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We have recently proposed a new procedural noise function, Gabor noise, which offers a com-
bination of properties not found in existing noise functions. In this paper, we present three
significant improvements to Gabor noise: (1) an isotropic kernel for Gabor noise, which speeds
up isotropic Gabor noise with a factor of roughly two, (2) an error analysis of Gabor noise, which
relates the kernel truncation radius to the relative error of the noise, and (3) spatially varying
Gabor noise, which enables spatial variation of all noise parameters. These improvements make
Gabor noise an even more attractive alternative for existing noise functions.

1 Introduction

Since its introduction by Perlin in 1985, procedural noise has become an essential component in computer
graphics [Ebert et al., 2002]. Several noise functions have been proposed, for example Perlin noise [Perlin,
1985], sparse convolution noise [Lewis, 1989], wavelet noise [Cook and DeRose, 2005] and anisotropic noise
[Goldberg et al., 2008]. We have recently proposed a new procedural noise function, sparse Gabor convolution
noise, or, in short, Gabor noise [Lagae et al., 2009a] (section 2). Gabor noise has several interesting properties:
it is procedural, it offers significant spectral control, it supports anisotropy, it can be mapped onto surfaces
without using a parametrization, it can be filtered, and it is interactive. This combination of properties is
not found in existing noise functions.

In this paper, we present three significant improvements to Gabor noise. As a first improvement, we present
an isotropic kernel for Gabor noise (section 3). This improvement speeds up isotropic Gabor noise with a
factor of roughly two. This can result in significant savings of 3D rendering time. Indeed, in the 1990’s it
was informally observed that “90% of 3D rendering time is spent in shading, and 90% of that time is spent
computing Perlin noise”1. As a second improvement, we present an error analysis of Gabor noise (section 4).
This improvement relates the kernel truncation radius, an important quality parameter of Gabor noise, to the
relative error of the noise, and replaces the ad hoc method to choose this parameter with a more principled
one. As a third improvement, we present spatially varying Gabor noise (section 5). This improvement enables
spatial variation of all noise parameters, a property not found in existing procedural noise functions. This
allows an artist to create spatially varying procedural textures. Indeed, spatial variation of noise parameters
was shown to be useful in the context of non-procedural methods related to Gabor noise [van Wijk, 1991,
Ware and Knight, 1995, Holten et al., 2006].

These three orthogonal improvements build upon and augment the strong theoretical foundation of Gabor
noise, and make Gabor noise an even more attractive alternative for existing noise functions. Although this
paper focuses on procedural noise for computer graphics, the family of methods that Gabor noise belongs
to is also relevant to visualization [van Wijk, 1991].

1industry lore, as relayed by J.P. Lewis
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2 Gabor Noise

In this section, we briefly review Gabor noise [Lagae et al., 2009a]. We focus on its procedural nature and
spectral control, the two properties most relevant to this paper. Since this paper addresses improvements to
Gabor noise, we assume the reader is generally familiar with Gabor noise.

Anisotropic Gabor noise is a sum of randomly weighted and positioned Gabor kernels,

nK,F0,a,ω0(x, y) =
∑

i

wi gK,F0,a,ω0(x− xi, y − yi), (1)

where the magnitude K, the frequency F0, the bandwidth a and the orientation ω0 are the noise parameters,
g is the Gabor kernel, {wi} are the random weights, and {(xi, yi)} are the random positions. The Gabor
kernel is the product of a radially symmetric Gaussian and a 2D cosine,

gK,F0,a,ω0(x, y) = K exp[−πa2(x2 + y2)] cos[2πF0(x cos ω0 + y sin ω0)], (2)

where K and a control the magnitude and width of the Gaussian, and (F0, ω0) is the frequency of the cosine.
Anisotropic Gabor noise is the convolution of sparse white noise and the Gabor kernel,

nK,F0,a,ω0(x, y) =

[∑
i

wiδ(xi,yi) ∗ gK,F0,a,ω0

]
(x, y), (3)

where the random weights {wi} are distributed according to a random variable W with a uniform distri-
bution on the interval [−1,+1], and the random positions {(xi, yi)} are distributed according to a Poisson
distribution with impulse density λ. Because sparse white noise has a constant power spectrum, the power
spectrum of anisotropic Gabor noise is a scaled version of the power spectrum of the Gabor kernel. The
Gabor kernel in the frequency domain is a pair of Gaussians,

GK,F0,a,ω0(fx, fy) =
K

2a2
exp

{
− π

a2

[
(fx ± F0 cos ω0)

2 + (fy ± F0 sin ω0)
2
]}

, (4)

where K and a control the magnitude and width of the Gaussians, and (F0, ω0) and its symmetrical counter-
part are the locations of the Gaussians. Because the power spectrum of anisotropic Gabor noise is a scaled
version of the power spectrum of the Gabor kernel, the parameters K, F0, a and ω0 directly control the
power spectrum of the noise.

Isotropic Gabor noise is a sum of randomly weighted, positioned and oriented Gabor kernels,

nK,F0,a(x, y) =
∑

i

wi gK,F0,a(ω0i, x− xi, y − yi), (5)

where the magnitude K, the frequency F0 and the bandwidth a are the noise parameters, and the random
orientations {ω0i} are distributed according to a random variable Ω with a uniform distribution on the
interval [0, 2π). Similar to anisotropic Gabor noise, the parameters K, F0 and a directly control the power
spectrum of the noise.

The procedural evaluation of Gabor noise is similar to that of Lewis’ [1989] sparse convolution noise and
Worley’s [1996] cellular texture basis function. Gabor noise is evaluated procedurally by truncating the Gabor
kernel and introducing a grid with a cell size equal to the radius of the truncated kernel, which restricts the
evaluation of the noise to the grid cell containing the point of evaluation and the eight neighboring grid cells,
and generating the Gabor kernels in each cell on-the-fly using a pseudo-random number generator.

Next to its procedural nature and spectral control, Gabor noise has several other interesting properties for
computer graphics: it supports anisotropy, it can be mapped onto surfaces without using a parametrization,
it can be filtered, and it is interactive. This is the major difference between Gabor noise and related methods
in computer graphics, such as sparse convolution noise, and related methods in visualization, such as spot
noise [van Wijk, 1991, Ware and Knight, 1995].
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3 An Isotropic Kernel for Gabor Noise

Isotropic Gabor noise is defined using an anisotropic Gabor kernel (see equation 5). In this section, we show
that isotropic Gabor noise can also be defined using an isotropic Gabor kernel, and that the isotropic kernel
has several advantages over the anisotropic kernel. Most importantly, we show that isotropic noise using the
isotropic kernel is roughly two times faster than isotropic noise using the anisotropic kernel.

We assume that the reader is familiar with circularly symmetric functions (see appendix A), more specifically,
with hyperspherical coordinates (see appendix A.1), the integration (see appendix A.2) and convolution (see
appendix A.3) of circularly symmetric functions, and the Hankel transform (see appendix A.4).

3.1 The Isotropic Gabor Kernel

We define the n-dimensional isotropic Gabor kernel similar in spirit as other kinds of Gabor kernels: using a
Gaussian and a harmonic, which are related by multiplication in the spatial domain, and by convolution in
the frequency domain. We use the Hankel transform (see appendix A.4), which is the method of choice for
working with Fourier transforms of isotropic or circularly symmetric functions. We denote the n-dimensional
isotropic Gabor kernel, Gaussian, and harmonic as n

I g (r), n
I gG (r), and n

I gH (r) in the spatial domain, and
as n

I G (fr), n
I GG (fr), and n

I GH (fr) in the frequency domain. We summarize their relations as

spatial domain frequency domain
n
I gG (r)

nH⇐⇒ n
I GG (fr)

n
I gH (r)

nH⇐⇒ n
I GH (fr)

n
I g (r) = n

I gG (r) n
I gH (r)

nH⇐⇒ [nI GG ∗ n
I GH ] (fr) = n

I G (fr)

, (6)

where
nH⇐⇒ denotes an order-n Hankel transform pair.

The Gaussian is typically defined as a Gaussian in both the spatial domain and the frequency domain. We
therefore define the Gaussian in the spatial domain, n

I gG (r), as the circularly symmetric Gaussian,

n
I gG (r) = Ke−πa2r2

, (7)

where K and a are the magnitude and width of the Gaussian. The Gaussian in the spatial domain is
illustrated in figure 1(a) and in figure 2(a). We obtain the Gaussian in the frequency domain, n

I GG (fr), as
the order-n Hankel transform of n

I gG (r),

n
I GG (fr) = nH [nI gG (r)] =

2π

f
1
2 n−1
r

∫ ∞

0

Ke−πa2r2
J 1

2 n−1 (2πfrr) r
1
2 ndr =

K

an
e−

π
a2 f2

r , (8)

where Jn is the order-n Bessel function of the first kind. The Gaussian in the frequency domain is illustrated
in figure 1(b) and in figure 2(b).

The harmonic is typically defined as an impulse in the frequency domain, located at the principal frequency,
F0, of the Gabor kernel. We therefore define the harmonic in the frequency domain, n

I GH (fr), as a circularly
symmetric impulse,

n
I GH (fr) = δ (fr − F0) , (9)

where F0 is the frequency of the harmonic. The harmonic in the frequency domain is illustrated in figure 1(d)
and in figure 2(d). We obtain the harmonic in the spatial domain, n

I gH (r), as the order-n Hankel transform
of n

I GH (fr),

n
I gH (r) = nH [nI GH (fr)] =

2π

r
1
2 n−1

∫ ∞

0

δ (fr − F0) J 1
2 n−1 (2πrfr) f

1
2 n
r dfr =

2π

r
1
2 n−1

J 1
2 n−1 (2πF0r) F

1
2 n
0 . (10)

The harmonic in the spatial domain is illustrated in figure 1(c) and in figure 2(c).
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We obtain the n-dimensional isotropic Gabor kernel in the spatial domain, n
I g (r), as the multiplication of

n
I gG (r) and n

I gH (r),

n
I g (r) = n

I gG (r) n
I gH (r) = Ke−πa2r2 2πF

1
2 n
0

r
1
2 n−1

J 1
2 n−1 (2πF0r) . (11)

The kernel in the spatial domain is illustrated in figure 1(e) and in figure 2(e). We obtain the n-dimensional
isotropic Gabor kernel in the frequency domain, n

I G (fr), as the convolution of n
I GG (fr) and n

I GH (fr). We
simplify the convolution of isotropic or circularly symmetric functions by exploiting their symmetry (see
appendix A.3). First, we convolve n

I GG (fr) and n
I GH (fr) using this simplification,

n
I G (fr) = [nI GG ∗ n

I GH ] (fr) =
2π

n−1
2

Γ
(

n−1
2

) ∫ ∞

f ′r=0

∫ π

fφ=0

δ (f ′r − F0)
K

an
e−

π
a2 (f2

r +f ′r
2−2frf ′r cos fφ)f ′r

n−1 sinn−2 fφdf ′rdfφ,

(12)
where Γ is the Gamma function. Then, we integrate over f ′r. Next, we simplify the convolution using the
integral ∫ π

0

sinn θ ex cos θ dθ = 2
n
2
√

πx−
n
2 In

2
(x) Γ

(
n + 1

2

)
, (13)

where In is the order-n modified Bessel function of the first kind. Finally, we obtain

n
I G (fr) =

2πKF
1
2 n
0

a2f
1
2 n−1
r

e
−π

a2 (f2
r +F 2

0 )I 1
2 n−1

(
2πF0

a2
fr

)
. (14)

The kernel in the frequency domain is illustrated in figure 1(f) and in figure 2(f).

3.2 Isotropic Gabor Noise using the Isotropic Gabor Kernel

We define n-dimensional isotropic Gabor noise using the isotropic Gabor kernel similar as anisotropic (see
equation 1) and isotropic (see equation 5) Gabor noise using the anisotropic Gabor kernel,

n
I n (x1, . . . , xn) =

∑
i

wi
n
I g

(√
(x1 − xi,1)

2 + . . . + (xn − xi,n)2
)

. (15)

Note that, in contrast to the anisotropic kernel, the isotropic kernel does not need to be randomly oriented.
The variance of the noise n

I σ2
n is

n
I σ2

n = λE
[
W 2
]

Sn

∫ ∞

r=0

n
I g2 (r) rn−1dr. (16)

The power spectrum of the noise n
I Snn is

n
I Snn (fr) = λE

[
W 2
] |nI G (fr)|2 . (17)

We provide equations for working with one-, two-, three- and four-dimensional isotropic Gabor noise using
the isotropic Gabor kernel (see appendix B), including the isotropic Gabor kernel in the spatial domain (see
appendix B.1) and in the frequency domain (see appendix B.2), the integral of the isotropic Gabor kernel
squared (see appendix B.3), the envelope of the isotropic Gabor kernel (see appendix B.4), and the radius
of the truncated isotropic Gabor kernel (see appendix B.5).

3.3 Implementation, Results and Discussion

We have implemented isotropic Gabor noise using the isotropic Gabor kernel, and we have verified most
equations experimentally. We evaluate the Bessel functions using code based on Press et al. [2002, 6.5, 6.6]
(polynomial approximations are also available in Abramowitz and Stegun [1972, 9.4,9.8]), and the Lambert-
W function (see appendix B.4) using code based on Keith [2009]. We verify the noise by comparing the
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estimated and expected power spectrum and the actual and expected intensity distribution [Lagae et al.,
2009b].

We illustrate one-, two- and three-dimensional isotropic Gabor noise using the isotropic Gabor kernel in
figure 4, figure 5 and figure 6. Note the similarity between isotropic noise using the isotropic kernel and
isotropic noise using the anisotropic kernel [Lagae et al., 2009a, figure 4]. Also note how closely the estimated
and expected power spectrum and the actual and expected intensity distribution match.

We have found that isotropic noise using the isotropic kernel is significantly faster than isotropic noise using
the anisotropic kernel. This is because of two reasons. First, the isotropic kernel is more compact than the
anisotropic kernel (see figure 1(e) and figure 3). This results in a lower number of impulses per kernel for
the same impulse density, which in turn results in a shorter time to evaluate the noise, since this time is
directly proportional to the number of impulses. Second, in contrast to the anisotropic kernel, the isotropic
kernel does not need to be randomly oriented (see equation 5 and equation 15). This avoids the generation
of random orientations, which also results in a shorter time to evaluate the noise. For example, for two-
dimensional isotropic noise with parameters K = 0.709645, a = 0.0443528 and F0 = 0.0625, where the kernel
was truncated at 5% of its maximum value, the radius of the kernel is 22.0169 for the anisotropic kernel, but
only 15.6741 for the isotropic kernel, a reduction of 28.8086%, and for an impulse density of λ = 0.0829209,
the number of impulses per kernel is 63.1386 for the anisotropic kernel, but only 32 for the isotropic kernel,
a reduction of 49.3179%. The time to evaluate the noise using our CPU implementation is 4.11625 s for
the anisotropic kernel, but only 1.64481 s for the isotropic kernel, a speedup of 2.50257 (512× 512, Intel(R)
Xeon(R) CPU 5160 at 3.00GHz). The performance of the noise using our GPU implementation is 18.2 MPS
(megapixels per second) or 69 FPS (frames per second) for the anisotropic kernel, and 32.8 MPS or 125 FPS
for the isotropic kernel, a speedup of 1.80 (512× 512, NVIDIA Quadro FX 5800 GPU). However, the GPU
implementation is only moderately optimized, resulting in a slightly smaller speedup. We have found that
the speedup is roughly independent of the noise parameters. The speedup for three- and four-dimensional
isotropic noise should be even larger, since the isotropic kernel gets more compact with increasing dimension
(see figure 1(e) and figure 3), and the number of random orientations that has to be sampled gets larger
with increasing dimension (see appendix A.1).

There are some smaller noteworthy differences between isotropic noise using the isotropic kernel and isotropic
noise using the anisotropic kernel. Similar to isotropic noise using the anisotropic kernel, isotropic noise using
the isotropic kernel can be analytically filtered [Lagae et al., 2009a, 5.2], but isotropic noise using the isotropic
kernel is limited to isotropic analytic filtering, since the kernel is isotropic. Isotropic noise using the isotropic
kernel degrades more gracefully than isotropic noise using the anisotropic kernel when lowering the impulse
density, again since the kernel is isotropic.

To our knowledge, the n-dimensional real and even isotropic or circularly symmetric Gabor kernel we have
derived in this section is not known in literature. Zhang et al. [2002] have presented a circular Gabor filter in
the context of rotation-invariant texture segmentation, but their filter is complex (that is, it has an imaginary
part), and is therefore not usable in the context of Gabor noise.

We believe that in general the isotropic kernel should be used for isotropic noise, except when analytic
anisotropic filtering is required.

4 An Error Analysis of Gabor Noise

The procedural evaluation of Gabor noise requires that the Gabor kernel is truncated. This is typically
done at a radius where the envelope of the kernel reaches a sufficiently small value, for example 5% of its
maximum value [Lagae et al., 2009a, 4] [Lagae et al., 2009b, 1]. However, this is an ad hoc approach, since
truncating the kernel introduces an error in the noise, and this error is not quantified. In this section, we
quantify the effect of truncating the Gabor kernel, and we present a more principled approach to truncate
the Gabor kernel.
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4.1 Relation of Kernel Truncation Radius to Noise Error

We relate the noise error resulting from truncating the Gabor kernel g to the truncation radius rt. In
this analysis, we use the n-dimensional isotropic Gabor kernel (see section 3), but the analysis is also valid
for other kernels, such as the anisotropic Gabor kernel. We define a truncated Gabor kernel gt, where
gt(r) = g(r) if 0 ≤ rt < r and gt(r) = 0 otherwise, and an error kernel ∆g, where ∆g(r) = 0 if 0 ≤ rt < r
and ∆g(r) = g(r) otherwise. Note that g(r) = gt(r) + ∆g(r). We obtain the noise error ∆n by subtracting
the noise using the truncated kernel nt from the noise using the untruncated kernel n,

∆n (x1, . . . , xn) = n (x1, . . . , xn)− nt (x1, . . . , xn) =
∑

i

wi∆g
(√

(x1 − x1i)2 + . . . + (xn − xni)
2
)

. (18)

Our key insight is that the noise error ∆n is, similar to Gabor noise, a random pulse process [Lagae et al.,
2009a, 2.2] [van Etten, 2005, 8] [Papoulis and Pillai, 2002, 10.2]. The variance σ2

∆n of the noise error ∆n is
therefore

σ2
∆n = λE

[
W 2
]

Sn

∫ ∞

0

∆g2(r)dr. (19)

We define the root mean square error and the relative error using the variances σ2
n and σ2

∆n of the noise and
the noise error. We define the root mean square error eRMS as the square root of the variance of the noise
error,

eRMS =
√

σ2
∆n. (20)

We define the relative error e as the root mean square error eRMS over the root mean square amplitude√
σ2

n,

e =
eRMS√

σ2
n

=

√∫∞
0

∆g2 (r) dr∫∞
0

g2 (r) dr
=

√
1−

∫ rt

0
g2 (r) dr∫∞

0
g2 (r) dr

. (21)

Note that the relative error e only depends on the kernel g and the truncation radius rt, and not on the
parameters of the sparse white noise λ and W . Our analysis allows to determine the relative noise error for a
given kernel truncation radius, but also allows to determine the kernel truncation radius for a given relative
error, by solving equation 21 for rt. The usage of relative error in this context is motivated by Weber’s
Law [Blackwell, 1972]. This is a much more principled approach than truncating the kernel at an arbitrarily
chosen value.

4.2 Implementation, Results and Discussion

We have implemented the noise error analysis and we have verified the equations experimentally. For most
kernels, a closed-form expression for

∫∞
0

g2 (r) dr is available (see appendix B.3), but a closed-form expression
for

∫ rt

0
g2 (r) dr is not. Therefore, we generally solve equation 21 for rt numerically, using bracketing and

bisection [Press et al., 2002, 9.1], the closed-form expression to evaluate
∫∞
0

g2 (r) dr, and Simpson’s rule
[Press et al., 2002, 4.2] to evaluate

∫ rt

0
g2 (r) dr. Note that for isotropic noise using the isotropic kernel, all

integrals are one-dimensional.

We illustrate the error analysis of one-dimensional isotropic noise using the isotropic kernel in figure 7. Note
how closely the actual and expected root mean square error match. We illustrate the error analysis of two-
dimensional isotropic noise using the isotropic kernel in figure 8. We plot the relative error versus the kernel
radius for one-, two-, three- and four-dimensional isotropic noise using the isotropic kernel in figure 9. Note
that the relative error quickly decreases with increasing kernel truncation radius.

We now revisit the example of subsection 3.3. When truncating the kernel using a relative error of 2%, the
radius of the kernel is 25.25 for the anisotropic kernel, but only 20.8984 for the isotropic kernel, a reduction
of 17.2341%, the number of impulses per kernel is 46.7139 for the anisotropic kernel, but only 32 for the
isotropic kernel, a reduction of 31.498%, and the time to evaluate the noise using our CPU implementation
is 2.50428 s for the anisotropic kernel, but only 1.02537 s for the isotropic kernel, a speedup of 2.44233. We
generalize this example and plot the relative error versus the kernel radius for two-dimensional isotropic noise
using the anisotropic and the isotropic kernel in figure 10. This figure shows that for the same truncated
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kernel radius, the relative error is always smaller for the isotropic kernel than for the anisotropic kernel, and
for the same relative error, the isotropic kernel is always smaller and therefore faster than the anisotropic
kernel.

We believe that in general equation 21 should be used rather than the ad hoc approach to determine the
radius of the truncated kernel, except for reasons of computational expense, for example in the case of
spatially varying noise (see section 5), or simplicity.

5 Spatially Varying Gabor Noise

The procedural evaluation of Gabor noise introduces a grid with a cell size equal to the radius of the truncated
kernel [Lagae et al., 2009a, 4]. This restricts the evaluation of the noise to the grid cell containing the point
of evaluation and the eight neighboring grid cells. However, this also prohibits spatial variation of the noise
parameters, since the kernel radius, and therefore the cell size, is in general dependent on these parameters.
In this section, we present a procedural evaluation of Gabor noise that enables noise with spatially varying
parameters.

5.1 Procedural Evaluation of Gabor Noise with Spatially Varying Parameters

Instead of evaluating Gabor noise using a single grid, which is optimal for a single kernel radius corresponding
to a fixed set of noise parameters, we use a hierarchy of grids, to handle arbitrary kernel radii corresponding to
arbitrary or spatially varying noise parameters. We use a hierarchy of grids where the cell size of consecutive
grids differs by a factor of two. More specifically, the grid at level l of the hierarchy has a cell size of 2l. This
implies that the grid at level l is optimal for a kernel radius rl = 2l. We have observed that, for different noise
parameters, an equal noise quality is obtained by maintaining a constant number of impulses N per kernel
area. Therefore, we associate the grid at level l with an impulse density of λl = N/πr2

l . When evaluating
the noise using an arbitrary kernel radius r, we use the two grids with kernel radii r0 and r1 that bracket
r. These are the grids with level l0 = ⌊log2 r⌋ and l1 = l0 + 1, for which r0 ≤ r < r1. We parametrize the
radius r in terms of r0 and r1 by introducing a parameter α in [0, 1) such that r = (1− α)r0 + αr1. When
evaluating the noise, we combine the impulses of both grids by weighing the contribution due to each grid,

n(x, y) = w0(α)
∑
i0

wi0g(x− xi0 , y − yi0) + w1(α)
∑
i1

wi1g(x− xi1 , y − yi1), (22)

where the first and second term correspond to the grid with level l0 and l1, and w0 and w1 are weighting
functions. This is illustrated in figure 11. It is important to note that this is a linear combination of two
noises with the same parameters, and that the goal of the interpolation is to transition between grids with
different impulse densities, and not to obtain a noise with interpolated parameters. Interpolating between
two noises with frequencies F0 and F1 (for example two octaves of Perlin noise) cannot produce a noise with
an intermediate frequency F , due to the linearity of the Fourier transform, while interpolating between two
noises that already have frequency F obviously can.

For obvious reasons, we require that w0(0) = 1, that w0(1) = 0, and that w0 is monotonically decreasing, and
similarly that w1(0) = 0, that w1(1) = 1, and that w1 is monotonically increasing. However, several choices
for w0 and w1 remain. A simple option is to choose w0(α) = 1−w(α) and w1(α) = w(α), where w(α) is the
linear weighting function w(α) = α or the cubic weighting function w(α) = 3α2−2α3. However, the resulting
weighting functions do not result in visually pleasing transitions. This is illustrated in video 1. The weighting
functions can be determined by imposing additional constraints. For example, imposing the constraint that
the power spectrum of both sides of equation 22 is the same leads to w0(α)(1 + α) + w1(α)(1 + α)/2 = 1.
We have noticed that the visually unpleasing transitions in video 1 are caused by the fact that the two
grids have a different impulse density. The number of impulses per kernel area N0 due to the grid with
level l0 equals N0 = (1 + α)2N , while the number of impulses per kernel area N1 due to the grid with
level l1 equals N1 = N0/4. Therefore, we impose the constraint that the weighted number of impulses per
kernel area remains constant, more specifically such that w0(α)N0 +w1(α)N1 = N or equivalently such that
w0(α)(1+α)2 +w1(α)(1+α)2/4 = 1. We now choose w0(α)(1+α)2 = 1−w(α) and w1(α)(1+α)2/4 = w(α),
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where w(α) is a weighting function. The simplest option for w(α) is the linear weighting function w(α) = α,
which also satisfies the power spectrum constraint, and which results in the weighting functions

w0(α) =
1− α

(1 + α)2
(23)

w1(α) =
4α

(1 + α)2
. (24)

This is illustrated in figure 12. These weighting functions result in visually pleasing transitions. This is
illustrated in video 2.

5.2 Implementation, Results and Discussion

We have implemented spatially varying Gabor noise and we have verified the equations experimentally.
Note that in contrast with regular Gabor noise, the evaluation of spatially varying Gabor noise includes the
computation of the kernel truncation radius. Because of computational expense, we use the ad hoc approach
(see section 4). Also note that the noise evaluation is not restricted to exactly nine grid cells, and that
the seeding strategy has to take into account the grid level. We illustrate spatially varying Gabor noise in
figure 13, video 1 and video 2. Spatially varying Gabor noise is roughly up to 5 times slower than regular
Gabor noise. This is because in the worst case, when α ≈ 1, up to 5N impulses are taken into account.

6 Conclusion

In this paper, we have presented three significant improvements to Gabor noise: an isotropic kernel for Gabor
noise, which speeds up isotropic Gabor noise with a factor of roughly two, an error analysis of Gabor noise,
which relates the kernel truncation radius to the relative error of the noise, and spatially varying Gabor
noise, which enables spatial variation of all parameters. These improvements build upon and augment the
strong theoretical foundation of Gabor noise, and make Gabor noise an even more attractive alternative for
existing noise functions.
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A Circularly Symmetric Functions

In this section we cover circularly symmetric functions. We review hyperspherical coordinates (subsec-
tion A.1) and the integration of circularly symmetric functions (subsection A.2), we simplify the convolution
of circularly symmetric functions (subsection A.3), and we review the Hankel transform (subsection A.4).

A.1 Hyperspherical Coordinates

The hyperspherical coordinate system, the generalization of two-dimensional polar coordinates and three-
dimensional spherical coordinates, is a natural coordinate system for working with circularly symmetric
functions. The hyperspherical coordinates of a point in n-dimensional space with Cartesian coordinates

8



(x1, . . . , xn) consist of a radial coordinate, r, and n− 1 angular coordinates, φ1, . . . , φn−1, where

x1 = r cos φ1

x2 = r sin φ1 cos φ2

...
xn−1 = r sin φ1 . . . sinφn−2 cos φn−1

xn = r sin φ1 . . . sinφn−2 sinφn−1

, (25)

where r ∈ [0,∞), φ1 . . . φn−2 ∈ [0, π) and φn−1 ∈ [0, 2π). The corresponding volume element is

rn−1 sinn−2 φ1 sinn−3 φ2 . . . sin φn−2 dr dφ1 . . . dφn−1. (26)

A.2 Integration of Circularly Symmetric Functions

The integration of circularly symmetric functions can be simplified by exploiting their symmetry. When a
function f is circularly symmetric in n dimensions, then the integral of f over Rn reduces to a one-dimensional
integral, ∫ +∞

x1=−∞
. . .

∫ +∞

xn=−∞
f (x1, . . . , xn) dx1 . . . dxn = Sn

∫ ∞

r=0

f (r) rn−1dr, (27)

where Sn is the hyper-surface area of an n-sphere of unit radius,

Sn =
2π

n
2

Γ
(

n
2

) , (28)

where Γ is the Gamma function.

A.3 Convolution of Circularly Symmetric Functions

We simplify the convolution of circularly symmetric functions by exploiting their symmetry. First, we
formulate the convolution of two n-dimensional circularly symmetric functions f and g using hyperspherical
coordinates (see subsection A.1) as

[f ∗ g] (r) =
∫ ∞

r′=0

∫ π

φ′1=0

. . .

∫ π

φ′n−2=0

∫ 2π

φ′n−1=0

f (r′) g (R) r′n−1 sinn−2 φ′1 sinn−3 φ′2 . . . sin φ′n−2 dr′ dφ′1 . . . dφ′n−1,

(29)
where R2 = r2 + r′2 − 2rr′ cos φ′1. We set the angular coordinates φ′1 . . . φ′n−1 to zero in the expression for
R2, since all functions are circularly symmetric, leaving only the angular coordinate φ′1. Next, we simplify
the convolution using the integral ∫ π

0

sinn θ dθ =
√

π
Γ
(

n+1
2

)
Γ
(

n+2
2

) , (30)

where Γ is the Gamma function. Finally, we obtain

[f ∗ g] (r) =
2π

n−1
2

Γ
(

n−1
2

) ∫ ∞

r′=0

∫ π

φ=0

f (r′) g (R) r′n−1 sinn−2 φ dr′ dφ, (31)

with R2 = r2 + r′2−2rr′ cos φ. For n = 2, equation 31 corresponds to the equation given in Bracewell [2000,
table 13.3].
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A.4 The Hankel Transform

The Hankel transform [Bracewell, 2000, 13] [Bracewell, 2004, 9] is the method of choice for working with
Fourier transforms of circularly symmetric functions.

When a function f is circularly symmetric in n dimensions, that is, when f (x1, . . . , xn) = f (r), where
r2 = x2

1 + . . . + x2
n, then F , the n-dimensional Fourier transform of f , is also circularly symmetric, that is,

F (fx1 , . . . , fxn
) = F (fr), where f2

r = f2
x1

+ . . . + f2
xn

. The relation between the one-dimensional functions
f (r) and F (fr) is given by the Hankel transform of order n. More specifically, the n-dimensional Fourier
transform of f (x1, . . . , xn) is given by the order-n Hankel transform of f (r), that is, nF [f (x1, . . . , xn)] =
nH [f (r)]. Note that, maybe somewhat counterintuitive, the n-dimensional Fourier transform of f (x1, . . . , xn)
is not equal to the one-dimensional Fourier transform of f (r), that is, nF [f (x1, . . . , xn)] 6= 1F [f (r)].

The Hankel transform, also called the Fourier-Bessel transform, is a one-dimensional integral transform with
a Bessel function kernel. The Hankel transform of order n is

nH [f (r)] = F (fr) =
2π

f
1
2 n−1
r

∫ ∞

0

f (r) J 1
2 n−1 (2πfrr) r

1
2 ndr, (32)

where Jn is the order-n Bessel function of the first kind. The Hankel transform is strictly reciprocal. An
order-n Hankel transform pair is denoted as f (r)

nH⇐⇒ F (fr). For n = 1, the Hankel transform corresponds to
the Fourier transform, since circularly symmetric functions are real and even, and J1/2 (x) = (2/πx)1/2 sinx

and J−1/2 (x) = (2/πx)1/2 cos x.

B Equations for Isotropic Gabor Noise using the Isotropic Gabor Kernel

In this section, we provide equations for working with one-, two-, three- and four-dimensional isotropic Gabor
noise using the isotropic Gabor kernel. We provide equations for the isotropic Gabor kernel in the spatial
domain (subsection B.1) and in the frequency domain (subsection B.2), the integral of the isotropic Gabor
kernel squared (subsection B.3), the envelope of the isotropic Gabor kernel (subsection B.4), and the radius
of the truncated isotropic Gabor kernel (subsection B.5).

B.1 The Isotropic Gabor Kernel in the Spatial Domain

We obtain the one-, two-, three- and four-dimensional isotropic Gabor kernel in the spatial domain from
equation 11, keeping into account that that J1/2 (x) = (2/πx)1/2 sin x and J−1/2 (x) = (2/πx)1/2 cos x. The
one-, two-, three- and four-dimensional isotropic Gabor kernel in the spatial domain is

1
Ig (r) = Ke−πa2r2

2 cos (2πF0r) , (33)
2
Ig (r) = Ke−πa2r2

2πF0J0 (2πF0r) , (34)

3
Ig (r) = Ke−πa2r2 2F0

r
sin (2πF0r) , (35)

4
Ig (r) = Ke−πa2r2 2πF 2

0

r
J1 (2πF0r) . (36)

We illustrate the isotropic Gabor kernel in the spatial domain in figure 1(e) and in figure 2(e).

B.2 The Isotropic Gabor Kernel in the Frequency Domain

We obtain the one-, two-, three- and four-dimensional isotropic Gabor kernel in the frequency domain from
equation 14, keeping into account that I1/2 (x) = (2πx)−1/2 (ex − e−x) and I−1/2 (x) = (2πx)−1/2 (ex + e−x).
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The one-, two-, three- and four-dimensional isotropic Gabor kernel in the frequency domain is

1
IG (fr) =

K

a

(
e
−π

a2 (fr−F0)
2
+ e

−π

a2 (fr+F0)
2
)

, (37)

2
IG (fr) =

2πKF0

a2
e
−π

a2 (f2
r +F 2

0 )I0

(
2πF0

a2
fr

)
, (38)

3
IG (fr) =

KF0

afr

(
e
−π

a2 (fr−F0)
2 − e

−π

a2 (fr+F0)
2
)

, (39)

4
IG (fr) =

2πKF 2
0

a2fr
e
−π

a2 (f2
r +F 2

0 )I1

(
2πF0

a2
fr

)
. (40)

We illustrate the isotropic Gabor kernel in the frequency domain in figure 1(f) and in figure 2(f).

B.3 The Integral of the Isotropic Gabor Kernel Squared

We obtain the integral of the isotropic Gabor kernel squared by integrating the Gabor kernel squared in
the spatial domain or in the frequency domain. The integral of the one-, two-, three- and four-dimensional
isotropic Gabor kernel squared is

2
∫ ∞

r=0

1
Ig

2
(r) dr =

√
2K2

a

(
1 + e−

2πF0
a2

)
(41)

2π

∫ ∞

r=0

2
Ig

2
(r) rdr =

2π2K2F 2
0

a2
e−

πF2
0

a2 I0

(
πF 2

0

a2

)
(42)

4π

∫ ∞

r=0

3
Ig

2
(r) r2dr =

2
√

2πK2F 2
0

a

(
1− e−

2πF0
a2

)
(43)

2π2

∫ ∞

r=0

4
Ig

2
(r) r3dr =

2π3K2F 4
0

a2
e−

πF2
0

a2 I1

(
πF 2

0

a2

)
. (44)

B.4 The Envelope of the Isotropic Gabor Kernel

We define the envelope of the isotropic Gabor kernel as the product of the Gaussian with the enve-
lope of the harmonic. The envelope of cos (x) and sin (x) is 1, and the envelope of Jn (x) is Mn (x) =(
J2

n (x) + Y 2
n (x)

)1/2, where Yn is the order-n Bessel function of the second kind. The envelope of the one-,
two-, three- and four-dimensional isotropic Gabor kernel is

1
IgE (r) = Ke−πa2r2

2, (45)
2
IgE (r) = Ke−πa2r2

2πF0M0 (2πF0r) (46)

3
IgE (r) = Ke−πa2r2 2F0

r
, (47)

4
IgE (r) = Ke−πa2r2 2πF 2

0

r
M1 (2πF0r) . (48)

The envelope of the isotropic Gabor kernel is illustrated in figure 3.

B.5 The Radius of the Truncated Isotropic Gabor Kernel

We obtain the radius of the truncated isotropic Gabor kernel by solving the envelope of the isotropic Gabor
kernel for the radius, and evaluating the result for a specific value of the envelope. The envelope of the
one-dimensional isotropic Gabor kernel solved for the radius is

r =

√√√√− log
(

1
IgE

2K

)
πa2

. (49)
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We solve the envelope of the two-dimensional isotropic Gabor kernel for the radius by approximating Mn (x)
by Mn (x) ≈ (2/πx)1/2, using the asymptotic expansions for large arguments [Abramowitz and Stegun, 1972,
9.2.1,9.2.2]. The envelope of the two-dimensional isotropic Gabor kernel solved for the radius is

r ≈ 1
2
√

πa

√
W

(
64πK4F 2

0 a2

x4

)
, (50)

where W is the Lambert W-function, that is, the inverse of f(W ) = WeW . The envelope of the three-
dimensional isotropic Gabor kernel solved for the radius is

r ≈
√

2
2
√

πa

√√√√W

(
8πK2F 2

0 a2

3
IgE

2

)
. (51)

The envelope of the four-dimensional isotropic Gabor kernel cannot be solved for the radius.
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Figure 1: The isotropic Gabor kernel. (a) Gaussian, spatial domain. (b) Gaussian, frequency domain. (c)
Harmonic, spatial domain. (d) Harmonic, frequency domain. (e) Kernel, spatial domain. (f)
Kernel, frequency domain.
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(a) Gaussian, spatial domain. (b) Gaussian, frequency domain.

(c) Harmonic, spatial domain. (d) Harmonic, frequency domain.

(e) Kernel, spatial domain. (f) Kernel, frequency domain.

Figure 2: The 2D isotropic Gabor kernel. (a) Gaussian, spatial domain. (b) Gaussian, frequency domain.
(c) Harmonic, spatial domain. (d) Harmonic, frequency domain. (e) Kernel, spatial domain. (f)
Kernel, frequency domain.
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Figure 3: The envelope of the isotropic Gabor kernel. (a) Envelope of the harmonic. (b) Envelope of the
kernel.
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Figure 4: 1D isotropic Gabor noise using the isotropic kernel. (a) Noise. (b) Actual and expected intensity
distribution. (c) Fourier transform (magnitude). (d) Estimated and expected power spectrum.
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(c) Fourier transform (magnitude). (d) Power spectrum estimate. (e) Expected power spectrum.

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 4.5

-1/2 -1/4 -1/8 0 1/8 1/4 1/2
fr

Noise, Power Spectrum

estimated power spectrum
expected power spectrum

(f) Radial power spectrum (estimate and expected).

Figure 5: 2D isotropic Gabor noise using the isotropic kernel. (a) Noise. (b) Actual and expected intensity
distribution. (c) Fourier transform (magnitude). (d) Estimated power spectrum. (e) Expected
power spectrum. (f) Estimated and expected radial power spectrum.
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(c) Fourier transform (magnitude). (d) Power spectrum estimate. (e) Expected power spectrum.
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Figure 6: 3D isotropic Gabor noise using the isotropic kernel. (a) Noise. (b) Actual and expected intensity
distribution. (c) Fourier transform (magnitude). (d) Estimated power spectrum. (e) Expected
power spectrum. (f) Estimated and expected radial power spectrum.
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Figure 7: An error analysis of 1D isotropic Gabor noise. (a) Noise with a high relative error (e = 25%). (b)
Noise with a low relative error (e = 1%). Each subfigure shows a graph and three images. The
graph shows the noise using the untruncated kernel (n) (reference implementation), the noise using
the truncated kernel (nt) (procedural implementation), the noise error (∆n), the actual root mean
square noise error, and the estimated root mean square noise error (eRMS). The three images show
the noise using the untruncated kernel (n), the noise using the truncated kernel (nt), and the noise
error (∆n).
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(a) High relative error.

(b) Low relative error.

Figure 8: An error analysis of 2D isotropic Gabor noise. (a) Noise with a high relative error (e = 25%).
(b) Noise with a low relative error (e = 1%). Each subfigure shows the noise using the untrun-
cated kernel (n) (reference implementation), the noise using the truncated kernel (nt) (procedural
implementation), and the noise error (∆n).
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Figure 9: Relative error versus kernel radius for isotropic Gabor noise using the isotropic kernel. (a) Relative
error versus kernel radius. (b) Kernel radius versus relative error.
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Figure 10: Relative error versus kernel radius for 2D isotropic Gabor noise using the anisotropic and the
isotropic kernel (a) Relative error versus kernel radius. (b) Kernel radius versus relative error.
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(a) grids (b) α = 0 (c) α = 0.25

(d) α = 0.50 (e) α = 0.75 (f) α = 1

Figure 11: The hierarchy of grids used in spatially varying Gabor noise. (a) The grids at level l0 (red) and l1
(blue). (b-f) The weighted combined impulses of both grids for different kernel radii. Note that
the red points disappear faster than the blue points appear.
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Figure 12: The weighting functions used in spatially varying Gabor noise.

25



Figure 13: An example of spatially varying Gabor noise. The noise parameters vary from K = 0.7096, F0 = 0.03125 and a = 0.02218 at the left to
K = 0.7096, F0 = 0.25 and a = 0.1774 at the right. The value of α is visualized at the bottom of the image. Note that this image spans four
grid levels.
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