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1 Introduction

Waveform relaxation is an iterative method for numerically solving large-scale
systems of ordinary differential equations (ODEs). The method is well suited
for implementation on parallel computers, and high parallel efficiencies have been
demonstrated for various applications, [6, 19, 22]. The convergence of the basic Ja-
cobi and Gauss—Seidel waveform relaxation methods can be accelerated in several
ways, such as by successive overrelaxation ([2, 3, 8, 14, 15, 19]), by Chebyshev it-
eration ([11, 20]), by Krylov subspace methods ([13]) and by multigrid techniques
([9, 10, 12, 21)).

Although waveform methods have been applied successfully to general, non-
linear, time-dependent coefficient problems, the convergence studies have concen-
trated on linear initial-value problems of the form

Bi+ Au=f, u(0)=uo, (1)

with B, A € C%*? and B nonsingular.

Recently, we have analysed the acceleration of the waveform method for (1)
by successive overrelaxation (SOR) techniques, [8]. The first step of an SOR
waveform relaxation algorithm consists of the computation of a Gauss—Seidel like
iterate, u( )( t), which satisfies

d 0,4 12_1 d )
(bu dt + a'u) U, ( ) = - (b’tjd_ + a”LJ) u] (t)
(2)

=3 (b a0+ 500,

7J=1+1

with u(")( 0) = (uo);- We assume the matrices B and A to be partitioned into
similar systems of dp X dp rectangular blocks b;; and a;; (in the pointwise case
we have dy = d, that is, b;; and a;; denote the matrix elements of B and A,

respectively). In the second step, the old approximation ugu_l)(t) is updated to

give the new iterate u( )( t). In the standard SOR waveform scheme this involves
the multiplication of the correction u( )( t) — ugu_l)(t) by a scalar overrelaxation
parameter w, [8, eq. (2.2)]. In the convolutlon SOR (CSOR) waveform relaxation

algorithm, the correction is convolved with a time-dependent kernel (%),

0=+ a9 (@6 -l @) ds. @

The success of the latter depends strongly on the particular choice of convolution
kernel. The kernel that minimises the spectral radius of the corresponding opera-
tor, which will be referred to as the optimal kernel Q,p:(t), can be determined for
a certain class of ODE systems of the form (1).
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In an implementation of the CSOR waveform relaxation method, the continu-
ous-time algorithm is replaced by its discrete-time counterpart. This discrete-time
CSOR algorithm is defined by applying a time-discretisation method to equation
(2) and by replacing the convolution integral in (3) by a convolution sum using
a discrete sequence {2,. Again, the optimal convolution sequence (Qopt)r can be
constructed for certain classes of problems and time discretisations.

With use of the optimal convolution kernel or sequence, the CSOR waveform
relaxation method becomes vastly superior to the classical waveform methods.
This superiority can be demonstrated quantitatively for the ODE system (1),
obtained by finite-difference discretisation of the heat equation on a mesh with
mesh-size h. We have shown (both theoretically and numerically) that for this
problem CSOR attains an identical acceleration as the classical SOR method does
for the linear system Au = f. This means that the asymptotic convergence fac-
tor of the CSOR waveform relaxation method behaves as 1 — O(h) for small h,
while the spectral radii of the Jacobi, Gauss—Seidel and standard SOR waveform
methods are all known to satisfy a formula of the form 1 — O(h?), [8]. A very sub-
stantial improvement over the less sophisticated waveform schemes may therefore
be expected.

In this paper, we will continue our exploration of the CSOR waveform re-
laxation method. The continuous-time and discrete-time techniques are recalled
in §2, together with the Laplace- and Z-transform expressions of their respective
optimal convolution kernels. In §3, we derive an explicit analytic expression of the
optimal convolution kernel Q,p:(t) for ODE systems of the form (1) with B = I.
The connection between this optimal continuous-time kernel and the correspond-
ing optimal discrete-time kernel is derived in §4. Whether this connection can
be used in actual computations is investigated in §5, where the practical deter-
mination of a suitable discrete-time convolution kernel is discussed. Finally, the
validity of the expressions for the Laplace transform and Z-transform of the op-
timal convolution kernels that are presented in §2, is extended towards a broader
class of ODE systems in §6. Although most of our theoretical results are restricted
to constant-coeflicient linear problems, numerical evidence indicates a much wider
applicability. Hence, we also comment on the robustness and applicability of the
latter formulae.

So far, little experience has been gained with the CSOR method as a solver
for practical real-life problems and many open questions on how to apply and
implement the method in such cases remain unanswered. With this study we
want to answer some of the questions that arise when the method is applied to
model problems. We hope the insight gained from this study will prove to be
useful when more difficult problems are addressed.
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2 A review of CSOR waveform relaxation results

In this section, we will summarise some theoretical properties of the CSOR wave-
form relaxation method. For a more detailed study of the method, including
proofs, references and a comparison with other waveform methods, we refer to [8].

2.1 The continuous-time case

The continuous-time CSOR waveform relaxation method, defined by (2) and (3),
can be written formally as

ut)(t) = KOSORY (1) + (1) ,

where [ CSOR

is a linear operator consisting of a matrix multiplication and a
Volterra convolution part. This operator is fully characterised by its symbol,
KCSOR(Z), which equals the Laplace transform of the operator’s kernel. This
symbol can be expressed in terms of Q(z) = L(Q(t)), the Laplace transform
of Q(¢), and the components of the matrix splittings B = Dp — Lp — Up and
A=Dy— Ly— Uy, with Dg and D4 block diagonal, Lp and L4 block lower

triangular and Upg and U4 block upper triangular matrices:

e o) ()

(e on) (e )

KCSOR

The spectral radius of is given below. A convolution kernel of the form

Q1) = w(t) + we(t) (4)

is assumed, with w a scalar parameter and §(¢) the delta function.

Theorem 1 [8, Thm. 3.4]

Assume all eigenvalues of D]§1D 4 have positive real parts, and let }(t) be of the
form (4) with we(t) € L1(0,00). Then, KC5OR s a bounded operator in L,(0, o),
1<p< o0, and

o (,Ccsoza) _ Rs(u)p>0p (KCSOR(Z)) _ i}éﬁp (KCSOR(,L-S)) ‘ (5)

Remark 1 _
In Theorem 1, Q(z) ts required to be the Laplace transform of a function of the
form (4) with w.(t) € L1(0,00). A sufficient (but not necessary) condition to
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satisfy this requirement is that ﬁ(z) 1s a bounded and analytic function in an open
domain containing the closed right half of the complez plane.

The Laplace-transform expression of the optimal convolution kernel Qp:(%)
depends on the location of the eigenvalues of the Jacobi symbol

KYAC(2) = (2D + D)  (2(Lg + Us) + (La + Ua)) . (6)

Lemma 2 [8, Lemma 3.6]

Assume the matrices B and A are such that zB+ A is a block-consistently ordered
matriz with nonsingular diagonal blocks. Assume the spectrum of KJAC(z) lres
on a line segment [—p1(z), p1(2)] with pq1(2) € C\{(—o00, —1JU[1,00)}. The spec-
tral radius of KCSOR(z) is then minimised for a fized z by the unique optimum
Qopt(z), given by

~ 2
flpe(2) = — 7)
1+4/1—ui(z2)
where /- denotes the root with the positive real part. In particular,
p (KOSOR(2)) = |Qope(2) - 1| < 1. (8)

2.2 The discrete-time case

In an actual implementation, the continuous-time method is replaced by a discrete-
time method. Asin [8], we will only deal with (irreducible, consistent, zero-stable)
linear multistep formulae for time discretisation. We recall the general multistep
formula for solving y(t) = f(¢,y),

k k
S enlnt 1=y A+ 1]
=0 =0

Here, o; and §; are real constants, 7 is the step size and y[n] denotes the approxi-
mation of y(t) at t = nT. We will assume that & starting values y[0], y[1],...,y[k—
1] are available. The characteristic polynomials of the linear multistep method
are given by a(z) = Y8 o ar2! and b(2) = ¥, 82!, and the stability region is
denoted by S§. We will also need the notion of a strictly stable multistep method,
which is such that 1 is the only (simple) root of a(z) on the unit circle, [5].

The first step of the discrete-time CSOR waveform relaxation algorithm is
obtained by discretising (2) using a linear multistep method. The second step
approximates the convolution integral in (3) by a convolution sum with kernel
Q, = {Q[n]}V}!, where N denotes the (possibly infinite) number of time steps,

n=0 >

u{[n] = o Mn] + iﬂ[n — ] (ﬂy’)m B ugv—l)[l]) ' )
I=0
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The discrete-time CSOR waveform relaxation operator X¢59F is defined by
rewriting the discrete-time version of (2) and (9) as o = ICSSORus-u_l) +
@r. Since KESOF is a discrete convolution operator, its discrete-time symbol
KCSOR () is obtained by Z-transformation of the operator’s kernel. More pre-

cisely,

+(2)
la(z) {1-Q.(2) 1-Q.(2)
(F 5(z) ( a7 UB) ‘ ( a7 U“‘)) ’

with Q,(z) = Z(Q,) the Z-transform of the sequence (.
The discrete-time equivalent to Theorem 1 is given next.

Theorem 3 [8, Thm. 4.4]
Assume o(—TD5'Dy4) C intS and Q, € li(00). Then, KE5OF is a bounded
operator in ly(c0), 1 < p < o0, and

p (IEF7OF) = maxp (KTSOR(2)) = maxp (KPSOR(z)) . (10)

Remark 2

In Theorem 3, QT(z) is required to be the Z-transform of an li-kernel 1,. A
sufficient (but not necessary) condition to satisfy this requirement is that QT(z) 18
a bounded and analytic function in an open domain containing {z € C | |z| > 1}.

Finally, we recall the discrete-time version of Lemma 2, which gives an expres-
sion of the Z-transform of the optimal convolution sequence (Qopt),. It depends
on the eigenvalue distribution of the discrete-time Jacobi symbol, which is related
to its continuous-time equivalent (6) by [10, eq. (4.10)],

KIAC(,) = KIAC (%%) . (11)

Lemma 4 [8, Lemma 4.5]
Assume the matrices B and A are such that 77'a(2)/b(z)B + A is a block-
consistently ordered matriz with nonsingular diagonal blocks. Assume the spec-
trum of KIAC(2) lies on a line segment [—(u1),(2), (p1)r(2)] with (u1).(2) €
C\{(—o00,—1]U[1,00)}. The spectral radius of KESOR(2) is then minimised for
a fized z by the unique optimum (ﬁopt)T(z), given by

2

Ount) () = 1y (12)
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where /- denotes the root with the positive real part. In particular,

p (KESOR(2)) = |(@ope)(2) — 1] < 1. (13)

3 An explicit expression for the optimal convolution kernel

For systems of the form (1) that satisfy the assumptions of Lemma 2, the optimal
convolution kernel Q. () is obtained by inverse Laplace transforming the result-
ing expression for Qop:(2). For ODE systems (1) with B = I however, we have
the following explicit expression for the optimal kernel in the case of the point
relaxation method.

Theorem 5

Consider (1) with B = I. Assume A is a consistently ordered matriz with constant
positive diagonal Dy = d,I (d, > 0) and the eigenvalues of KIAC(0) are real
with py = p(KIAC(0)) < 1. Then, Qope(t) = 6(t) + (we)opt(t) with (we)ope(t) €
L41(0,00). In particular,

(we)opt(t) = 2674 Iy (p1dat) /1t - (14)

with I5(-) the second-order modified Bessel function of the first kind.

Proof
From (6), we derive, under the assumptions of the theorem, that

d da
JAC _ a JAC
o (KM42)) = 20 (KM4C(0) and m(2)= —*m,  (19)
which implies that the eigenvalues of KIAC(z) with Re(z) > 0 lie on a line
segment [—uq(2), pa1(2)] with pq(2) € C\{(—o00, —1]U[1,00)}. As aresult, formula

(7), which equals
~ 9
Qopt(2) = (16)

( 2+d, :u'l)

is a bounded and analytic function for Re(z) > 0. Remark 1 then yields that
Qopt(t) is of the form (4) with we(t) € L1(0, 00), while w = lim,_, 0 Qope(2) = 1 by
[8, Prop. 3.2].

The correctness of the analytic expression for Qop:(t) or (we)opt(t) can be
checked as an elementary exercise by using the Laplace-transform pairs £ (6(¢)) =
1 and

. (2e (52 t) (vz +(ZJ_F b\/)z +b)*
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the latter of which can be found in [1, eq. (29.3.53)]. O

The shape of the function (wc)ept(t) is characterised by the properties given
in the following lemma.

Lemma 6
Under the assumptions of Theorem 5, (w¢)opt(t), given by (14), satisfies the fol-
lowing properties:

L. (wC)opt(O) =0
2.0 S (wc)opt(t) < ,Ulldae_(l—ﬂl)dat

2

3. ghda < maxyyo(we)opi(t) < p1da
>0 _ 4

4 Jo" (wedopn(1) d = (144/1-p2)2

Proof
A series expression for the modified Bessel function I5(t) can be found in [I,
eq. (9.6.10)]. It reads

IS (F
w0 () Sl
2 kz:% El(k+ 2)!
from which we derive

—dat (#1da)? 2k+1
(wc)opt( ) 1d [ Z mt . (17)

Property 1 and the positivity of (we)epe(t) result. Formula (17) can be written as

_ (2k 4+ 1)1 (padgt)?ktl
dat
(we)op(t) = p1dae Z 22k+1k' k+2)! (2k+1)!

Since the coefficients (2k + 1)!/(226+1k!(k 4 2)!) are (strictly) smaller than 1 for
k > 0, we have

(We)opt(t) < prdg e~ %t etrdat =y d, e~ (1 )dat (18)

which proves the upper bound in Property 2. We now truncate series (17) after
the first term to get

dg
,u'lda e_datluth S (wc)opt(t) ) (19)
with equality only for ¢ = 0. Calculation of the maxima of the upper and lower

bounds (18) and (19) over ¢ > 0 leads to Property 3. Finally, Property 4 follows
immediately from [8, Prop. 3.2]. (Il
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10 )
10 10 10 10 10 10

Figure 1: (w¢)opt(t) vs. t for the one-dimensional heat equation (20) with finite-
difference discretisation on a mesh with mesh size A = 1/8 (solid), h = 1/16
(dotted), h = 1/32 (dashed) and A = 1/64 (dash-dotted).

When the system of ODEs is derived by semi discretisation of a parabolic
partial differential equation, u; is often close to one. The characteristics of the
optimal kernel are then largely determined by the parameter d,, whose value is
often rapidly increasing with decreasing mesh spacing. In that case, (wc)opt(t) is
a positive function, which starts from 0 at ¢ = 0 and has an area that is bounded
by 1. Its maximum is proportional to dg, hence it is large for small %, while the
function decreases exponentially for sufficiently large {. As an example, we will
illustrate these implications of Lemma 6 for the one-dimensional heat equation on
the unit interval,

du(z,t) 0%u(z,t)

o~ aer =0, z€[0,1], t>0, (20)

discretised using finite differences on a mesh {z; = th | 0 < ¢ < 1/h} with
mesh size h. The resulting ODE system (1), with B = I, d, = 2/h% and py =
cos(mh), satisfies the conditions of Theorem 5. Figure 1 shows a logarithmic plot
of (we)ope(t) for ¢t € [1073,1] and for several values of the mesh size h. Note
that its maximum increases and is attained at a smaller ¢-value for decreasing A,
while, for sufficiently large £, the value of the optimal kernel rapidly approaches
0. Consequently, we may expect the use of a truncated kernel (), defined by
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Qopt(t) for t < T and by 0 for ¢t > T for some large enough T', to lead to nearly
optimal convergence results.

4 The relation between the continuous-time and discrete-time optimal
kernels

By inserting (4) into (3) we find that

W2(e) = e+ (800~ 00) + [ wlt=) (870) ~ ol (e))
(21)

The corresponding step in the discrete-time iteration is derived as follows. We
set Qr = wé; + (wc)r with 6, = {1,0,0,...} the discrete delta function and insert

this expression into (9). This yields

un] = o D) + o (6010 - oDl + 3wl — 8 (300 - o 1)
=0

(22)
In this section we will relate the optimal continuous-time and discrete-time convo-
lution kernels. Comparing (21) to (22) already suggests that w.[n] should be such
that it approximates Tw.(n7) for small 7. In that case the discrete convolution
sum approximates the continuous convolution integral as a simple numerical inte-
gration rule. This intuition is confirmed and cast into a more precise mathematical
form in the following theorem.

Theorem 7

Consider (1) with B = I. Assume A is a consistently ordered matriz with constant
positive diagonal Dy = d,I (d, > 0), the eigenvalues of KJAC(O) are real with
p = p(KIAC(0)) < 1, and the linear multistep method is strictly stable. Then,
the continuous-time optimal kernel Qope(t) = 6(t) + (we)opt(t) and its discrete-time
equivalent (Qopt)r = 67 + ((We)opt)r are related by

(@)l
T —0 T
(t =n1)

= (we)opt(t) , t>0. (23)

Note that we have used a subscript 7 in the notation of the optimal discrete
kernel to emphasise that the function depends on the value of the time increment.
An equivalent but somewhat less intuitive form of (23) is obtained by replacing 7

by t/n:
im " tt) 50 (o4)

n— oo t
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Proof

Under the assumptions of the theorem, Lemma 2 holds for Re(z) > 0 with p(z)
given in (15). The function Qup(2), given by (16), is bounded and analytic for
Re(z) > 0. Consequently, by the inverse Laplace-transform formula, we have

(e )opel) = % /_ °:o e ({lupil(2) = 1) d . (25)

A similar expression will be derived for the discrete-time kernel by using the
inverse Z-transform formula. To apply Lemma 4, we have to ensure that

(k1)r(2) € C\{(=00, ~1JU[L,00)}, V¥ |z[>1, (26)
with (p1),(z) calculated from (11) and (15), i.e.,

(1) (2) = ot

1 (27)

1
p

Because of the strict stability of the multistep method at least a small disk of
the form {7 : |n+ d| < d} with d > 0 is contained in the stability region S, [5,
p. 259]. Consequently, we have for small enough 7 that {n: |p+d,| < d,} C 7718.
Since, by definition of stability region, {77a(2)/b(z) | |z| > 1} = C\ 77 1intS, we
immediately obtain |7 'a(2)/b(2) + da| > d, for |z| > 1. For these values of z,
(27) yields |(p1)-(2)| < 1, and, hence, (26). From this we may conclude that for
small enough 7, the conditions of Lemma 4 are satisfied for all z on or outside
the unit disk. Therefore, for any such z the optimal (Qup)-(2) is given by the
combination of (12) and (27) . This function is bounded and analytic for |2| > 1;

by using the inverse Z-transform formula, [4, p. 262], we arrive at the expression

L n=1 () z) — z .
(@epe)rlo] = 55§ 7 (Qupi)() ~ 1) (28)

- 271

As we have derived the conditions for existence of the optimal kernels, we can
now prove the correctness of (23). We start by considering the case of ¢ = 0. In
that case we can use Property 1 of Lemma 6. Hence, we need to show that

tim (ool o) 0y =0 (29)
7—0 T
By the initial-value theorem for the Z-transform, [16, Eq. (7.35)], we find

2

Z)_l) - 2
11 (lim (e (2)

Z— 00

((we)opt)~[0] = lim ((Dope)~(

Z— 00
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The limit in this expression can be calculated from (27),

. da da,u'l
lim ()e(2) = Jim — -
z—00 z—00 71- b((z)) + d ;ﬁ + da

Equality (29) follows by a straightforward limit calculation.
Next, we will prove (23) for ¢ > 0. By a change of variables z = ¢0 in (25) and

and z = €% in (28), we obtain respectively
1 [ o~
(@ope(t) = 5- /_ & (opuli0) — 1) do (30)
and

™
T

(edepedeln) = 57 [T 6 (@opa)e(ei7®) ~ 1) o (31)

Consider now a fixed ¢ > 0 with ¢ = n7r. Switching to the notation of (24),
expression (31) can be transformed into

n ((we)opt) £[n

t n 27[_ / 1t6 Opt %(ez;e) - 1) X[— %W,%W](e) de ? (32)

where the characteristic function X[_z, .,,](0) equals 1 for 6 € [-%x,%7] and 0
elsewhere. As before, (32) holds only if 7 is small enough. For a ﬁxed t this is
equivalent to requiring n to be large enough, say n > N.

The limit relation (24) follows immediately from (30) and (32) by the dom-
inated convergence theorem, [17, Thm. I.16], if we can prove the pointwise con-
vergence

lim e**? ((ﬁopt)

n— 00

(€3%) = 1) X—2m, 2 (8) = € (Qupu(i6) — 1)  (33)
and the uniform, n-independent bound
eite ((ﬁopt) (ei%G) - 1) X[—Tt—”w,%ﬂ'](e)‘ < g(e) y T > N ) (34)

with g(6) € Li1(—o00, 00).
The equality in (33) follows from the consistency of the linear multistep
method. Indeed, from a(1) = 0 and a'(1) = b(1), we derive

i
n

itg itg
im ﬁ“(eiie) = lim %:i@,
nootb(en) nooﬁb(en)

and thus,

- - in6 ~
lim (Qope) (€%9) = Lim (opt (3“(6. )> = Qope(i6) .

n—oo % t b(ez%G)
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In order to prove condition (34) we will construct a function g(f) explicitly.
Because of the strict stability requirement, 1 is the only root of a(z) on the unit
circle. Since it is also the only root of the rational function a(z)/b(z) on the unit
circle and since this root is simple, there exists a finite positive constant M such
that

=

n a,(e’%e)

1ol
t b(eiie)

- M

—, e|-m,7] or

, B¢ [—%7!’,%7!’] . (35)

S

To bound the left-hand side of (34) we note that

S (75 MO
1+ VI (a)2(2)]

Since 4/- denotes the root with the positive real part, (27) yields

(11da)? < (p1da)?

o Ciad) na(en®)

t b(ei%Q) t b(ei%Q)

[ Qopt)r(2) ~ 1]

(Bop) (615 = 1 < a3 =

i
n

a

We can now use (35) to construct the following bound, valid for |0] > Md,,

(:U'lda)z
—_— .

£it0 ((ﬁopt) (eiie) — 1) X[_%ﬂ-,%w](e)‘ <

e
Y-

i
n

This bound holds even if § ¢ [-% 7, 27] because of the presence of the x-function.
Note finally from (13) that the left-hand side of (34) is always bounded by 1. The
proof is then completed by setting g(8) to be the L;(—o0, 00)-function

1 6e[-L,L]
Al eg(-L,1)

with L > Md,. (I

Remark 3

The strict stability condition is a very natural condition. In [5, p. 272] we find
that it is satisfied by any multistep method of practical interest with nonempty
int §. However, methods that do not satisfy the condition on the stability region
do ezist — Nystrém methods, for ezample, [5, p. 262]. For such methods (ﬁopt)T(z)
from (12) is not analytic for |z| > 1, and the inverse Z-transform calculation s

not feasible.
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BDF(3)

Figure 2: Absolute value of (36) vs. ¢ = n7 for the one-dimensional heat equation
(20) with finite-difference discretisation on a mesh with mesh size h = 1/16 and
the CN and BDF(3) method with (from top to bottom) 7 = 1/10, 7 = 1/100,
7 =1/1000 and 7 = 1/10000.

Remark 4

For strictly stable multistep methods the optimal discrete kernel was only proved
to exist for small enough 7. This condition on T was required in the proof of
(26), i.e., to guarantee the analyticity of (12). For A(a)-stable methods, however,
condition (26) is satisfied irrespective of the size of the time increment. This
can be ezplained by noting that in this case (—o00,0) C intS, which implies that
77 a(2)/b(2) + d, with |z| > 1 is either complez or real with absolute value larger
than or equal to d,. Hence, for these methods the optimal kernel exists for any T
if the other assumptions of the theorem are satisfied.

We will illustrate Theorem 7 for model problem (20), discretised using finite
differences with A = 1/16. To show the convergence of the discrete-time kernel
to the continuous-time one with decreasing time increment, we have plotted the
absolute value of the difference

((we)opt)-[n]

T

= (We)opt(n7) (36)

in Figure 2 for several values of 7 and ¢t = nr € [107%,1]. We used the Crank—
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Table 1: log (((wc)‘;w) for the one-dimensional heat equation (20) with finite-

difference discretisation on a mesh with mesh size h = 1/16.

T 107 1072 107® 107%* 107° 10~°
CN 0.702 1.231 1.008 0.176 -0.805 -1.803
BDF(3) 0.710 1.261 1.069 0.249 -0.729 -1.727

Nicolson (CN) method and the third-order backward differentiation (BDF(3))
formula for time discretisation and approximated the discrete kernel from (12) by
an inverse Z-transform algorithm based on the use of FFT’s, as explained in [8,
§5.4]. The downward peaks are due to the zero crossing of (36).

To illustrate the convergence at ¢t = 0, we report values of log (((wc)‘;w) in
Table 1. Note that the convergence to the limiting value —oo is very slow.

5 Practical determination of a suitable convolution kernel

In this section, we comment on the practical determination of a suitable convolu-
tion sequence {1 for the discrete-time CSOR waveform relaxation algorithm.

We will first consider ODE systems of the form % + Au = f for which the
assumptions of Theorem 5 are satisfied. For such problems, we have an explicit
expression for the optimal continuous-time kernel Q,u(¢), which is completely
determined by the scalar u; and the diagonal value d,. Unfortunately, a similar
expression does not seem to exist for the optimal discrete-time sequence (Qopt)r,
as the required inverse Z-transform appears in general to be too complex to be
performed analytically.

One might, at first, try to employ the continuous-time kernel in the discrete-
time computations. This idea is inspired by the existence of the limit relation
(23). More precisely, one could set 0, = 6, + (wc)r, and select

we[n] = T(we)opt(nT) , n=0,...,N—-1. (37)

Experimental convergence factors for the model problem obtained with this dis-
crete kernel and the CN time-discretisation method are given in Table 2. They are
unsatisfactory, except when very small time steps 7 are used. Another attempt
at using the continuous-time kernel could be based on the observation that one
is not really interested in determining the value of the kernel but in computing
an integral. In particular, the discrete convolution sum in (22) can be regarded
as a numerical approximation by quadrature of the convolution integral in (21).
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Table 2: Averaged convergence factors for the one-dimensional heat equation
(20) with finite-difference discretisation and the CN method, using (37) and (in
parentheses) (38)—(39) to approximate the optimal kernel or convolution integral.

7, h 1/8 1/16 1/32 1/64
1/100  0.543 (0.448) 0.885 (0.690) 0.982 (0.961) 0.996 (0.995)
1/500  0.461 (0.448) 0.745 (0.671) 0.952 (0.851) 0.994 (0.984)
1/1000 0.455 (0.452) 0.701 (0.667) 0.913 (0.837) 0.991 (0.948)

Table 3: Averaged convergence factors for the one-dimensional heat equation
(20) with finite-difference discretisation and the CN method, using an inverse
Z-transform technique to approximate the optimal kernel.

T, k 1/8 1/16 1/32 1/64
1/100 0.441 0.676 0.820 0.907

1/500  0.441 0.676 0.816 0.902
1/1000 0.441 0.676 0.816 0.902

Hence, instead of using the first order quadrature rule that one gets when one
uses (37), one could try to compute that integral more accurately by using an
integration rule of higher order. In a second experiment, we used the composite
midpoint integration rule,

= a4+ a1 W4
Z%[n_l](z 1] - L+1] [ 2, L) g
=0

where the fractions denote linearly interpolated approximations of ﬂg")((l—l— 1/2)7)
and ugu_l)((l + 1/2)7) respectively, and

we[n] = T(we)opt((m —1/2)7) , mn=1,...,N—-1. (39)

The corresponding convergence factors given in Table 2 in parentheses are some-
what better than the ones obtained by using (37), but overall they do not convince.
Other numerical integration rules lead to similar conclusions. This follows from
the discussion in the previous section and from the observation that the optimal
discrete kernel for a particular problem and time-discretisation method can be
very different from the optimal continuous kernel unless 7 is very small.

Hence we will now consider methods that derive the optimal discrete kernel
directly, based on the analytical expression of its Z-transform, which is given by
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the combination of (12) and (27),

2

2
144 1— | o —m
(%bgz;-l—da‘

The inverse Z-transform can be computed symbolically by a series expansion of
this expression in terms of powers of 2~! from which elements of the sequence
Qopt[n] can easily be derived. A more practical procedure is to use a numerical in-
verse Z-transform technique. Note that Q,p:[n] equals the n-th Fourier coefficient

of the 27-periodic function (Qopt)T(e_it). Thus, the value Qop:[n] can be approx-
imated by the n-th element of the discrete Fourier transform of the sequence

{(QOpt)T (e‘iz"fk/M) }J\/i_

than N to anticipate certain aliasing effects), [8, §5.4]. The approach is illustrated
for the model problem with CN time discretisation in Table 3. We observe that
the experimental convergence factors are independent of the time increment .
More precisely, they are almost identical to the optimal continuous-time spectral
radii p(ICE5OR9Pt) which are proved to behave as 1 — 27h for small A, [8, §5.1].

Next, we consider the case of problems for which (x1)-(2) is not known analyt-
ically. For such systems, we cannot compute the analytic expression of (ﬁopt)T(z)
explicitly. The numerical inverse Z-transform method is in theory still applicable,
but it will be very time-consuming, since it now requires the computation of the
value of (u1)-(2) for M equidistant points around the unit circle. For use in this
situation, an automatic procedure was developed by Reichelt et al. for comput-
ing an analytic approximation to (ﬁopt)T(z), [18, §5.6] and [19, §6]. The largest-
magnitude eigenvalue (1) (2) for some specific values of z (e.g. z =1,-1,00,...)
are estimated by subspace iteration or the implicitly restarted Arnoldi method,

and inserted in (12). Next, these computed values of (Qopt)-(2) are fitted by a

ratio of low-order polynomials in z7!:

K 5. -3 L
> j—0bjz™? _ ¢;
= -

L -3 —
- A : ;
E]—‘O a’JZ .7—_1 1 TJZ

(Qope)r(2) =

1
for some M > N (M is usually selected to be larger

(Qopt)r(2) ~

The inverse Z-transform of this approximation yields

L
Qopt[n] ~ Z iy

=1

It is as yet unclear how to select the specific values of z and what other conditions
are to be imposed on the rational approximation (e.g. as to the degree of numerator
and denominator, the number of poles, and the pole placement). The procedure
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is illustrated for certain nonlinear semi-conductor device problems in [19], and is
shown to lead to very satisfactory results, even for systems of ODEs that do not
satisfy the assumptions of Theorem 4. We will further comment on this in the
next section, where we discuss the robustness of formulae (7) and (12).

6 An extension of the optimal CSOR theory

So far, the applicability of Lemmas 2 and 4 is restricted to problems whose Jacobi
symbols have collinear spectra. In this section we formulate analogous results for
more general problems. We will limit the discussion to the discrete-time case.
The continuous-time case can be treated similarly.

Lemma 4 was proved by applying a classical SOR result for complex matrices
to the linear system (77 a(2)/b(2)B+A)u = f. It was noted in [8] that the CSOR
symbol KgSOR(z) represents the SOR iteration matrix for the latter system, with
QT(z) acting as the complex overrelaxation parameter. Since the coeflicient matrix
of the linear system is assumed to be block-consistently ordered, the eigenvalues of
the SOR iteration matrix, \,(z), are related to the eigenvalues u,(2) of KJAC(2)
by the Young-relation, [23, Thm. 14-3.4],

Ar(2) + Q7(2) — 1 = /A (2)Q-(2)pr(2) - (40)

This implies that the spectral radius p(KCSOR(2)) for a given ,(z) equals

”T(Z)GHII{E.LTI};C(Z) {|>\T(z)| PAr(2) + Qr(2) -1 = AT(Z)QT(Z),UJT(Z)} . (41)

When the eigenvalues of K;!Ac(z) are on a line segment in the complex plane,
classical SOR theory provides a simple expression for the .(z) that minimises

(41). This optimal value is denoted by (Qopt)r(2) and given by (12). If the
collinearity assumption is not satisfied, however, one cannot find an optimal QT(z)
easily, and a more complez SOR theory may have to be used. Such a theory was
recently developed by Hu, Jackson and Zhu, [7]. They assume the eigenvalues of
KJAC(2) to lie in a region R(p,(2),¢-(2), #-(2)), the closed interior of an ellipse
centred around the origin. This ellipse is given by

E(pr(2),4:(2), 62(2) = {1 pp = €473 (p,(2) cos(8) + ig,(2) sin(8))}

with semi-axes p,(2) and ¢,(2) that satisfy p,(z) > ¢,(2) > 0, angle ¢,(2) with
—7/2 < ¢,(2) < /2, and 0 varying between 0 and 27. This is illustrated graph-
ically in Figure 3. Obviously, the spectral radius p(KESOR(2)), given by (41), is
bounded from above by the value 7,(z) which is defined in terms of the current
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g-(2)

Figure 3: An ellipse E(p(2),4-(2), $-(2)).
0-(2) as

{ P 3002) + 80(2) = 1 = Aol (hur ()]
B (42)
In [7], Hu, Jackson and Zhu determine a value (Qeiipse)-(2) which minimises

this upper bound for a given ellipse. Based on their result, [7, Thm. 1], we can
immediately formulate the following lemma.

max
pr(2)ER(pr(2),9-(2),0r(2))

Lemma 8
Assume the matrices B and A are such that 77'a(2)/b(z)B + A is a block-
consistently ordered matriz with nonsingular diagonal blocks. Assume the spec-
trum of KIAC(2) lies in the closed interior of the ellipse E(p,(2), ¢-(2), ¢-(2)),
which does not contain the point 1. Define

~ 2

(Betipe)r (2) = ,
' 1+ 1- (2(2) - ()02

where /- denotes the root with the positive real part. We then have

(43)

pellipse ;) — (|(Qempse)7(z)|w) (44)

and
P (KSSOR,opt(Z)) < p (KSSOR,ellipse(z)) < ,r;z_ll'ipse(z) <1. (45)
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As before, the supscripts opt and ellipse are added to p(KFSOR(z)) or T,
to indicate the fact that the expressions of (41) or (42) are evaluated by using

(Qopt)r(2) and (Qeltipse )r(2), respectively.

The following remarkable result from [7, §3] shows that there actually exists
an ellipse for which the bound in (45) is attained. Uniqueness, however, of this
optimal ellipse is not guaranteed by the theory in the above reference.

Lemma 9
There exists an optimal ellipse surrounding the spectrum of K;!Ac(z) for which

(Qettipse)r(2) = (Qopt)r(2), and
P (KSSOR,opt(Z)) =p (KSSOR,ellipse(z)) — ,r;z_ll'ipse(z) <1. (46)

In order to use Lemma 8 to compute the optimal convolution sequence (Qopt)r
by one of the methods described in §5, one would have to determine the optimal
ellipse containing o(KJIAC(2)) for several values of z. A solution to the problem of
finding this ellipse does exist when the eigenvalues of the Jacobi symbol KJAC(z)
lie on a line segment [—(u1)-(2), (#1)-(2)]- In that case Lemma 4 shows that the
optimal ellipse is degenerated and corresponds to the line segment linking the
extremal eigenvalues. In particular, the parameters defining this ellipse are found
by setting (u1)-(2) = pr(2)e**"(*) and ¢,(2) = 0. We do not know how to find such
an optimal ellipse when the eigenvalues of KIJAC(2) are not collinear. Although
an example has been given in [7, §4], even the problem of finding a good ellipse
(which surrounds the spectrum of the Jacobi symbol and for which the associated
bound is relatively sharp) may prove to be a formidable task. In practice, one
therefore tries to determine a suitable convolution sequence without calculating
these (nearly) optimal ellipses for all needed values of z. We suggest two possible
strategies to this end.

A first attempt, for ODE systems with B = I and Dy = d,I, could start
from the knowledge of a (nearly) optimal ellipse surrounding o(KJ4€(0)). From
formulae (11) and (15), it is clear that the spectrum of KJAC(2) is obtained by ro-
tating and scaling the spectrum of K;!AC(O), corresponding to the multiplication
with d,/(771a(2)/b(2) + d,). A similar operation applied to the ellipse surround-
ing the latter spectrum is then expected to lead to a good ellipse for the current
value of z. This approach is however not applicable when B # I or Dy # d,[.
Therefore, the numerical experiments in [8, §6] and [19] were performed with
still another convolution sequence. In those references, the convolution kernel
was computed by using the formula in the right-hand side of (12). This formula
only requires the computation of a single eigenvalue (p1)-(2) (which is the largest
one in magnitude) for every z that appears in the particular inverse Z-transform
method used. As the spectra o(K3A4C(z)) are not collinear, the resulting kernel is
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not guaranteed to be the optimal one, or even a good one. Nevertheless, numeri-
cal evidence showed that this procedure yields excellent convergence rates for the
problems considered. This observation led us in [8] to talk about the robustness
of the CSOR waveform relaxation method.

With the generalised CSOR theory, this robustness can now be explained in
an intuitive manner as follows. When the eigenvalues of the Jacobi symbol are
not too far from being on a line, any reasonable ellipse — most probably also the
optimal one — will be very elongated with p,(2)e**™(*) ~ (u1),(2) and ¢,(z) small.
Thus the right-hand side of (12), which we denote further on by (Qappr )-(2), is a

good approximation to the optimal (Qopt)-(2), computed by (43). If we set

(Qappr)r(2) = (Qopt)r(2) + 6(2)

then it is easy to derive from (40), e.g. by doing a series expansion with Mathe-
matica, that

p (KESORert(5)) — p (KESORemwr(5)) = 0(8(2)) , 8(2) — 0.

The overall spectral radius of the CSOR iteration is found by a maximisation
procedure over the unit circle, see Theorem 3 and in particular formula (10).
Hence it is especially important for (Qappr)r(2) to be close to (Qopt)r(2) near the
values of z for which p(KESORPt(2)) is large. In our experiments, this always
appeared to be near the value z = 1. Fortunately, this is exactly where the
eigenvalues of the Jacobi symbol are collinear or nearly collinear.

The above discussion will be illustrated by means of the model problem of [8,
§6], that is, the two-dimensional heat equation, discretised on a regular, triangular
mesh {(z; = h,y; = jh) | 0<4,5 < %} using linear finite elements. The resulting
ODE system (1) was solved using linewise CSOR waveform relaxation, and the CN
method with 7 = 1/100 was used for time discretisation. We computed ellipses
surrounding o(KJ4C(2)) for A = 1/8 and several values of z = e*
circle, as illustrated in Figure 4. These ellipses were obtained by choosing

{pT(Z) = |(#)-(2)]
¢r(2) = Arg((pa)-(2))

on the unit

and by determining ¢, (z) as the smallest value for which all eigenvalues of KJAC(2)
lie in the closed interior of the resulting ellipse. There is no firm guarantee that
these ellipses are truly optimal. Yet, numerical experiments evaluating formula
(41) with overrelaxation parameter from (43) for various neighbouring ellipses did
never lead to a smaller value of the spectral radius. Hence, it seems reasonable to
assume we have found an (at least locally) nearly optimal Q,(z) .

In the upper picture of Figure 5, we plotted |§(z)|, the modulus of the dif-
ference between the approximating (Qappr)-(2) and the one we assume to be the
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Figure 4: Eigenvalues (*+’) of KJAC(2) and the optimal ellipses for several values
of z = € for the model problem with » = 1/8. The respective pictures for
6 =0, 3r/12, 67/12 and 97 /12 are ordered from left to right, top to bottom.
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Figure 5: |6(z)| (upper picture), p(KESORrt(;)) (lower picture, ‘o’) and
p(KESOR.aprr ()} (lower picture, ‘o’) for several values of z = €% for the model
problem with A = 1/8.
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Table 4: Averaged convergence factors for the model problem with linear finite-
element discretisation and the CN method with 7 = 1/100, using an inverse
Z-transform technique based on the right-hand side of (12) to calculate a suitable
kernel.

h 1/8  1/16 1/32 1/64

1—2v2nh - 0.445 0.722 0.861
convergence factors 0.320 0.569 0.757 0.870

optimal one for several values of z = €*® on the unit circle. The difference be-
tween the corresponding spectral radii p(KSSOR<Pt(2)) and p(KESOR.arrr(4))
is depicted in the lower picture of Figure 5. The collinearity of the spectrum
of the Jacobi symbol implies that 6(e*®) = 0, and hence, p(KESOR-oPi(£6)) =
p(KCSOR.arpr(6:6)) for § = 0 and § = +7. By noting that the maximum of the
latter spectral radius over the unit circle is attained for 8 in the neighbourhood

of 0, we then derive that
P (KSSOR,appT) ~p (ICSSOR,opt) ~p (KSSOR,opt(eiO))

The rightmost spectral radius of this expression, which equals the spectral radius
of the optimal linewise SOR method for the linear system Au = f, is known to be-
have as 1 —2+v/27h for small enough h. Consequently, the linewise CSOR waveform
relaxation method with the approximating kernel from (12) should demonstrate
similar convergence results. This observation is confirmed by the numerical exper-
iments in [8, §6], the resulting averaged convergence factors of which are recalled
in Table 4.
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