvalues of the pencil H<t � �Ht.Proof. Suppose 't(z) =: u0;t+ u1;tz + � � �+ ut�1;tzt�1+ zt. Then the zeros of 't are given by theeigenvalues of its companion matrixCt := 266666640 0 � � � 0 �u0;t1 0 � � � 0 �u1;t0 1 .. . ... ...... . . . 0 �ut�2;t0 � � � 0 1 �ut�1;t37777775 :Let � be an eigenvalue of Ct and x a corresponding eigenvector. As Ht is regular, we may concludethat Ctx = �x, HtCtx = �Htx:Using (3) one can easily verify that HtCt = H<t . This proves the theorem.If Hn is strongly regular, i.e., if all its leading principal submatrices are regular, then wehave a full set f'0; '1; : : : ; 'ng of regular FOPs. Note that in this case the n � n Gram matrixGn := [h'p; 'qi]n�1p;q=0 is diagonal, and that the matrix G(1)n := [h'p; '1'qi]n�1p;q=0 is tridiagonal.



COMPUTING ZEROS OF ANALYTIC FUNCTIONS 5What happens if Hn is not strongly regular and thus there is no full set of regular FOPs? LetfkjgJj=0 be the set of all regular indices, withk0 < k1 < � � � < kJ :Then k0 = 0, k1 = 1 and kJ = n. By �lling up the gaps in the sequence of existing regularFOPs it is possible to de�ne a sequence f'tg1t=0, with 't a monic polynomial of degree t, suchthat if these polynomials are grouped into blocks according to the sequence of regular indices,then polynomials belonging to di�erent blocks are orthogonal with respect to (1). More precisely,de�ne f'tg1t=0 as follows. If t is a regular index, then let 't be the regular FOP of degree t. Elsede�ne 't as 'r t;r where r is the largest regular index less than t and  t;r is an arbitrary monicpolynomial of degree t � r. In the latter case 't is called an inner polynomial. If  t;r(z) = zt�rthen we say that 't is de�ned by using the standard monomial basis. These polynomials f'tg1t=0can be grouped into J + 1 blocks�(0) := �'0��(1) := �'1 '2 � � � 'k2�1��(2) := �'k2 'k2+1 � � � 'k3�1�... ...�(J�1) := �'kJ�1 'kJ�1+1 � � � 'kJ�1��(J) := �'n 'n+1 � � � � :Note that each block starts with a regular FOP and that the remaining polynomials in each blockare inner polynomials. The pth block has length lp := kp+1 � kp for p = 0; 1; : : :; J � 1. Leth	;�i := 264h 0; �0i � � � h 0; �qi... ...h p; �0i � � � h p; �qi375 2 C (p+1)�(q+1)for any two row vectors	 := � 0  1 � � �  p� and � := ��0 �1 � � � �q�of polynomials in P.Theorem 5. The following block orthogonality relations hold:h�(p);�(q)i = (0lp�lq if p 6= q�p if p = q for p; q = 0; 1; : : : ; J � 1where the matrix �p 2 C lp�lp is regular, symmetric, zero above the main antidiagonal and equalto hzkp+lp�1; 'kpi along the main antidiagonal for p = 0; 1; : : : ; J � 1. Also, if all the innerpolynomials of the block �(p) where p 2 f1; : : : ; J � 1g are de�ned by using the standard monomialbasis, then �p is a Hankel matrix.Proof. The proof is by induction. Obviously, h�(0);�(0)i = [ h1; 1i ] = [s0 ] is regular. Now supposethat the theorem holds for p; q = 0; 1; : : :; k�1 where k 2 f1; : : : ; J �1g. Consider the block �(k).Let us call the �rst polynomial of this block 'r and let l be the length of this block,�(k) = �'r 'r+1 � � � 'r+l�1� :Then the matrices Hr+1; : : : ;Hr+l�1 are singular while Hr and Hr+l are regular. By symmetryconsiderations it su�ces to prove thatK̂ := 26664 h'0; 'ri � � � h'0; 'r+l�1ih'1; 'ri � � � h'1; 'r+l�1i... ...h'r�1; 'ri � � � h'r�1; 'r+l�1i37775 = 0r�l



6 PETER KRAVANJA, MARC VAN BAREL, AND ANN HAEGEMANSand that the matrix �̂ := 264 h'r ; 'ri � � � h'r ; 'r+l�1i... ...h'r+l�1; 'ri � � � h'r+l�1; 'r+l�1i375is regular and has the other properties mentioned. Let Fl be the l� l unit upper triangular matrixthat contains the coe�cients of the polynomials 1;  r+1;r; : : : ;  r+l�1;r (used in the de�nition ofthe inner polynomials of this block). ThenK̂ = KFl and �̂ = FTl �Flif the matrices K and � are de�ned asK := 264 h'0; 'ri h'0; z'ri � � � h'0; zl�1'ri... ... ...h'r�1; 'ri h'r�1; z'ri � � � h'r�1; zl�1'ri375and � := 266664 h'r ; 'ri h'r ; z'ri � � � h'r ; zl�1'rihz'r ; 'ri . . . ...... . . . ...hzl�1'r ; 'ri � � � � � � hzl�1'r ; zl�1'ri377775 :(In other words, K and � correspond to the situation where all the inner polynomials in our blockare de�ned by using the standard monomial basis.) Therefore we will �rst study the matricesK and �. Observe that � is a Hankel matrix. As 'r is a regular FOP, we may conclude thath's; zt'ri = 0 for t � 0 and s = 0; 1; : : : ; r� t� 1. ThusK = 266666666666640 � � � � � � 0... . . . ...... . . . ...0 � � � � � � 0... . . . �... . . . . . . ...0 � � � � �37777777777775 :(5)Let us consider the �rst antidiagonal of K whose entries we have not yet proven to be equal tozero. As 'r is orthogonal to all polynomials of degree � r� 1, all these entries are equal. Indeed,h'r�1; z'ri = h'r�2; z2'ri = � � � = h'r�l+1 ; zl�1'ri = hzr; 'ri:Note that hzr ; 'ri = h'r; 'ri, the entry in the upper left corner of �. As Hr+1 is singular andh'r ; 'ri = detHr+1= detHr, it follows that h'r ; 'ri = 0. This implies that 'r is in fact orthogonalto all polynomials of degree � r and that the upper left entry of � as well as all the entries on ourantidiagonal of K are equal to zero. Now we continue with the next antidiagonal of K. The factthat h'r ; 'ri = 0 implies that all its entries are equal to hzr+1; 'ri = hz'r ; 'ri. One can easilycheck thatRTr+2Hr+2Rr+2 = �h'p; 'qi�r+1p;q=0 = diag(�0; �1; : : : ; �k�1)� FT2 � 0 hzr+1; 'rihzr+1; 'ri hz'r ; z'ri�F2if Rr+2 is the unit upper triangular matrix that contains the coe�cients of '0; '1; : : : ; 'r+1.As Hr+2 is singular and �0; �1; : : : ; �k�1 are regular, it follows that hzr+1; 'ri = 0. Thus 'r isorthogonal to all polynomials of degree � r + 1 and all the entries on our antidiagonal of Kas well as two additional entries of � are equal to zero. And so on. Eventually we will �ndthat all the entries of K that are marked � in (5) are determined by the �rst l � 1 entries ofthe �rst row of � \in a Hankel way," i.e., by shifting these entries to the north-east. We willalso �nd that hzr+2; 'ri = � � � = hzr+l�2 ; 'ri = 0, i.e., 'r is orthogonal to all polynomials of



COMPUTING ZEROS OF ANALYTIC FUNCTIONS 7degree � r + l � 2 (because Hr+3; : : : ;Hr+l�1 are singular) while hzr+l�1; 'ri 6= 0 (because Hr+lis regular). Therefore K̂ = K = 0r�l and � is a regular lower triangular Hankel matrix. One caneasily verify that this implies that �̂ is indeed regular, symmetric, zero above the main antidiagonal,and equal to hzr+l�1; 'ri along the main antidiagonal. This proves the theorem.Note that h�(p);�(J)i = 0lp�1 for p = 0; 1; : : : ; J if we set lJ :=1.Let G be the in�nite Gram matrix G := [ h'p; 'qi ]p;q�0and let Gk be its k � k leading principal submatrix for k = 1; 2; : : : . Then G = Gn � 01�1.The matrix Gn is regular and block diagonal, Gn = diag(�0; �1; : : : ; �J�1). Let G(1) be the in�nitematrix G(1) := [ h'p; '1'qi ]p;q�0and let G(1)k be its k� k leading principal submatrix for k = 1; 2; : : :. Then G(1) = G(1)n � 01�1.Note that G and G(1) are both symmetric. The matrices Gn and G(1)n will play an important rolein Section 3. The following theorem examines the structure of G(1)n . Let us agree to call a matrixA = [ ap;q ]l�1p;q=0 2 C l�l lower anti-Hessenberg if ap;q = 0 whenever p+ q < l� 2, i.e., a matrix willbe called lower anti-Hessenberg if its entries are equal to zero along all the antidiagonals that lieabove the main antidiagonal, except for the antidiagonal that precedes the main antidiagonal.Theorem 6. The following block orthogonality relations hold:h�(p); '1�(q)i =8>>><>>>:0lp�lq if jp� qj > 1�p if p = q + 1�Tq if p = q � 1�(1)p if p = q for p; q = 0; 1; : : : ; J � 1.In other words, the matrix G(1)n is block tridiagonal,G(1)n = 26666664�(1)0 �T1�1 �(1)1 �T2. . . . . . . . .�J�2 �(1)J�2 �TJ�1�J�1 �(1)J�137777775 :The matrix �(1)p 2 C lp�lp is symmetric, lower anti-Hessenberg and equal to hzkp+lp�1; 'kpi alongits �rst nonzero antidiagonal for p = 0; 1; : : : ; J � 1. Also, if all the inner polynomials of the block�(p) where p 2 f1; : : : ; J � 1g are de�ned by using the standard monomial basis, then �(1)p is aHankel matrix. Note that �(1)0 = [ 0 ]. All the entries of the matrix �p where p 2 f1; : : : ; J � 1g areequal to zero, except for the entry in the south-east corner, which is equal to hzkp+lp�1; 'kpi.Proof. We leave this to the reader. Use the results obtained in the proof of Theorem 5.Thus, for example, the matrices Gn and G(1)n may look likeGn = 266666666666666664 
 0 0 
0 
 �
 � � 0 0 
0 
 �
 � � 0 0 0 
0 0 
 �0 
 � �
 � � �
377777777777777775



8 PETER KRAVANJA, MARC VAN BAREL, AND ANN HAEGEMANSand G(1)n = 266666666666666664 0 
0 
 �
 � �
 � � � 
0 
 �
 � �
 � � � 
0 0 
 �0 
 � �
 � � �
 � � � �
377777777777777775 :The entries marked 
 are di�erent from zero. Also, in each block they are all equal.The following theorem considers the determinants of Gk and G(1)k . It implies that the rankpro�le of G is equal to that of H.Theorem 7. Let k be a positive integer. Then detGk = detHk and detG(1)k = det(H<k � �Hk),where � = s1=s0 is the arithmetic mean of the zeros.Proof. Let Rk be the unit upper triangularmatrix that contains the coe�cients of '0; '1; : : : ; 'k�1.Then Gk can be factorized as Gk = RTkHkRk. This implies that detGk = detHk. As '1(z) = z��,it follows that G(1)k = [ h'p; z'qi ]k�1p;q=0 � �Gk. The matrix [ h'p; z'qi ]k�1p;q=0 is equal to RTkH<k Rkand thus G(1)k = RTk (H<k � �Hk)Rk. This proves the theorem.The zeros of an inner polynomial 't are given by the zeros of the previous regular FOP, say 'r ,and t�r zeros that we may choose arbitrarily. The following theorem considers the t�t generalizedeigenvalue problem. It generalizes Theorem 3.Theorem 8. Let t � 1 be an integer, let r be the largest regular index less than or equal to t,and let r0 be the smallest regular index greater than t. (De�ne r0 := +1 if t � n.) Then theeigenvalues of the pencil H<t � �Ht are given by the eigenvalues of the pencil H<r ��Hr and t� reigenvalues that may assume arbitrary values if t < r0�1 or t� r eigenvalues � =1 if t = r0�1.Proof. Because of Theorems 1 and 3 we may restrict our attention to the case t < n. Let �? 2 C .Via the results obtained in the proof of Theorem 7 one can easily show that det(H<t � �?Ht) =det(G(1)t � '1(�?)Gt). This leads us to consider the pencil G(1)t � �Gt. The result then followsimmediately from the structure of Gt and G(1)t as examined in Theorems 5 and 6.3. The algorithmOur unknowns n; z1; : : : ; zn; �1; : : : ; �n can be calculated from integrals involving polynomialsfrom an arbitrary basis for P. Indeed, let  k be a monic polynomial of degree k for k = 0; 1; 2; : : :.De�ne mp;q := h p;  qi = 12� i Z
  p(z) q(z) f 0(z)f(z) dz = nXk=1�k  p(zk) q(zk)for p; q = 0; 1; 2; : : :. Let M be the in�nite Gram matrixM := �mp;q�p;q�0and let Mk := 264 m0;0 � � � m0;k�1... ...mk�1;0 � � � mk�1;k�1375 ; k = 1; 2; : : : ;be its k � k leading principal submatrix. De�ne also the k � k matrixM (1)k asM (1)k := �h p;  1 qi�k�1p;q=0 ; k = 1; 2; : : : :



COMPUTING ZEROS OF ANALYTIC FUNCTIONS 9Note that Mk as well as M (1)k are symmetric for all k. In what follows we will assume that all the\inner products" h p;  qi and h p;  1 qi that are needed have been calculated.As h r ; 'ni = 0 for r = 0; 1; 2; : : : , it follows immediately that the coe�cients �1; : : : ; �n in theexpansion 'n(z) = nYk=1(z � zk) =:  n(z) + �1 n�1(z) + � � �+ �n 0(z)can be computed by solving the linear system of equations264 m0;0 � � � m0;n�1... ...mn�1;0 � � � mn�1;n�1375264�n...�1375 = �264 m0;n...mn�1;n375 :The matrix of this system is regular. Indeed, one can easily verify that Mn can be factorized asMn = VnDnV Tnwhere Vn is the Vandermonde-like matrixVn := 264  0(z1) � � �  0(zn)... ... n�1(z1) � � �  n�1(zn)375and Dn := diag(�1; : : : ; �n). The following theorem generalizes Theorem 1.Theorem 9. n = rankMn+p for every integer p � 0. In particular, n = rankMN .Proof. This follows immediately from Theorem 1 and the fact that Mt can be factorized for everyt � 1 as Mt = ATt HtAt if At is the unit upper triangular matrix that contains the coe�cients of 0;  1; : : : ;  t�1. Another, more direct proof is the following. Let p be a nonnegative integer. Thematrix Mn+p can be written asMn+p = nXk=1�k 2664  0(zk) 0(zk) � � �  0(zk) n+p�1(zk)... ... n+p�1(zk) 0(zk) � � �  n+p�1(zk) n+p�1(zk)3775= nXk=1�k 264  0(zk)... n+p�1(zk)375 � 0(zk) � � �  n+p�1(zk)� :This implies that rankMn+p � n. However, Mn is regular and thus rankMn+p � n. It followsthat rankMn+p = n.Theorem 10. Let t be a positive integer. Then �? is an eigenvalue of the pencil H<t ��Ht if andonly if  1(�?) is an eigenvalue of the pencil M (1)t � �Mt.Proof. Let At be the unit upper triangular matrix that contains the coe�cients of  0;  1; : : : ;  t�1.Then Mt can be factorized as Mt = ATt HtAt. Suppose  1(z) =: z � �. Then M (1)t is given by[ h p; z qi ]t�1p;q=0��Mt. The matrix [ h p; z qi ]t�1p;q=0 can be written as ATt H<t At and thusM (1)t =ATt (H<t � �Ht)At. Now let �? be an eigenvalue of the pencil H<t � �Ht and x a correspondingeigenvector. Then H<t x = �?Htx, (H<t � �Ht)x = (�? � �)Htx, ATt (H<t � �Ht)Aty =  1(�?)ATt HtAty if y := A�1t x., M (1)t y =  1(�?)Mty:This proves the theorem.



10 PETER KRAVANJA, MARC VAN BAREL, AND ANN HAEGEMANSCorollary 11. Let t � 1 be a regular index and let zt;1; : : : ; zt;t be the zeros of the regular FOP 't.Then the eigenvalues of the pencil G(1)t ��Gt are given by zt;1��; : : : ; zt;t�� where � = s1=s0 isthe arithmetic mean of the zeros. In particular, the eigenvalues of the pencil G(1)n ��Gn are givenby z1 � �; : : : ; zn � �.Once the zeros z1; : : : ; zn have been calculated, their respective multiplicities can be computedby solving the Vandermonde-like system264  0(z1) � � �  0(zn)... ... n�1(z1) � � �  n�1(zn)375264�1...�n375 = 264 m0;0...mn�1;0375 :(6)Special cases. Let us consider a few special cases. Suppose that the polynomials  k satisfy athree-term recurrence relation,  �1(z) := 0;  0(z) = 1and  k(z) = (z � �k) k�1(z) + �k k�2(z)for k = 1; 2; : : : with �1 := 0. As 1(z) q(z) = (z � �1) q(z)= (z � �q+1) q(z) + (�q+1 � �1) q(z)=  q+1(z) + (�q+1 � �1) q(z) � �q+1 q�1(z)for q = 0; 1; 2; : : : , it follows that M (1)t is given byM (1)t = �mp;q+1 + (�q+1 � �1)mp;q � �q+1mp;q�1�t�1p;q=0 :If all the �k's are equal to zero, i.e., if k(z) = (z � �1) � � � (z � �k); k = 1; 2; : : : ;then M (1)t = �mp;q+1 + (�q+1 � �1)mp;q�t�1p;q=0 :If all the �k's are equal to zero and all the �k's are equal to �, i.e., if k(z) = (z � �)k; k = 1; 2; : : : ;then mp;q = 12� i Z
(z � �)p+q f 0(z)f(z) dzfor p; q = 0; 1; 2; : : : , and thus Mk as well as M (1)k are Hankel matrices for all k. If � = 0, then weare back in the case discussed in the introduction.By now the reader will probably have realized that we plan to calculate the zeros z1; : : : ; zn fromthe eigenvalues of the pencil G(1)n � �Gn. Indeed, as already shown in the introduction, numericalexperiments indicate that this approach gives accurate results. This does not come as a completesurprise of course. The system of polynomial equations Pnk=1 �kzpk = sp, p = 0; 1; : : : ; 2n� 1, hasthe same structure as the system that determines a Gauss quadrature formula, and in numericalintegration quadrature formulae are constructed from modi�ed moments based on orthogonalpolynomials [6].To calculate the matrices Gn and G(1)n we need the polynomials '0; '1; : : : ; 'n�1. The regularFOPs in this sequence can be computed by solving generalized eigenvalue problems, and it isadvantageous to de�ne the inner polynomials by using the standard monomial basis, because thenthe blocks in Gk and G(1)k will have Hankel structure. The following example explains the detailsof this approach. (Note that we still assume that we are able to calculate all the \inner products"h�; �i that are needed exactly, as if we had an \oracle" at our disposal that provides us with theexact value of any inner product upon simple request. In practice, of course, we will have to



COMPUTING ZEROS OF ANALYTIC FUNCTIONS 11calculate inner products via numerical integration. We will have more to say about this in thenext section.) We start by calculating|by asking our oracle for|the value of s0. Suppose thatwe �nd that s0 = 10. Then we compute s1 to obtain the arithmetic mean of the zeros � = s1=s0.Now we already know the polynomials'0(z) = 1 and '1(z) = z��, and we proceed by calculatingh'1; '1i. Suppose that we �nd that this inner product is di�erent from zero. This identi�es '2 asa regular FOP. By calculating the eigenvalues �1 and �2 of the pencilG(1)2 � �G2 = � 0 h'1; '1ih'1; '1i h'1; '21i�� � �s0 00 h'1; '1i�we obtain '2 as '2(z) = (z � (�1 + �))(z � (�2 + �)). Next we compute h'2; '2i. Suppose thatwe �nd that h'2; '2i = 0. This implies that we will have to de�ne '3 as an inner polynomial.Now there are two possibilities: either n = 2 or n > 2. In the former case hzt'2; '2i = 0 forevery integer t � 0, while in the latter case there exists an integer � � 1 with � + 2 � n � 1such that hzt'2; '2i = 0 for t = 0; 1; : : :; � � 1 and hz�'2; '2i 6= 0. The length of the blockof polynomials that starts with '2 will then be equal to � + 1. Thus we proceed by computinghz'2; '2i; hz2'2; '2i; : : : . Suppose that we �nd that hz'2; '2i = 0 and hz2'2; '2i 6= 0. Then wemay conclude that '3 as well as '4 have to be de�ned as inner polynomials and that '5 is aregular FOP. We set '3(z) := z'2(z) and '4(z) := z2'2(z). (In general we have the following.Let 'r be a regular FOP such that h'r; 'ri = 0. If r = N or r = N � 1, then we may concludethat n = r and stop. Else we scan the sequence hz'r ; 'ri; : : : ; hzN�1�r'r ; 'ri for its �rst nonzeroelement. If all these inner products are equal to zero, then n = r and we may stop. Else we knowthat n > r, we have determined the length of the block of polynomials that starts with 'r, and wecan proceed to determine the next regular FOP.) Next we obtain '5 by computing the eigenvaluesof the pencil G(1)5 � �G5. The matrices G5 and G(1)5 are given byG5 = 266664 s0 0 0 0 00 h'1; '1i 0 0 00 0 0 0 hz2'2; '2i0 0 0 hz2'2; '2i hz3'2; '2i0 0 hz2'2; '2i hz3'2; '2i hz4'2; '2i 377775and G(1)5 = 266664 0 h'1; '1i 0 0 0h'1; '1i h'1; '21i 0 0 hz2'2; '2i0 0 0 hz2'2; '2i hz2'2; '1'2i0 0 hz2'2; '2i hz2'2; '1'2i hz3'2; '1'2i0 hz2'2; '2i hz2'2; '1'2i hz3'2; '1'2i hz4'2; '1'2i 377775 :Next we calculate h'5; '5i. Suppose that we �nd that h'5; '5i 6= 0. Then we may proceed tocompute the regular FOP '6 by calculating the eigenvalues of the pencil G(1)6 � �G6. Supposethat we �nd that h'6; '6i = 0 and that hzt'6; '6i = 0 for t = 1; : : : ; N � 1� 6. This implies thatn = 6 and we may stop. We have found that f has six mutually distinct zeros in the interior of 
.They are given by the zeros of '6 (which we obtained from the eigenvalues of G(1)6 � �G6). Theircorresponding multiplicities are found by solving the Vandermonde-like system (6).In practice, however, life will not be all that easy. Regular FOPs are characterized by the factthat the determinant of a Hankel matrix is di�erent from zero, while inner polynomials correspondto singular Hankel matrices. However, from a numerical point of view a test \is equal to zero" doesnot make sense. By evaluating the corresponding integrals numerically, we will obtain accurateapproximations for the inner products but not their exact values. If we would apply the algorithmthat we have just described \as is," we would encounter only regular FOPs. Strictly speaking wecould say that inner polynomials are not needed in numerical calculations. However, the oppositeis true! Let us call a regular FOP well-conditioned if its corresponding Yule-Walker system (3)is well-conditioned, and ill-conditioned otherwise. To obtain a numerically stable algorithm, itis crucial to generate only well-conditioned regular FOPs and to replace ill-conditioned regularFOPs by inner polynomials. Stable look-ahead solvers for linear systems of equations that have



12 PETER KRAVANJA, MARC VAN BAREL, AND ANN HAEGEMANSHankel structure are based on this principle [5, 2, 1]. In this approach the blocks h�;�i in G aretaken (slightly) larger than strictly necessary to avoid ill-conditioned blocks. A disadvantage isthat part of the structure of G and G(1) gets lost. Suppose � := ['r z'r � � � zl�1'r ] is ablock of length l that starts with a (well-conditioned) regular FOP. The matrix h�;�i will stillbe a Hankel matrix of course, but no longer lower triangular. Also there will be some additional�ll-in in G and G(1) as hz�'r ; 'qi where � 2 f0; 1; : : :; l � 1g will be equal to zero only forq = 0; 1; : : : ; r � � � 1 and hz�'r; '1'qi = 0 only for q = 0; 1; : : : ; r � � � 2. We will ask theuser for two thresholds, �stop and �cond with �stop < �cond, to decide whether the algorithm maystop or not, and to determine the size of a block. Suppose that the algorithm has just generateda well-conditioned regular FOP 'r . If r = N then we may stop. Else we proceed to calculateh'r ; 'ri. If jh'r; 'rij � �cond then we generate 'r+1 as a regular FOP. Else we scan the sequence( jhzt'r ; 'rij )N�1�rt=0 . If jhzt'r ; 'rij < �stop for t = 0; 1; : : : ; N � 1� r then we conclude that n = rand stop. Else we search for the �rst element that is larger than �cond. The corresponding valueof t then determines the size of the block of polynomials. If all the elements are less than �condthen we use the value of t that corresponds to the maximum to determine the block size and warnthe user that we could not obtain the level of well-conditioning that he or she requested.Algorithm.input h�; �i; �stop; �condoutput n; zeroscomment zeros = fz1; : : : ; zng. We assume that �stop < �cond.N  h1; 1iif N == 0 thenn 0; zeros  ;; stopelse'0(z) 1� hz; 1i=N ; '1(z) z � �r  1while r < N doif jh'r(z); 'r(z)ij � �cond thengenerate 'r+1(z) as a regular FOPr  r + 1elseallsmall true; notfound true; maximum 0; t 0while notfound and (t � N � 1� r)ip jhzt'r(z); 'r(z)ijallsmall allsmall and (ip < �stop)comment search for the smallest t 2 f0; 1; : : :; N � 1� rg suchthat jhzt'r(z); 'r(z)ij � �condif (ip � �cond) thennotfound false; tlarge tend ifcomment search for tmax 2 f0; 1; : : : ; N � 1� rg suchthat jhztmax'r(z); 'r(z)ij = max( jhzt'r(z); 'r(z)ij )N�1�rt=0if (ip > maximum) thenmaximum ip; tmax tend ift t + 1end whileif notfound thenif allsmall thenn r; zeros  roots('r); stopelse



COMPUTING ZEROS OF ANALYTIC FUNCTIONS 13print \Warning: requested level of well-conditioning is impossible to obtain"if tmax == 0 thenprint \Warning: you may want to raise the value of �stop"n r; zeros  roots('r); stopelsetblock tmaxend ifend ifelsetblock tlargeend iffor � = 1 : tblock'r+�(z) z�'r(z)end forgenerate 'r+tblock+1 as a regular FOPr  r + tblock + 1end ifend whilen N ; zeros  roots('N ); stopend ifNote. As we represent our formal orthogonal polynomials by using the product representation,'(z) = Q�2'�1(0)(z��), the funtion roots(�) is obviously not a function that calculates the zerosof a polynomial from its coe�cients in the standard monomial basis.4. Numerical examplesWe have implemented our algorithm in Matlab. The m-�les are available from the �rst author.We will present six numerical examples. In the �rst three examples we started from the zeros andtheir respective multiplicities and recalculated them via our algorithm. The inner products werecomputed explicitely as h�;  i =Pnk=1 �k�(zk) (zk). In the last three examples we started from ananalytic function and calculated the inner products via numerical integration. The computationshave been done using Matlab 4.2c (with 
oating point relative accuracy � 2:2204 10�16).Example 1. Suppose that n = 10,z1 = 1; z2 = 2; z3 = 3; z4 = 4; z5 = 5;z6 = 6; z7 = 7; z8 = 8; z9 = 9; z10 = 10and �1 = � � � = �10 = 1. By calculating the eigenvalues of the pencil H<n ��Hn (as we would havedone in [11]) we obtain the approximations0:99997610636668; 1:99812692712904; 2:96964756470803;3:85164221027260; 4:76929486601830; 5:83891586633208;6:93895160469148; 7:98903115901926; 8:99931401487053; 9:99999170411583:(The imaginary parts are not shown|they are O(10�9).) Our algorithm (with �stop = 10�12 and�cond = 1) generates only regular FOPs, concludes that n = 10 and obtains the (very accurate!)approximations 1:00000000000001; 2:00000000000000; 3:00000000000000;4:00000000000000; 4:99999999999996; 5:99999999999998;7:00000000000001; 8:00000000000000; 9:00000000000000; 9:99999999999999:(The imaginary parts are O(10�15).)



14 PETER KRAVANJA, MARC VAN BAREL, AND ANN HAEGEMANSExample 2. Zero con�gurations that necessitate the use of inner polynomials for theoreticalreasons (as opposed to reasons of numerical stability) are not di�cult to �nd. Suppose n = 3,z1 = 0; z2 = p3 + i; z3 = p3� iand �1 = �2 = �3 = 1. Then H2 (and thus, by Theorem 7, also G2) is singular. This implies thatthe regular FOP of degree two does not exist, and indeed our algorithm (with �stop = 10�12 and�cond = 1) decides to de�ne '2 as an inner polynomial and obtains the (exact!) approximations0:00000000000000; 1:73205080756888� i 1:00000000000000:The choice of �stop and (especially) �cond is of course a di�cult one. The next example illustrateswhat happens if we choose �cond too large.Example 3. Suppose that n = 5,z1 = 1; z2 = 2; z3 = 3; z4 = 4; z5 = 5and �1 = 2; �2 = 3; �3 = 2; �4 = 3; �5 = 1:Then N = 11. Our algorithm with �stop = 10�12 and �cond = 1 generates only regular FOPs,decides correctly that n = 5 and obtains the approximations1:00000000000000; 2:00000000000000;3:00000000000000; 4:00000000000001; 5:00000000000000and the correct corresponding multiplicities. However, if we put �cond = 100 then our algorithmconcludes that n = 7 and it generates only '0, '1, '4 and '7 as regular FOPs. The approximationsfor the zeros and the rounded values of the computed multiplicities are shown in the following table.0:99999999999909+ i 0:00000000000040 22:00000000000007� i 0:00000000000002 32:99999999999997+ i 0:00000000000001 24:00000000000000+ i 0:00000000000002 34:99999999999999+ i 0:00000000000002 10:48975270960595+ i 0:16173423694917 01:36957420453839+ i 0:13575736551242 0The spurious zeros (cf. Theorem 3 and its generalization Theorem 8) can easily be removed byinspecting the computed multiplicities. Note that the approximations for the actual zeros are stillquite accurate.If 
 is a circle with centre c and radius �, thenh�;  i = � Z 10 �(c+ �e2�i�) (c + �e2�i�)f 0(c + �e2�i�)f(c + �e2�i�) e2�i� d�:(7)Since this is the integral of a periodic function over a complete period, the trapezoidal rule is anappropriate quadrature rule. If F : [0; 1]! C is the integrand in the right hand side of (7), thenthe q-point trapezoidal rule approximation to h�;  i is given byh�;  i = Z 10 F (�) d� � 1q qX00k=0 F (k=q) =: Tq :The double prime indicates that the �rst and the last term of the sum are to be multiplied by 1=2.As F is periodic with period one, we may rewrite Tq asTq = 1q q�1Xk=0F (k=q):



COMPUTING ZEROS OF ANALYTIC FUNCTIONS 15This shows that Tq indeed depends on q (and not q + 1) points. AsT2q = 12Tq + 12q q�1Xk=0F �2k + 12q �;successive doubling of q enables us in each step to reuse the integrand values needed in the previousstep. In the following examples we started with q = 1 and continued doubling q until jT2q � Tq jwas su�ciently small.Lyness and Delves [13] have studied the asymptotic behaviour of the quadrature error. Theyhave shown that the modulus of the error made by the q-point trapezoidal rule is asymptoticallyO(Aq) where 0 � A < 1. More precisely,A := max� jzI j� ; �jzE j ; ��s	where zI is the zero of f that lies closest to 
 and in the interior of 
, zE is the zero of f that liesclosest to 
 and in the exterior of 
, and �s is the distance between c and the nearest singularityof f .To assess the accuracy of our algorithm, in the following examples the approximations for thezeros have been re�ned iteratively via Newton's methodz(�+1)k = z(�)k � �k f(z(�)k )f 0(z(�)k ) ; � = 0; 1; 2; : : : :The underlined digits in the approximations obtained by our algorithm were correct.Example 4. Let f(z) := e3z + 2z cos z � 1 and 
 := fz 2 C : jzj = 2g. Our algorithm with�stop = 10�12 and �cond = 1 �nds that N = 4. It generates '1 as a regular FOP, de�nes '2as an inner polynomial, generates '3 and '4 as regular FOPs and concludes that n = 4. Theapproximations for the zeros and the corresponding multiplicities are shown in the following table.�1:84423395326221+ i 0:00000000000000 10:53089493029293+ i 1:33179187675112 10:53089493029293� i 1:33179187675112 10:00000000000000+ i 0:00000000000000 1The calculated multiplicities were at a distance of O(10�15) to integers.If we put �cond = 0:1 then our algorithm generates only regular FOPs. Now the approximationsfor the zeros are less accurate.�1:84423395326194� i 0:00000000000499 10:53089493028783 + i 1:33179187675442 10:53089493029794� i 1:33179187674729 1�0:00000000000071� i 0:00000000000211 1This illustrates the importance of generating only well-conditioned regular FOPs. The calculatedmultiplicities were at a distance of O(10�11) to integers.Example 5. Let f(z) := z2(z � 1)(z � 2)(z � 3)(z � 4) + z sin z and 
 := fz 2 C : jzj = 5g. Ouralgorithm with �stop = 10�12 and �cond = 1 �nds that N = 6. It generates '1, '2, '3, '4 and '5as regular FOPs. Then it warns us that the requested level of well-conditioning is impossible toobtain, it tells us that we may want to raise the value of �stop and concludes (correctly) that n = 5.The approximations for the zeros and the corresponding multiplicities are shown in the followingtable. 0:00000000000018 + i 0:00000000000069 21:18906588973121 + i 0:00000000008087 11:72843498615571 + i 0:00000000012431 13:01990732809215 + i 0:00000000002162 14:03038191606022 + i 0:00000000000173 1



16 PETER KRAVANJA, MARC VAN BAREL, AND ANN HAEGEMANSThe computed multiplicities were at a distance of O(10�12) to integers. Let us try to explain whatcaused the warnings. Our function f has a double zero at the origin. Thus n = 5 and theoreticallyh'5; '5i = 0. However, as by evaluating the inner products via numerical integration we can onlyobtain approximations for them, the original well-conditioned problem consisting of four simplezeros and one double zero is perturbed into an ill-conditioned problem where the double zero issplit into two simple zeros that lie close to each other. This explains why �stop < jh'5; '5ij < �cond.By raising the value of �stop we coalesce these two simple zeros into one double zero.Our last example is a mixture of Examples 3 and 5.Example 6. Let f(z) := z2(z � 2)2[ cos ze2z + z3 � 1 � sin z ] and 
 := fz 2 C : jzj = 3g.Our algorithm with �stop = 10�12 and �cond = 1 �nds that N = 8. It generates '1, '2, '3, '4and '5 as regular FOPs, then warns us that the requested level of well-conditioning is impossibleto obtain, de�nes '6 and '7 as inner polynomials, generates '8 as a regular FOP and stops. Theapproximations for the zeros and the corresponding multiplicities are shown in the following table.0:00000000000351 + i 0:00000000000910 31:99999999999999� i 0:00000000000001 21:66468286974521� i 0:00000000000011 1�0:46071411972767 + i 0:62542776934861 1�0:46071411972707� i 0:62542776934724 11:72060314137159+ i 1:85484636500232 00:14700911592711� i 0:22187905247210 0�2:95622283859992� i 1:93675565998980 0It follows that n is actually equal to �ve and that the last three \zeros" are spurious. The calculatedmultiplicities were at a distance of O(10�11) to integers.AcknowledgementsThis research was �nanced by a grant from the Flemish Institute for the Promotion of Scienti�cand Technological Research in the Industry (IWT).References1. A. W. Bojanczyk and G. Heinig, A multi-step algorithm for Hankel matrices, J. Complexity 10 (1994), no. 1,142{164.2. S. Cabay and R. Meleshko, A weakly stable algorithm for Pad�e approximants and the inversion of Hankelmatrices, SIAM J. Matrix Anal. Appl. 14 (1993), no. 3, 735{765.3. L. M. Delves and J. N. Lyness, A numerical method for locating the zeros of an analytic function, Math.Comput. 21 (1967), 543{560.4. A. Draux, Polynômes orthogonaux formels|applications, Lecture Notes in Mathematics, vol. 974, Springer,1983.5. R. W. Freund and H. Zha, A look-ahead algorithm for the solution of general Hankel systems, Numer. Math.64 (1993), 295{321.6. W. Gautschi, On the construction of Gaussian quadrature rules from modi�ed moments, Math. Comput. 24(1970), no. 110, 245{260.7. , On generating orthogonal polynomials, SIAM J. Sci. Stat. Comput. 3 (1982), no. 3, 289{317.8. G. H. Golub and M. H. Gutknecht,Modi�ed moments for inde�nite weight functions, Numer. Math. 57 (1990),no. 6/7, 607{624.9. W. B. Gragg and M. H. Gutknecht, Stable look-ahead versions of the Euclidean and Chebyshev algorithms,Approximation and Computation: A Festschrift in Honor of Walter Gautschi (R. V. M. Zahar, ed.), Birkh�auser,1994, pp. 231{260.10. N. I. Ioakimidis, Quadrature methods for the determination of zeros of transcendental functions|a review,Numerical Integration: Recent Developments, Software and Applications (P. Keast and G. Fairweather, eds.),Reidel, Dordrecht, The Netherlands, 1987, pp. 61{82.11. P. Kravanja, M. Van Barel, and A. Haegemans,Computing zeros of analytic functions via numerical integrationand structured numerical linear algebra, Submitted, January 1996.12. T.-Y. Li, On locating all zeros of an analytic function within a bounded domain by a revised Delves/Lynessmethod, SIAM J. Numer. Anal. 20 (1983), no. 4, 865{871.13. J. N. Lyness and L. M. Delves, On numerical contour integration round a closed contour, Math. Comput. 21(1967), 561{577.
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