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Abstract

Noisy data are often fitted using a smoothing parameter, control-
ing the importance of two objectives that are opposite to a certain
extend. One of these two is smoothness and the other is closeness
to the input data.

The optimal value of this paramater minimizes the error of the
result (as compared to the unknown, exact data), usually expressed
in the Ly norm. This optimum cannot be found exactly, simply
because the exact data are unknown. In spline theory, the General-
ized Cross Validation (GCV) technique has proven to be an effective
(though rather slow) statistical way for estimating this optimum.

On the other hand, wavelet theory is well suited in signal and
image processing. This paper investigates the possibility of using

- GCV in a noise reduction algorithm, based on wavelet-thresholding,
where the threshold can be seen as a kind of smoothing parameter.
The GCV method thus allows choosing the (nearly) optimal thresh-
old, without knowing the noise variance. Moreover, computations
turn out to be very fast.

Both a theoretical argument and practical experiments are used
to show this successful combination.
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Figure 1: soft-threshold function.

1 Introduction

We consider the following model of a discrete noisy signal:
‘yi=fi+5£= izls"'aNa

or, for short, in vector notation:
y=f+e

y; are input data and f is an unknown, deterministic signal. We suppose the noise ¢ is a
stationary stochastic signal, i.e. all its values are identically distributed with zero mean
and.variance o. Thus E¢; = 0 and Ee? = 02,Vi = 1,...,N. By h(¢) we shall denote
the density function of the noise. For the purpose of this text we restrict ourselves to
uncorrelated (white) noise. This means that Ee;e; = §;502.

To reconstruct the original data, we use a wavelet transform. This operation localizes
the most important spatial and frequential characteristics of a regular signal in a lim-
ited number of wavelet coefficients. On the other hand, it is easy to prove white noise
is completely spread out over all the wavelet coefficients. If noise is not too big, these
arguments suggest to throw away all the wavelet coefficients, which are below a certain
threshold because they are dominated by noise and carry only a small amount of informa-
tion. We will use Donoho’s “soft-thresholding” or “shrinking” function, shown in figure
1: a wavelet coefficient w lying between —& and § is set to zero, while the others are
diminished in absolute value.

A natural question arising from this procedure is of course how to choose the threshold
6. This choice should be optimal in a certain way. If ys is the result of applying the
threshold procedure to signal y, then the most commonly used criterion to measure the
quality of this result is its signal-to-noise ratio (SNR(8)):

. =12
SNR(6) = 10 - 1og102—i[H%L.

where for an arbitrary signal f, we set f = ?IVZi fi- An optimal choice of § should
maximize SNR(6). This is equivalent to minimizing the mean square error R:

N ;o iFa0
R(s) = Z W Ly e




where we used the classical Euclidian vector norm based on the inner product (p,q) =
22 Pidi- _

However, because f is unknown the function R(4) is not computable and hence it
cannot be used to find an optimal é. By this the optimal threshold has to be estimated.
Donoho and Johnstone [4] propose to use the “universal treshold” estimation:

6 =1/2log(N) o. (1)

This formula and other, more complicated estimators require knowledge of the noise vari-
ance o, which may not be readily available in practical applications. Weyrich and Warhola
[8] therefore suggest adapting Wahba’s [7], [2] Generalized Cross Validation (GCV) for
automatic spline smoothing. Applied to our wavelet procedure, this GCV should be a
function of the threshold value, using only known data and having approximately the
same minimum as the residual function R. Because we can only rely on the given data,
it seems logical that this function should express a compromise between goodness of fit
and smoothness of the result.

For spline smoothing, Wahba has found a function, that provides an asymptotically
optimal method. Unfortunately computations are very expensive. We shall adapt her.
proof to wavelet tresholding and show that the method leads to a fast algorithm. By this
we try to explain the excellent results of this method, obtained by Weyrich and Warhola
[8]. In a last section we indicate how we can apply this method to images and suggest a
way to speed up the calculations for such large data sets.

2 Notations for wavelet transforms and threshold opera-
tions

We shall not explain details of wavelet theory here. Basic theory can be found in a lot of
papers. We mention Daubechies [3] B. Jawerth and W. Sweldens [5], or A. Bultheel [1].
For the purpose of this text, we use simple non-redundant, orthogonal discrete wavelet
transforms. This operation can be represented by an orthogonal matrix W. We consider
the following transforms:

t":W'f:
w=W-.y.

The shrinking (soft-thresholding) operations can be represented as

wg = Dg - w, (2)
where
Ds = diag[dy;), (3)
with
0 if |w;| < 6,
dii =9{ ;_ & tl I-h (4)
[w Otherwise.

6 is the choosen value of the threshold. Note that the notation ws = Ds - w is deceiving
because the mapping w — w;g is nonlinear. The operator Ds is not a matrix in the usual .



sense, because its elements depend on the signal w, to which it is applied. In the same
way we have:
vg = Dg - v.

Back transforms give the result:
ys =W - ws. (5)
The entire operation can then be represented by:

Ys = Aﬁ Y, (6)

where

As =W™.Ds-W. (7

We call As the influence matriz. By Dyg, it depends on the threshold value but also
on the input signal y.

For the rest of this text, we will mostly work in the wavelet domain. Because white,
stationary noise is transformed to white, stationary noise, we will use the same notation
€; in the wavelet domain.

Furthermore we consider the noise of the result in the wavelet domain:

€5 1= W5 — V,

Because exact coeflicients are also transformed by the thresholding operations, this value
contains a bias. Therefore we also define:

N6 1= Ws — Vs.

3 The mean-square error function R(9)

Since we are looking for an approximation of R(é), it is useful to examine this function
first. Because of the orthogonality of W, we can compute R from the wavelet coefficients
as:

R(8) = wrlhws — o] (®)
The expectation of this function can then be written as:
BR(6) = s — ol + < [IE(ws — va)|l?
= N 1] N [} U
2
+7((vs = v), E(ws — vg)). (9)

The first term is due to the bias. .

For linear operations, such as spline smoothing, the third term would be zero. Since
shrinking is a non-linear operation, we can’t use this argument. But in the case where
|vi| > 8, it is almost sure that also |w;| > é§ and thus 7 = wg; — vsi = w; — v; = €,
and so E(wgs; — vs;) = 0. Only when v; = 8, problems occur. Figure 2 shows how we can
deduce the distribution of 7s; in that case. The first part contains the distribution of w;
around its mean value v;. If —6 < w; < §, then we have 75 = —|v; — 8]. This value of
7s; thus has a finite probability, which can be seen on the second figure as a pulse in the
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Figure 2: Left: Distribution of w, noisy wavelet coefficient and shrinking function. Right:
Distribution of 75 := ws — vs
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Figure 3: Typical form of R(6).

distribution function of 7;. This distribution clearly does not have a zero mean. Taking
into account other coefficients v;, we can assume this effect will be largely compensated
at least if the wavelet signal is sufficiently symmetric.
By this we can write:
ER(8) = b*(8) + pa(6) - 02, (10)
with: .
B0 = los —oll?, (11)
e B s — vg)]?
E(ws — vs
§) = ———"—

Figure 3 shows a typical form of the function R(§). More about this function can be
found in Nason’s text [6].

(12)

4 A first estimator for R(§)

4.1 The effect of the threshold operation

We are looking for an estimator for R(4), based on known variables. Therefore we shall
investigate the effect of the threshold operation on the input data.



Define i )
Yiz1(wsi — wi)

T(6) = =

= ~llws — wl?,

Since neither v or vs are stochastic we have E(e, €5) = E(e,n5), and so we can write:

ET(5)

2
o? + ER(6) — ﬁE{G, €s)

= o® +ER(6) ~ 2B{em).

B (lhw = ol + [lo = wall? + 2 ((w — v), (v — ws)))

(13)

(14)

We shall investigate the third term in detail because this will lead to some essential

equations. Let us therefore define:

YN | Eleins:]

M1 (6) = No2

4.2 TFurther calculations

We shall prove now that:
Theorem 1 If the density h(e) is Gaussian, then
E[Ei?}gil- = P(twii > (5)

First we prove a lerhma:
|
Lemma 1 If h(z) = Ke2? then:
Vbe R : / z? h(z) dz = b/ :c'h(:v)dx—l—c72/ h(z) dz.
b b b

Proof:

By a substitution u = 2%;5, one can verify that

wad —g?
/xKem dz = —Ko?e2? + C.

And so, we have:

00 - 9 oo iy @
+ o Ke2? dz

[s's] g —®
/ 2 Kew2? dr = —Kole2?
b b

b

—x2

oo _x2 oo
= b/ z Ke2? dw+0'2/ Ke?? dz,
b b

which proves the lemma.
For the theorem, we distinguish three cases:

(15)

(16)



1. v; > 6

If w; > &, then of course n5; = €. For |w;| < é, we have ng; = 6 — v;. We shall
ignore the case w; < —§, because this is very unlikely.

Here we suppose that the density h(e) is Gaussian and so, by our lemma:
o0 oo (= =]
VbEIR:/ e h(e)dezb[ eh(e)de+02/ h(e) de. (17)
b b b
We now take b = § — v; to find:
b
Eleins:] = f ebhi(es) dés + f kelyde:

= / h(e;) de; + b/ €; h(€;) de;
= o®P(|lwi| > &) +b-0 (18)

2. The case v; < —6 is completely similar.

3. |’U,‘| <6

We now call b = § — v; as before and a = —§ — v; and then we have:
a b oo
Eleins:] = / €i(e; — a) h(e;) de; + / € 0 h(e;) de; + / €i(e; — b) h(e;) de;.
—00 a b

Again using (17) we obtain
Blans] = o ([* med+ [ he)de)
= o?P(|lw;| > 6). (19)

4.3 The derivative influence matrix

For all cases we may conclude:

N
1
= =3 P(luil > 6). (20)
i=1
We now introduce a new matrix:
Ows;
Dis = s (21)

If i # j, then Dj; = 0.

For i = j we have

i _{ 0 if |w <6,

1 otherwise.

Thus, if Tr(D') is the trace of D', then
Tr(D') = #{i|ws: # 0}.

7



Furthermore we also consider the Jacobian matrix A’ with entries

Fysi
i , 22
A5 =%, (22)
Then it is easy to see that
A=w-l.D.w, (23)
and, since W is non-singular,
Tr(A') = Tx(D').
A’ is called the derivative influence matriz.
With these notations, and since for a Bernoulli variable
ED}; = P(Dj; = 1), (24)
we can rewrite pq as:
1 N
m®) = L PDE=1)
=1
1 N
!
= N > EDj
==l
Tr(EA")
= — 7 25
K (25)

We started from (e,7s), which, in practice, is not computable. We ended up with
o?Tr(A’), which is very easy to find and both have the same expectation. Thus, from
(14), (15) and (25) we can construct

B2 Hlig % (26)

as an approximation for R(6). Unfortunately, this function requires a value for o2.

5 Ordinary Cross Validation

This section will introduce the idea of cross validation in an informal way. Our aim is
to minimize the error function based on an unknown exact signal. We therefore try to
find a good compromise between goodness of fit and smoothness. We assume the original
signal is regular to some extend, which means that some value f; can be approximated
by an linear combination of its neighbours. So, by considering #;,a combination of y;,
not depending on y; itself, we can eliminate noise. To investigate the closeness of fit, we
compute the result of the threshold operation for the modified signal §, where the ith
component was replaced. So

ﬁ =A- (yls---1y‘i-—1!‘§'i=yi+1?""yN)T'

For (too) small values of é the difference y; — §5; will be dominated by noise, while for
large values of § the signal itself is too much deformed. We repeat the same procedure
for all components and compute

; ML X
oCcV = N Z(y,; — ygi)z (27)
i=1



to express the compromise. This function is called ‘ordinary cross validation’. This name
indicates that we use the values of the other components in the calculation for one point.

Many combination formulas are possible for ;. Most obvious is to take y;

%'(3&'—14-

yi+1). But taking §; such that g5 = g; will turn out to be a very interesting choice. This
value can always be found, since the threshold algorithm has some leveling effect. Taking
7s; = max; y;, we have s < y;, while the opposite will be true for ¥s; = min; y;. So, by

continuity arguments, one can expect such a value to exist.
For this last choice of §; we can write:

Yi — Y&i
1=’

1

Yi — Ysi =

with: . .
v _ Yoi — i _ Yoi — Vs Osi _
= Gt e o W
Yi — Ysi Yi — Ui Yi

So we have:
N

1
oCV ~ N Z(y,f — ysi)2w?(6),

i=1
with:
1

w;(6) = -3

Unfortunately, this cannot be used in practical computations, since Aj; is 0 or 1.

Therefore we take some kind of mean value for w;(6):
1
N .
% e Zi:i(l = A:.‘l.)

This gives us the formula of the so called ‘generalized cross validation’.

w;i(8) = w() =

6 Generalized Cross Validation

6.1 Definition

So we have as a definition of the generalized cross validation:

v lly —wsll® _ T(9)

GCV(‘S) = V(é) = Tr(l—A' - S 5 :
(Zl=A)2 (6)

with T'(§) as in section 4 and

5(6) = (LA,

(28)

(29)

If the wavelet transform is orthogonal, the same formula can be used, mutatis mutandis,

in the wavelet domain.


















