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Preface

This volume contains the papers presented at CHR 2009, the sixth international
workshop on Constraint Handling Rules, held on July 15th, 2009 at the occasion
of ICLP 2009 and IJCAI 2009 in Pasadena (California, USA).

Previous workshops on Constraint Handling Rules were organized in May
2004 in Ulm (Germany), in October 2005 in Sitges (Spain) at ICLP, in July 2006
in Venice (Italy) at ICALP, in September 2007 in Porto (Portgual) at ICLP, and
in July 2008 in Hagenberg (Austria) at RTA. It means to bring together in an
informal setting, people involved in research on all matters involving CHR, in
order to promote the exchange of ideas and feedback on recent developments.

The Constraint Handling Rules (CHR) language has become a major declar-
ative specification formalism and implementation language for constraint reason-
ing algorithms and applications. Algorithms are often specified using inference
rules, rewrite rules, sequents, proof rules, or logical axioms that can be directly
written in CHR. Its clean semantics facilitates program design, analysis, and
transformation.

This edition of the CHR workshop received nine full paper submissions. Each
submission was carefully reviewed by three referees. The program committee
maintained a very high standard of quality and decided to accept six papers.

The program also includes an invited talk by Thom Frühwirth and a dis-
cussion session about future research directions for CHR. Finally, we highly
recommend the talk by Mike Elston at the CULP workshop (Commercial Users
of Logic Programming), which takes place the day after this CHR workshop.

We are grateful to all the authors of the submitted papers, the program
committee members, and the referees for their time and efforts spent in the
reviewing process. We also thank the ICLP 2009 organizers, in particular the
ICLP workshop chair Manuel Carro, for hosting our workshop.

July 2009 Frank Raiser
Jon Sneyers
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First steps towards a lingua franca for computer

science: Rule-based Approaches in CHR

Invited talk

Thom Frühwirth

Faculty of Engineering and Computer Sciences, Ulm University, Germany
firstname.lastname@uni-ulm.de

Abstract. The notion of “rule” is ubiqitous in computer science, from
theoretical formalisms to practical programming languages. Matured rule-
based programming experiences a renaissance due to its applications in
areas such as business rules, semantic web, computational biology, med-
ical diagnosis, software verification, and security.
We will embed rule-based approaches into the Constraint Handling Rules
(CHR) language by simple source-to-source transformations. We also
consider the other direction of embeddings. This gives us the possibility
to compare and analyse the different approaches.

• Classical Rule-Based Systems
– Production Rule Systems
– Event-Condition-Action Rules

• Rewriting- and Graph-based Formalisms
– Term Rewriting Systems and Graph Transformation Systems
– Chemical Abstract Machine and Multiset Transformation
– Petri Nets

• Constraint- and Logic-based Programming
– Deductive Databases and Logical Algorithms
– Prolog and Constraint Logic Programming
– Concurrent Constraint Programming

In this talk, we will highlight the commonalities of the transformations
and what of their features may suggest themselves as extensions of CHR
— as indeed they have already been proposed in the literature:

• rule priorities
• negation-as-absence
• disjunction and search
• diagrammatic notation

On the other hand, a simple fragment of CHR can cover rule-based ap-
proaches without constraints.
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From Prolog to Porsche

Experiences developing a large scale
financial application in Prolog

Mike Elston

Scientific Software and Systems Ltd, New Zealand

Abstract. Work on the Y2K bug ten years ago exposed widespread dis-
satisfaction with the software applications available to New Zealand stock
brokers. Sensing an opportunity and having successfully applied Prolog
to optimization problems in agriculture, Scientific Software and Systems
Ltd developed SecuritEase, a comprehensive stock broking dealing and
settlement system. We quickly determined that the main problem with
the incumbent systems was their lack of flexibility and consequent inabil-
ity to accommodate the demands of increasing competition and global-
ization. Noting that the response to these challenges by our competitors
was to outsource development to lower wage economies, SSS resolved
instead to use Prolog to increase development productivity through the
creation of a set of domain specific tools. Using these tools, SSS ana-
lysts and programmers worked together to create, refine and deploy the
SecuritEase system. Within five years SSS had displaced its competi-
tors to become the dominant supplier in New Zealand. Many lessons
were learned on the way including: the importance of Microsoft Win-
dows and just how difficult it is to achieve 24x7 reliability. This paper
describes how Prolog allowed the development of three key tools: a for-
ward chaining user interface system, a productive and efficient relational
database interface, and an approach to quickly building financial mes-
saging interfaces. It also describes how the many aspects of a large scale
Prolog-based project were managed including finding, training and re-
taining staff, achieving reliability, Prolog performance, the role of open
source software, the need for constant refactoring, and the benefits of
a single language approach. Finally it describes how the application is
now being adopted by much larger companies outside New Zealand and
the particular challenges associated with justifying Prolog to a sceptical
audience.

This talk is part of the program of the
“Commercial Users of Logic Programming”

workshop at ICLP 2009 (July 16th).

More information about the CULP workshop:
http://www.cs.kuleuven.be/∼toms/CULP2009/
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Extending CHR with objects under a variety of

inheritance and world-closure assumptions

Marcos Aurélio A. da Silva1, Jacques Robin1

Centro de Informática – Universidade Federal de Pernambuco
Recife – PE – Brazil {maurelio1234, robin.jacques}@gmail.com

Abstract. In this paper, we present CHORD (Constraint Handling
Object-oriented Rules with Disjunction) an Object-Oriented (OO) ex-
tension of CHRD. Syntactically, CHORD integrates two versatile dual
programming and knowledge representation languages: Flora, a hybrid
OO rule-based language and CHRD. A CHORD program extends CHRD
by allowing Flora-style object constraints (o-constraints) in the head,
guard or body of its rules. Orthogonal to its rules, a CHORD program
also contains semantic assumption directives, an innovative construct
that maximizes semantic versatility. Each directive defines a point along
one dimension of the space of semantic assumptions made by various OO
and rule-based languages in order to complete the knowledge explicitly
specified in them by complementary knowledge left implicit by the pro-
grammer. Among others, these assumptions specify what kind of world
closure and inheritance is desired.

1 Introduction

In this paper, we present CHORD (Constraint Handling Object-oriented Rules
with Disjunction) the first bona-fide Object-Oriented (OO) rule-based constraint
programming language. CHORD integrates most advanced features of the OO
paradigm with those of the rule-based and constraint based paradigms. It thus
aims at bringing together within a single language the well-known benefits of
objects for programming-in-the-large within a systematic software engineering
process, with the unique facilities of rules and constraints for programming-in-
the-small intelligent applications that require advanced embedded automated
reasoning services. Fast prototyping such applications requires a language that
supports not only Turing-complete programming but also formally well-founded
declarative Knowledge Representation (KR).

Syntactically, CHORD integrates the cores of two exceptionally versatile dual
programming-KR languages: Flora [14] a hybrid OO rule-based language and
Constraint Handling Rules with Disjunctions (CHRD) [1], a hybrid rule and con-
straint based language. A CHORD program extends CHRD by allowing Flora-
style object constraints (o-constraints) in the head, guard or body of its rules,
Logically, these o-constraints are conjunctions of atomic constraints, each one
defining or referencing one structural or behavioral feature of a class or object.
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Orthogonal to its rules, a CHORD program also contains semantic assump-
tion directives. This innovative construct maximizes the semantic versatility.
Each directive defines a point along one dimension of the space of semantic as-
sumptions made by various OO and rule-based languages in order to complete
the knowledge explicitly specified in them by complementary knowledge left im-
plicit by the programmer. The combination of leaving semantics largely orthog-
onal to syntax, with the integration of three powerful declarative paradigms,
allows CHORD to elegantly encode and unify programs and knowledge bases
from a wide variety of programming and KR languages based on objects and/or
constraints and/or rules.

Compared to imperative OO languages such as Java, C#, C++ or Python,
CHORD presents the advantage of being a dual programming and KR language
that provide as built-in, within its execution platform, a powerful, general pur-
pose rule-based constraint solving inference service. This allows fast prototyping
intelligent systems. It also presents the advantage of possessing a simple formal
declarative semantics in Classical First-Order Logic (CFOL), which allows to
directly use consolidated theorem proving technology to verify properties of a
CHORD implementation. Compared to Flora and other OO rule-based languages
such as JESS [5] and ILOG Rules1, CHORD presents the advantage of possessing
a configurable semantics that can support various inheritance strategies together
with not only the fully closed-world assumption, but also the selectively, partially
closed-world assumption or the fully open-world assumption [11].

The rest of the paper is organized as follows. In Section 2, we overview
CHRD, which rules, relational constraints, declarative CFOL semantics and op-
erational semantics are largely reused by CHORD. In Section 3, we show how
CHORD’s syntax extend CHRD’s syntax with Flora-style objects. In Section 4,
we describe the semantic assumption space covered by CHORD together with
the directives used in a CHORD program to choose a point in this space that
indicate to the CHORD engine which semantic interpretation to choose for the
OO rules of the program. In Section 5, we discuss the current CHORD engine
implementation which translates a CHORD program into a semantically equiva-
lent CHRD program which can in turn be executed on any CHRD platform such
as SWI-Prolog. In Section 6, we compare CHORD with closely related language
families, namely (a) dual programming and KR OO rule-based languages with a
formal semantics and (b) programming languages that pioneered the integration
of objects with rules and constraints. In Section 7, we conclude by highlighting
the contributions of our research and discuss its possible future directions.

2 Introduction to CHRD

A CHRD rule base is composed by a set of CHRD rules. The following CHRD
rule defines the append(X,Y,Z) constraint:

1 ILOG Business Rules Management Systems:
http://www.ilog.com/products/businessrules/index.cfm
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r1 @ append(X,Y,Z) <=>
(X = [], Z = Y);(X = [H|L1], Z = [H|L2], append(L1,Y,L2)).

In this rule, Z is a list composed by the elements of the list X followed by the
elements of the list Y. If append(X,Y,Z) holds, we have two options: (i) X=[]
and, therefore, Z=Y; or (ii) X is a list in the form [H|L1], and thus, Z is composed
by H followed by L1 and then followed by the elements in Y.

There are three kinds of rules in CHRD: simplification, propagation and
simpagation. The simpagation rules are the most general category of rules and
they have the following form r@Hk\Hr ⇔ G|B., where r is an identifier for the
rule, Hr and Hk are the heads of the rule, G is the guard and B is the body. If
the guard is true, it can be omitted. The operational semantics of such rule is
that if Hk and Hr are found in the constraint store and the guard G is entailed
by it, the constraints in Hr should be removed and the constraints in the body
B should be added to the constraint store. If Hk is empty, this rule is called a
Simplification Rule, and this part of the rule is omitted. On the other side, if Hr

is empty, this rule is called a Propagation Rule. In this case, the second part of
the head of the rule is omitted and the ⇔ is replaced by the symbol ⇒.

The declarative semantics of a rule base is the conjunction of the declara-
tive semantics of each rule. For each kind of rule, its abstract syntax and its
declarative and operational semantics are described in the following table:

Rule Abstract Syntax Declarative Semantics Operational Semantics

Simplification r@H ⇔ G|B ∀x̄(G → (H ↔ ∃ȳB)) 〈H〉 7→G 〈B〉
Propagation r@H ⇒ G|B ∀x̄(G → (H → ∃ȳB)) 〈H〉 7→G 〈H, B〉
Simpagation r@Hk\HR ⇔ G|B ∀x̄(G → (Hk ∧HR 〈Hk, HR〉 7→G 〈Hk, B〉

↔ ∃ȳH1 ∧ B))

In this table ȳ denotes the set of variables that appear in the rule body B but
do not appear anywhere else in the rule and x̄ the set of the remaining variables.

Example 1. Let us suppose that the current state of the constraint store is
append([1], [2], Z). The actual execution of this rule base is represented by the
following set of transitions:

〈append([1], [2], Z)〉 7→r1

〈[1] = [], Z = [2]〉 | 〈[1] = [1|[]], Z = [1|L2], append([], [2], L2)〉 7→∗

〈[1] = [1|[]], Z = [1|L2], append([], [2], L2)〉 7→r1

〈[1] = [1|[]], Z = [1|L2], [] = [], L2 = [2]〉
| ˙[] = [H |L1], L2 = [H |L2′], append(L1, [2], L2′))

¸ 7→∗

〈[1] = [1|[]], Z = [1|L2], [] = [], L2 = [2]〉

The notation 〈G0〉 | . . . | 〈Gn〉 represents the alternative execution states. The
transition 7→r1 represents the application of r1 and the transition 7→∗ the removal
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of failed states. In the initial state we add the constraint append([1], [2], Z) to
the initial constraint store, the rule r1 is applied and then we get two alternative
execution states, notice that the first one is failed because of the constraint [1] =
[]. The next step removes this failed execution state. The next step applies the
rule r1 to the constraint append([], [2], L2) and we obtain again two alternative
execution states. This time, the second one is failed because of the constraint
[] = [H |L1]. The next step removes this failed state and we get to the final state,
where no other rule is applicable. From this final state we can thus conclude
Z = [1, 2].

3 The Syntax of CHORD

CHORD extends CHRD with a set of predefined object-oriented constraints (the
so-called o-constraints) that appear in the rule heads and in the rule bodies.
There are essentially 4 kinds of o-constraints:

– o : c, whose meaning is: the object o is an instance of the class c.
– s :: g, whose meaning is: the class s is a subclass of the class g.
– o[a = v], whose meaning is: the value of the attribute a of the object o is v.
– c[a ∗= v], whose meaning is: the value of the attribute a to be inherited by

instances of the class c is v.

This extension is called Core CHORD. On top of it we build Full CHORD
which extends first one with syntactic sugar that is translated into Core CHORD
by the compiler. The first set of syntactic sugar is the o-molecules that are sets of
atomic o-constraints condensed into only one constraint like o:c[a=t,b*=u] that
is represented in Core CHORD by the conjunction o:c, o[a=t], o[b*=u] An-
other sort of syntactic sugar is the path expressions. They appear as values inside
constraints in a CHORD program like in p(a.b.c.d) and they can be translated
into conjunctions of constraints such as p(D), a[b=B], B[c=C], C[d=D].

A CHORD program is a set of rules annotated with at most one semantic
directive (for the whole program), that defines the semantics of its o-constraints.
This directive has the following syntax:

semantics [
s1 [ p11, ..., p1n ],
...,
sm [ pm1, ..., pmn ]

].

Notice that semantic assumptions may optionally have parameters. Let us
take the following directive as an example:

semantics [
simpleInheritance,
classes [a, b, c]

].
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It specifies that in the annotated CHORD rule base: (i) only simple inheri-
tance is allowed, i.e., every class must have at most one direct superclass; and
(ii) there are only three classes: a, b and c and no other classes.

4 The Semantic Assumptions Taxonomy

In this Section, we propose a general ontology for the implicit semantics as-
sumptions of knowledge representation and programming languages that include
constructs for classes and objects, optionally integrated with constructs for con-
straints and rules. We present it completely in an intuitive manner as UML[9]
diagrams and natural language definitions.

To illustrate our ontology, we consider the knowledge base shown in Fig. 1 as
UML class and object diagrams annotated with OCL[10] constraints. In this ex-
ample we define the class GroupMemberwith two attributes: pacifist, a boolean
and color a string. It has two subclasses: ReligionMember and PartyMember
which redefine the attributes defined in the superclass.

The ReligionMember class redefines pacifist as being derived from the
pacifist attribute of the Religion of the member. The PartyMember redefines
pacifist as being derived from the pacifist attribute of the Party of the
member. They both redefine color and set it to ’red’ by default. The class
President is a subclass of both ReligionMember and PartyMember and redefines
its attributes. It defines two OCL invariants: (i) the pacifist attribute should
be equal to party.pacifist and (ii) the oppositeParty should not be the same
as the party. It also defines the default value of color to blue.

We define four instances in our model. nixon is a President with religion
set to quaker (which is pacifist) and party set to republican (which is not
pacifist).It also sets the value of the attribute impeached as true. We also have
the instance john of the class Vice. Note that we slightly abuse the UML/OCL
notation to provide a visual rendering of an example that covers constructs
covered that are not acceptable in UML/OCL. In particular, the definition of
the impeached feature in the nixon object instance of a class where such feature
is not defined is not allowed in UML/OCL. Similarly for the definition of the
john as an instance of a non-defined class Vice.

In Fig. 2, we display the overview of our space of semantic assumptions. We
divide assumptions space into two orthogonal dimensions: WorldAssumption
and InheritanceAssumption.

By WorldAssumption, we mean the distinction between closed and open
world [11]. More specifically, we focus on the closure of the set of classes, in-
stances and features of a language. In a language where closedClasses = true
the john instance would be valid only if the Vice class was declared. In a
language where closedInstances = true, the OCL invariant on the attribute
oppositeParty of the class Presidentwould not be valid, since there is only one
declared instance of Party. In a language with closedInstanceFeatures = true,
the slot impeached of the instance nixon would be forbidden, since it is not de-
clared in the class diagram. In a language with closedClassFeatures = false,
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GroupMember
pacifist:Boolean
color:String

ReligionMember
/pacifist : Boolean {redefines pacifist}
color : String = ’red’ {redefines color}

PartyMember
/pacifist : Boolean {redefines pacifist}
color : String = ’red’ {redefines color}

President
pacifist:Boolean {redefines pacifist}
color : String = ’blue’ {redefines color}

nixon:President

impeached = true

Party
pacifist:Boolean

context PartyMember
derive: pacifist = party.pacifist

context ReligionMember
derive: pacifist = religion.pacifist

context President
inv: pacifist = party.pacifist

context President
inv: not (oppositeParty = party)

Religion
pacifist:Boolean

quaker:Religion

pacifist=true

republican:Party

pacifist=false

john:Vice

+ oppositeParty

Fig. 1. UML Example

SemanticAssumption

InheritanceAssumptionWorldAssumption
closedClasses : Boolean
closedInstances : Boolean
closedClassFeatures : Boolean
closedInstanceFeatures : Boolean

CompositionSemantics

OverridingSemantics

BehaviorSharingSemantics

{complete, disjoint}

Fig. 2. Semantic Assumptions: Overview

an inference engine would use the slot impeached in nixon to deduce that some
of its superclasses defines this attribute, even though it is not made explicit in
the diagram.

The other dimension we explore in our ontology is the
InheritanceAssumption, that we have divided into three sub-
dimensions: CompositionSemantics, OverridingSemantics and
BehaviorSharingSemantics, which are detailed in Fig. 3.

The CompositionSemantics (on the left side in Fig. 3) defines the way
classes can be connected by the means of the subclass relationship. It is par-
titioned into two kinds of CompositionSemantics: the SimpleInheritance and
the MultipleInheritance. as indicated by the UML constraints {disjoint, com-
plete}). In the first case, we allow each class to be a direct subclass of only
one other class. In the second one, there is no such restriction. In the exam-
ple in Fig. 1, the class President would be invalid if we have a language with
SinpleInheritance.

In case of MultipleInheritance, we need to specify a strategy to resolve
potential conflicts, which may arise when the same feature is defined in sev-
eral superclasses with incompatible signatures or values. In our ontology, we di-
vide ConflictResolutionStrategy into four disjoint subclasses: the V alueBased,
the SourceBased, the PriorityBased and the ExplicitDefinitionBased. These
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CompositionSemantics

SimpleInheritance MultipleInheritance

{complete, disjoint}

ConflictResolutionStrategy

ValueBasedSourceBased

PriorityBased ExplicitDefinitionBased

{incomplete, disjoint}

0..1

OverridingSemantics

Monotonic NonMonotonic

{complete, disjoint}

BehaviorSharingSemantics

AbstractInterface CodeInheritance

{complete, disjoint}

Fig. 3. Inheritance Assumptions: Composition, Overriding and Sharing Semantics

subclasses form are incomplete division in the sense that other strategies, not
covered here, may be used by other languages.

In the example in Fig. 1, in the class President the features color and
pacifist conflict. In the V alueBased, if the multiple feature definitions provide
the same value the inheritance is allowed. In our example, the President class
would inherit color = red if this feature were not redefined in this class. In the
SourceBased, the inheritance is always denied if there is a conflict.

In the PriorityBased the source is chosen by the means of a priority be-
tween the conflicting superclasses. In our example, the pacifist from the class
ReligionMember could be preferred to the one of the class PartyMember. In the
ExplicitDefinitionBased, the user is responsible for designing a model with-
out conflicts. In our example, UML forces the class President to override the
conflicting attributes of its superclasses.

The OverridingSemantics (on the center in Fig. 3) defines whether the
overriding is allowed (NonMonotonic) or not (Monotonic). In languages with
classical FOL semantics, overriding is usually not allowed. In our example, the
features containing the keyword redefines are, in fact, overriding the feature
of same name in the superclass.

The BehaviorSharingSemantics (on the right side in Fig. 3) defines how
features are shared with their subclasses. In the AbstractInterfaceInheritance,
only the feature signature is inherited, whereas in the CodeInheritance, the
feature signature and code are both inherited by the subclasses.

In the next table we map every class in our ontology into its concrete syntax
in the semantic directive to be used in a CHORD program. The assumptions
marked with a “–” are used by default.
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Assumption Syntax

Composition SimpleInheritance simpleInheritance

Semantics

MultipleInheritance –

ValueBased valueBasedConflictResolution

SourceBased sourceBasedConflictResolution

PriorityBased priorityBasedConflictResolution

ExplicitDefinitionBased explicitConflictResolution

Overriding Monotonic noOverriding

Semantics

NonMonotonic –

BehaviorSharing AbstractInterface –
Semantics

CodeInheritance code[(c,[f*])*]

WorldAssumption classes [c*]

classesHierarchy [(s,g)*]

objects [o*]

classFeatures [(c,[f*])*]

objectFeatures [(o,[f*])*]

localValues [(o,[f*])*]

inheritables [(c,[f*])*]

Some assumptions require a list of parameters to be provided. The
CodeInheritance requires the user to define the set of features to which the code
inheritance should be enabled. The list of possibilities in the WorldAssumption
allow the user to selectively close the world for part of its model. The classes di-
rective closed the set of classes, the classesHierarchy directive closes the graph
formed by the hierarchy of classes in the model, the objects directive closes the
set of objects in the model, the classFeatures and the objectFeatures directives
close the set of features (operations and attributes) in an object or in a class,
the localV alues directive closes the set of features that are defined locally in
the model (i.e. that should not be defined by inheritance) and the inheritables
directive closes the set of features that are marked as inheritable2 .

5 The CHORD Inference Engine

In this Section we analyze the implementation of an inference engine for CHORD
on top of the SWI Prolog 5.6.61 and that is available in http://chord.sf.net/.
It consists of approximately 1500 lines of Prolog and CHRD code, including the
code for the trailing rules. The inference engine is composed by a Runtime and
a Compiler. The function of the Runtime is to extend the SWI Prolog default
console runtime with special commands to interact with the CHORD inference

2 At first sight the assumption directives for partially closing the world may seem to
verbosely declare facts that could be automatically be infer from the rules in the
program, but remember that in some programs part of the model may exist that are
not referred in the program rules.
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engine, i. e., for compiling CHORD programs, running the engine with a provided
goal, providing help and etc.

The function of the Compiler is to read CHORD rule bases and generate the
equivalent CHRD rule base for them, this final rule base is obtained by:

1. Translating Full CHORD into Core CHORD.
2. Interpreting every o-constraint as a user-defined constraint, e.g., the con-

straint a : b is interpreted as the binary constraint : (a, b).
3. Translating each assumption in the semantic directive into a CHRD rule base

(notice that parameterless assumptions are translated by adding a fixed set
of rules to the final rule base, but the other ones will generate a different
set of rule depending on the parameters). This set of rules is called Trailer
Rules.

4. Appending the set of Core Rules.

The Core Rules specify the semantics of the o-constraints in a way that is
not dependent on the semantic assumptions. For example, the following rules
are part of the core rules:

% 1. taxonomy transitivity
A::B, B::C ==> A::C.
A:B, B::C ==> A:C.

% 2. monotonic feature inheritance
O:C, C[F∗= V] ==> O[F=W].

The first group of rules defines the transitivity of the :: (·, ·) and of the : (·, ·)
relationships and the second one defines that if O is an object of a class C that
defines an inheritable value V for the feature F , then there exists a value W for
this feature in O. The value of such feature depends on the semantic assumptions,
e.g. this inheritable value may be overridden by a more specific superclass of O.

To illustrate the Trailer Rules, we present the translation of the
simpleInheritance assumption used in the previous example:

X::Y, X::Z ==> (Y::Z ∨ Z::Y).
X:Y, X:Z ==> (Y::Z ∨ Z::Y).

These rules state that if a class or an object has two superclasses these
superclasses should be related, i.e., one of them should be more specific than the
other, avoiding multiple inheritance.

Example 2. Let us consider the following CHORD program:

semantics [ ].
facts <=> nixon : republican.

In this program we define the object nixon and the class republican. We
say that nixon is an instance of republican. If we run this program with the
facts, nixon : party initial constraint store, we are going to get only one
final store, with the following state:
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nixon : republican, nixon : party

If we change the simpleInheritance semantics directive and run this exam-
ple with the same initial constraint store we are going to get three final states:

S1: nixon : republican, republican :: party
S2: nixon : party, party :: republican
S3: nixon : party, republican :: party, party :: republican

Notice that assuming the simple inheritance changed our final state. Since
we added two classes to nixon in the constraint store, there are only three ways
to restore its consistency:

1. Assume that party is a super class of republican
2. Assume that party is a sub class of republican
3. Assume that party and republican are the same class by stating that one

is a subclass of the other

6 Related Work

6.1 OO Rule based Languages

F-logic. F-logic [14] is an extension of Prolog with object-oriented predicates on
top of Well-Founded Models [6] with Negation-As-Failure (NAF)[7] to represent
the default reasoning involved in inheritance. In terms of our Semantic Assump-
tions Ontology, F-logic employs the Closed World Assumption with Multiple
Inheritance using Source Based Conflict Resolution Strategy, Overriding and
Code Inheritance.

A rule has a head and a body, with the following concrete syntax:
“head :- body.”. A rule with a “true” body can be written as “head.” and
it is called a fact. The body of a rule may be represented by a conjunction of
formulas with f0,...,fn as concrete syntax. F-logic extends the set of terms
with the so-called F-Atoms and the F-Molecules. The first group contains terms
that express atomic informations about the object model, e.g, O:C means O is
an instance of C, C::S means C is a subclass of S, O[F->V] means V is the value
of the feature F in the object O and C[F*->V] means V is the value of the feature
F to be inherited by instances of the class C.

The following example illustrates how we can represent F-logic Knowledge
Bases in CHORD.

Example 3. Let us consider the following F-logic program:

nixon:quaker.
nixon:republican.
quaker[policy->pacifist].
republican[policy->hawk].
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It defines two classes for the nixon object: quaker and republicanwhich de-
fine different inheritable values for the policy feature: quaker defines its policy
to pacifist and republican defines its policy to hawk. In this case, nixon
should inherit neither pacifist nor hawk for policy, since there is a conflict
between its subclasses.

The CHORD rule base that implements this F-logic program follows:

% semantic assumptions:
% closed world,
% multiple source based inheritance
semantics [

overriding,
sourceBasedMultipleInheritance,
objects [nixon],
classes [quaker, republican],
classesHierarchy [ ],
localValues [ (nixon, []) ]

].

facts <=> nixon : quaker, republican[policy *= hawk],
nixon : republican, quaker[policy *= pacifist].

The final constraint store for an initial constraint store containing only the
facts constraint is:

quaker[policy*=pacifist], nixon[policy=_]
republican[policy*=hawk],
nixon:republican
nixon:quaker

The value for the policy feature of nixon remains undefined agreeing with
the expected F-logic semantics of this rule base: the inheritable values defined
by its superclasses for this feature conflict and therefore nixon should not inherit
any value for it.

The equivalence of the translated CHORD rule base is given in terms of the
three-valued object model represented by the F-logic rule base: every positive fact
in the F-logic model, should be entailed by the FOL semantics of the translated
CHRD rule base and every negative fact should turn it into an inconsistent base.
For example, the initial constraint store facts, nixon:X, X::republican (i.e.,
exists X such that nixon is an instance of X and X is a subclass of republican)
has no consistent final store, because according to the closed world assumption
held by the rule base no such X class can exist.

Implementing F-logic’s inheritance on top of CHRD is not so innovative
as Kaeser & Meister have already tried to do it in [8]. In a few words, they
implemented an inference engine for a subset of F-logic on top of CHRD forward
propagation in order to compute the intended object model. When compared
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to our work, their work just shows the feasibility of the idea while failing in
providing a correct account for one of the most complex features of the language:
the interaction between inheritance and deduction. In the present work, we do
not intend to provide an inference engine for F-logic, but we want to provide
F-logic’s object-oriented capabilities to CHRD programmers.

6.2 OO Constraint Programming Languages

LAURE. LAURE [2] was developed in 1988 at Bellcore Labs. It aims to be
used in designing complex applications in which AI needs to be embedded into
the software. Its semantics is based on a CFOL sublanguage with equality. It
distinguishes between objects (whose equality is based on object identity) and
values (whose equality is based on equality of feature values) and supports only
binary relations.

In terms of our Semantic Assumptions Ontology, LAURE employs the Open
World Assumption with Multiple Inheritance and no Code Inheritance. Since
there are no inheritable vales there are no conflicts (and thus no conflict resolu-
tion Strategy) and no overriding. We are going to use the following example to
demonstrate the use of OO concepts in LAURE and how to translate them into
CHORD:

Example 4. Let us consider this piece of code that is part of a constraint solver
for the problem of automatic graphical layout:

% declaration 1
[define RECTANGLE class superclass {GRAPHICAL_OBJECT}]

% declaration 2
[define Xul attribute domain RECTANGLE,

-> {0 -- MaxX},
comment "x-coordinate of the upper left corner"]

% declaration 3
[define Yul attribute domain RECTANGLE,

-> {0 -- MaxY},
comment "Y-coordinate of the upper left corner"]

...

% declaration 4
[define DISJOINT class superclass {object},

with slot( r1 -> RECTANGLE),
slot( r2 -> RECTANGLE)]

% declaration 5
[define disjoint_spec constraint

for_all (D DISJOINT),
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if xul1 = Xul(r1(D)), xdr1 = Xdr(r1(D)),
yul1 = Yul(r1(D)), ydr1 = Ydr(r1(D),
xul2 = Xul(r2(D)), xdr2 = Xdr(r2(D)),
yul2 = Yul(r2(D)), ydr2 = Ydr(r2(D)),

then [or ydr2 > yul1, ydr1 > yul2,
xdr1 < xul2, xdr2 < xul1]]

This code is divided into four declarations. The first one defines the
RECTANGLE class as a subclass of GRAPHICAL_OBJECT. The second one defines Xul
(x-coordinate of the upper left corner) as an attribute of the class RECTANGLE
with range going from 0 to MaxX and the third one defines Yul (x-coordinate of
the upper left corner) as an attribute of the same class with range going from 0
to MaxY (the definition of the coordinates of the other corners was removed from
this example. The fourth declaration defines the DISJOINT class that associates,
by the means of its slots, two different rectangles. Finally, the last declaration
provides the semantics for the DISJOINT class as a constraint defining that if
two rectangles are disjoint their areas should not overlap.

This LAURE program can be translated into the following CHORD program:

% semantic assumption: open world without overriding
semantics [ noOverriding ].

% translated declaration 1
facts ==> rectangle :: graphicalObject.

% translated declaration 2
X:rectangle[xul=Xul] ==> Xul > 0, Xul <= maxX.

% translated declaration 3
X:rectangle[yul=Yul] ==> Yul > 0, Yul <= maxY.
...

% translated declaration 4
facts ==> disjoint::object.
X:disjoint[r1=R] ==> R:rectangle.
X:disjoint[r2=R] ==> R:rectangle.

% translated declaration 5
D:disjoint ==> (D.r2.ydr > D.r2.yul, D.r1.ydr > D.r2.yul) ;

(D.r1.xdr < D.r2.xul, D.r2.xdr < D.r1.xul).

Oz. The Oz [12] language was developed in the early 1990s at DFKI with the
objective of being a high-level concurrent constraint programming language to
overcome the problems in concurrent object oriented languages at the time. It
borrows ideas from logic programming (such as logic variables and data struc-
tures), and from concurrent programming (such as cells). When compared to
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CHORD’s model of inheritance, Oz’s is very much restricted. It is based based
on a very procedural approach with low level hard-to-learn concepts.

7 Conclusion

In this paper, we present CHORD (Constraint Handling Object-oriented Rules
with Disjunction) the first bona-fide Object-Oriented (OO) rule-based constraint
programming language. CHORD integrates most of the advanced features of the
OO paradigm with those of the rule-based and constraint-based paradigms. It
thus brings together within a single language the well-known benefits of objects
for programming-in-the-large within a systematic software engineering process,
with the unique facilities of rules and constraints for programming-in-the-small
intelligent applications that require advanced embedded automated reasoning
services.

The main innovative distinctive feature of CHORD over previous program-
ming and KR languages that integrate objects with rules and/or constraints is
that it allows the programmer to piecemeal choose, via header directives, which
semantic assumption the CHORD engine should make about inheritance as well
as the closeness of the universe of class names, class hierarchies, object names,
class and object feature names and values. For a given CHORD OO rule base O
and two different semantic assumption directives A1 and A2, the CHORD en-
gine translates the CHORD program into distinct CHRD bases R1 and R2 before
running them on the underlying CHRD engine that it relies on for constraint
solving.

This makes CHORD uniquely versatile in terms of potential application
fields. It can be used as a declarative programming language to implement con-
straint solvers in taxonomically rich domains. In can also be used as a knowledge
representation language for semantic web ontologies, services and agents and ex-
pert systems in taxonomically rich domains. It also has potential as a model
transformation language for model-driven engineering [13].

In future work, we intend to empirically evaluate the benefits of CHORD as
compared to standard languages on both benchmark and real-world programs
and knowledge bases in each of these application domains. We also intend to
integrate CHORD with software components, one key programming-in-the-large
feature that it still misses. This integration will feature additional constructs to
encapsulate CHORD bases into components that can be assembled by connecting
their provided and required services interfaces. One source of inspiration for this
future integration is CHRat which extends CHR with modules and rule-based
deep guard entailment [4].

Remark. An extended version of this work can be found in [3], including
complete source code of the Core and Trailer Rules and an in-depth description
of the CHORD inference engine and of the case studies presented here (along
with other ones).
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onne
tions between CHR and LCCThierry MartinezContraintes Proje
t�Team, INRIA Paris�Ro
quen
ourt, Fran
eAbstra
t. Both CHR and LCC languages are based on the same modelof 
on
urrent 
omputation, where agents 
ommuni
ate through a shared
onstraint store, with a syn
hronization me
hanism based on 
onstraintentailment. The Constraint Simpli�
ation Rules (CSR) subset of CHRand the �at subset of LCC, where agent nesting is restri
ted, are very
lose synta
ti
ally and semanti
ally. The �rst 
ontribution of this paper isto provide translations between CSR and �at-LCC and ba
k. The se
ond
ontribution is a transformation from the full LCC language to �at-LCCwhi
h preserves semanti
s. This transformation is similar to λ-liftingin fun
tional languages. In 
onjun
tion with the equivalen
e between
CHR and CSR with respe
t to naive operational semanti
s, these resultslead to semanti
s-preserving translations from full LCC to CHR and
onversely. Immediate 
onsequen
es of this work in
lude new proofs for
CHR linear logi
 and phase semanti
s, relying on 
orresponding resultsfor LCC, plus an en
oding of the λ-
al
ulus in CHR.1 Introdu
tionConstraint Handling Rules (CHR) [1℄ is a rule-based de
larative programminglanguage. Programs are sets of transformation rules on 
onstraint stores. Some
onstraints are built-ins and 
an only be a

umulated into the store. Other
onstraints are user-de�ned and 
an be added or deleted. Although initial mo-tivations were the de�nition of 
onstraint solvers and propagators, nowadaysappli
ations in
lude typing [2,3℄, software testing [4℄, s
heduling [5℄ and so on.Foundations of the 
lass CC of Con
urrent Constraint programming lan-guages [6℄ are very 
lose to CHR: both are based on a model of 
on
urrent 
om-putation, where agents 
ommuni
ate through a shared 
onstraint store, witha syn
hronization me
hanism based on 
onstraint entailment. In 
lassi
al 
on-straint settings, the store evolves monotoni
ally, similarly to the built-in 
on-straint store of CHR. The LCC languages [7,8℄ introdu
e linear 
onstraint sys-tems, based on Girard's intuitionisti
 linear logi
 (ILL) [9℄. A remarkable kind oflinear 
onstraints are linear tokens [8℄, whi
h 
an be freely added or 
onsumed,
omparably to CHR 
onstraints. Linear logi
 leads to a natural semanti
s for
lassi
al CC languages as well [8℄. More re
ently, a pre
ise de
larative semanti
sfor CHR has been des
ribed in linear logi
 [10℄.This paper formalizes 
onne
tions between CHR with naive operational se-manti
s and LCC. Two translations from CHR to LCC and ba
k are proposed,both preserving the semanti
s. Strong bisimilarity results are formulated. As
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t 
orollary, we obtain a natural en
oding of the λ-
al
ulus in CHR. Whileexisten
e of low-level translations is guaranteed by Turing-
ompleteness via a
ompilation pro
ess, there are more �ne-grained 
riteria to 
ompare expressive-ness [11℄. In parti
ular, translations presented here are natural and (relatively)agnosti
 with respe
t to the 
onstraint theory.Se
tion 2 presents CHR and LCC in full generality and re
alls some alreadypublished and well-known results. Se
tion 3 fo
uses on distinguished subsetsConstraint Simpli�
ation Rules (CSR) and �at-LCC, provides translations from�at-LCC to CHR and ba
k. Linear logi
 semanti
s [10℄ and phase semanti
s [12℄of CHR are re
overed as 
orollary. Se
tion 4 introdu
es the ask-lifting transfor-mation from full LCC to �at-LCC.Related workThe adaptations of fun
tional 
on
epts in LCC languages have been initiated inRémy Haemmerlé's PhD thesis [13℄ with the embedding of 
losures and modules,leading to an en
oding of λ-
al
ulus in LCC. This paper pursues the e�ort oftransposing results in fun
tional languages to 
on
urrent 
onstraint systems.The translation from full LCC to CHR relies on ask-lifting. This is a trans-formation 
omparable to the λ-lifting [14℄ for fun
tional languages: the 
ommonidea is the materialization of the environment in data stru
tures, i.e. values infun
tional languages or tokens in LCC.Flattening nested programming stru
tures to CHR programs was suggestedin [15℄ for 
onne
ting the Celf system [16℄ to CHR but, to our knowledge, noformal des
ription of the transformation has been published.2 Syntax and Semanti
s of CHR and LCCWe will denote by V a set of variables, and by Σ a signature for 
onstant, fun
tionand predi
ate symbols. The set of free variables of a formula e is denoted fv(e), asequen
e of variables is denoted by x. e[t/x] denotes the formula e in whi
h freeo

urren
es of variables x are substituted by terms t (with the usual renamingof bound variables to avoid variable 
lashes).For a set S, S⋆ denotes the set of �nite sequen
es of elements of S andM(S)denotes the set of �nite multi-sets of elements of S. More formally, (S⋆; ·; ε)denotes the free monoid and (M(S); , ; ∅) the free 
ommutative monoid overthe elements of S. For relations R and R′, aR · R′ c if there exists b su
h that
aR bR′ c. For a relation →, ⋆→ is the re�exive and transitive 
losure of →.2.1 Syntax and Semanti
s of CHRLet Pb and Pc be two disjoint subsets of predi
ate symbols in Σ. Predi
ates builtfrom Σ with predi
ate symbols in Pb are atomi
 built-in 
onstraints, their set isdenoted B0. Built-in 
onstraints are 
onjun
tions of atomi
 built-in 
onstraints,their set is denoted B. Predi
ates built from Σ with predi
ate symbols in Pc are
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onstraints, their set is denoted U0. CHR 
onstraints are (�nite)multi-sets of atomi
 CHR 
onstraints, their set is denoted U . A goal is a multi-setof built-in 
onstraints and CHR 
onstraints.De�nition 1 (Syntax). A CHR program is a set of rules, ea
h rule beingdenoted 〈H\H ′ ⇔ G |B〉 where heads H and H ′ are CHR 
onstraints su
h that
〈H, H ′〉 6= ∅, the guard G is a built-in 
onstraint, and the body B is a goal.Example 1. The CHR program below, adapted from [17℄, des
ribes the diningphilosophers proto
ol [18℄, where N philosophers are sitting around a table and al-ternate thinking and eating. N forks are dispat
hed between them. Ea
h philoso-pher is in 
ompetition with her neighbors to take her two adja
ent forks and eat.diner(N) ⇔ re
philo (0, N).re
philo(I , N) ⇔J is (I + 1) mod N, philo(I, J), fork(I ), nextphilo(I , N).nextphilo(I , N) ⇔ I < N − 1 | J is I + 1, re
philo(J, N).philo(I , J) \ fork(I ), fork(J) ⇔ eat(I , J).eat(I , J) ⇔ fork(I ), fork(J).Built-in 
onstraints are supposed to in
lude the synta
ti
 equality =. Thereis a 
onstraint theory CT over the built-in 
onstraints: CT is supposed to be anon-empty, 
onsistent and de
idable �rst-order theory. For two multi-sets H =
(H1, . . . , Hm) and H ′ = (H ′

1, . . . , H
′
n), H + H ′ denotes the formula H1 = H ′

1 ∧
· · · ∧Hn = H ′

n if m = n, and false if m 6= n [19℄.A state is a tuple denoted 〈g; b; c〉V where g is a goal, b is a built-in 
onstraint,
c is a CHR 
onstraint and V is a set of variables. The relation ≡C over states isthe smallest equivalen
e relation su
h that:� 〈g; b; c〉V ≡C 〈g; b′; c〉V for CT |= b↔ b′;� 〈g; b; c〉V ≡C 〈g; b; c〉V [y/x] for variables x /∈ V and y /∈ V ∪ fv(g, b, c).Let P be the set of pairs of CHR programs and states.De�nition 2 (Naive Operational Semanti
s [1℄). A CHR program P is ex-e
uted along a transition relation →P over states:Firing RuleApply

〈H\H ′ ⇔ G | B〉 is a fresh variant of a rule in P with variables x
CT |= ∀(b→ ∃x(H + h ∧H ′ + h′ ∧G))

〈g; b; h, h′, c〉 V →P 〈B, g; H + h ∧H ′ + h′ ∧G ∧ b; h, c〉 VSolving RulesSolve
B ∈ B CT |= B ∧ b↔ b′

〈B, g; b; c〉 V →P 〈g; b′; c〉 V

Introdu
e
C ∈ U

〈C, g; b; c〉 V →P 〈g; b; C, c〉 VLet q be an initial goal, the query. V is de�ned as fv(q) and, from the initialstate s0 = 〈q;⊤; ∅〉V , a derivation is a sequen
e s0→P s1→P · · · →P sn. Su
ha state sn is an a

essible state.
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 Semanti
s [10℄).For built-in 
onstraint B = 〈B1 ∧ · · · ∧Bn〉, let B† = 〈!B1 ⊗ · · · ⊗ !Bn〉.For CHR 
onstraint C = (C1, . . . , Cn), let C† = 〈C1 ⊗ · · · ⊗ Cn〉.For goal G = (G1, . . . , Gn), let G† = 〈G†
1 ⊗ · · · ⊗G†

n〉.For state S = 〈g; b; c〉V , let S† = ∃x(g† ⊗ b† ⊗ c†),where x = fv(G, B, C) \ V .The semanti
s of a rule r = 〈H\H ′ ⇔ G |B〉 is, with x = fv(B) \ fv(H, H ′, G):
r† = 〈!∀(G† ⊗H† ⊗H ′† ⊸ ∃x(H† ⊗B†))〉.The linear logi
 semanti
s of a program P = {r1, . . . , rn} is P † = 〈r†1⊗· · ·⊗r†n〉.Theorem 1 (Soundness & Completeness [10℄).Let CT † be the Girard translation of CT [9℄, P a CHR program and q a query.� (Sound) If s is an a

essible state from q in P , then P †,CT † |= ∀(q† ⊸ s†).� (Complete) For every formula c su
h that P †,CT † |= ∀(q† ⊸ c), there is ana

essible state s from q in P su
h that CT † |= ∀(s† ⊸ c).2.2 Syntax and Semanti
s of LCCDe�nition 4 (Linear Constraint System [8℄). A linear 
onstraint system isa pair (C,⊢C), where:� C is a set of formulas (the linear 
onstraints) built from variables V and thesignature Σ, with logi
al operators: multipli
ative 
onjun
tion ⊗, its neutral

1, existential ∃, exponential ! and 
onstant ⊤; C is assumed to be 
losed byrenaming, multipli
ative 
onjun
tion and existential quanti�
ation;� 
C is a binary relation over C, whi
h de�nes the non-logi
al axioms.� ⊢C is the least subset of C⋆ × C 
ontaining 
C and 
losed by the rules ofintuitionisti
 multipli
ative exponential linear logi
 for 1, ⊤, ⊗, ! and ∃.De�nition 5 (Syntax with Persistent Asks [20℄). The syntax for building
LCC agents follows the grammar: A ::= ∀V⋆(C → A)

∣∣∀V⋆(C ⇒ A)
∣∣∃V .A

∣∣C ∣∣A‖Awhere ‖ stands for parallel 
omposition, ∃ for variable hiding, → for (transient)ask and⇒ for persistent ask. In the parti
ular 
ase where there are no universallyquanti�ed variables in an ask, the notation (c→ a) is preferred to ∀ε(c→ a).Agent ∀x(c→ a) suspends until c is entailed then wakes up and does a. Transientasks wake up at most one time. Persistent asks are introdu
ed [20℄ to repla
ede
larations by agents. The agent ∀x(c⇒ a) 
an wake up as many times as c isentailed. This behavior makes sense as entailment 
onsumes resour
es.Example 2. Here is the LCC version for dining philosophers [8,13℄.
∀N(diner(N)⇒
∃K(∀I( recphilo(K, I)⇒

fork(K, I) ‖
∃J.(J is (I + 1) mod N ‖

( fork(K, I)⊗ fork(K, J)⇒
eat(K, I) ‖ (eat(K, I)→ fork(K, I)⊗ fork(K, J)) ‖

(I < N − 1→ recphilo(K, J)) ‖
recphilo(K, 0))))))
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22 Thierry MartinezThis example makes usage of non-trivial s
opes for variables: N , K, I and J are inturn introdu
ed and shared by subsequent asks. The re
ursive loop 〈recphilo〉 in-stalls N forks and 
omposes N agents (the philosophers) in parallel. The variable
K identi�es tokens and let to run several 〈diner〉 in parallel (a banquet [13℄) whilepreventing tables from stealing 
utlery from ea
h other. The philosopher betweenforks I and J is an agent in LCC, whereas she is materialized in example 1 bythe CHR 
onstraint philo(I , J) in order to 
arry the environment {I, J}.A 
on�guration is a triple (X ; c; Γ ) where c is a 
onstraint (the store), Γis a multi-set of agents and X is a set of variables (the hidden variables). Therelation ≡L over 
on�gurations is the smallest equivalen
e relation su
h that:� (X ; c; a ‖ b, Γ )≡L (X ; c; a, b, Γ ) for all agents a and b;� (X ; c; 1, Γ )≡L (X ; c; Γ );� (X ; c; Γ )≡L (X ; c′; Γ ) for all 
onstraints c, c′ su
h that c ⊣⊢C c′;� (X ; c; Γ )≡L (X ; c; Γ )[y/x] for all variables x ∈ X and y 6∈ fv(X, c, Γ )Let K be the set of 
on�gurations.De�nition 6 (Operational Semanti
s [8,20℄). The transition relation →Lis the least relation on 
on�gurations satisfying the following rules:Firing RulesTransient Ask

c ⊢C ∃Y (d⊗ e[t/x]) Y ∩ fv(X, c, Γ ) = ∅
∀d′((c ⊢C ∃Y (d′ ⊗ e[t/x])) ∧ (d′ ⊢C d)⇒ d ⊣⊢C d′)

(X ; c; ∀x(e→ a), Γ )→L (X ∪ Y ; d; a[t/x], Γ )Persistent Ask
c ⊢C ∃Y (d⊗ e[t/x]) Y ∩ fv(X, c, Γ ) = ∅

∀d′((c ⊢C ∃Y (d′ ⊗ e[t/x])) ∧ (d′ ⊢C d)⇒ d ⊣⊢C d′)
(X ; c; ∀x(e⇒ a), Γ )→L (X ∪ Y ; d; a[t/x], ∀x(e⇒ a), Γ )Solving RulesHiding

y /∈ X ∪ fv(c, Γ )
(X ; c; ∃x.a, Γ )→L (X ∪ {y} ; c⊗ d; a[y/x], Γ )Tell

(X ; c; d, Γ )→L (X ; c⊗ d; Γ )

Equivalen
e
κ0 ≡L κ′0→L κ′1 ≡L κ1

κ0→L κ1An agent a is asso
iated with the initial 
on�guration (∅;⊤; a). A

essible ob-servables from a 
on�guration κ are the 
on�gurations κ′ su
h that κ
⋆→L κ′.De�nition 7 (Linear Logi
 Semanti
s [8,20℄). The translation (·)‡ of LCCagents into their linear logi
 semanti
s is de�ned indu
tively as follows:

(∀x(c→ a))‡ = ∀x(c ⊸ a‡) (∀x(c⇒ a))‡ = !∀x(c ⊸ a‡)

(∃x.a)‡ = ∃x(a‡) c‡ = c (a ‖ b)‡ = a‡ ⊗ b‡



F. Raiser and J. Sneyers (editors) — Pasadena, California, USA — July 15th, 2009 - 23 -

On 
onne
tions between CHR and LCC 23If Γ is a multi-set of agents (a1, . . . , an), we de�ne Γ ‡ = 〈a‡1 ⊗ · · · ⊗ a‡n〉. Con-�gurations are translated to (X ; c; Γ )‡ = 〈∃X(c⊗ Γ ‡)〉.Theorem 2 (Soundness & Completeness [8,20,13℄). For all agents a:� (Sound) If κ is an a

essible observable from (∅;⊤; a), then a‡ ⊢C κ‡.� (Complete) If c is su
h that a‡ ⊢C c, then there is an a

essible observable
(X ; d; Γ ) from (∅;⊤; a) with ∃X(d) ⊢C c and agents in Γ are persistent asks.2.3 Cir
ums
ribing non-determinism in CHR and LCC operationalsemanti
sWhereas non-determinism in �ring rules seems to be inherent to the 
omputa-tion model (and is ta
kled in CHR by the 
ommitted-
hoi
e strategy and by there�ned semanti
s), the non-determinism in sequen
ing solving rules 
an be 
om-pletely eliminated. This is a 
lassi
al result for 
onstraint logi
 programming [21℄and it was proved for LCC in [13℄. We formalize su
h a result for CHR and LCCsin
e the pre
ise bisimulation results presented in next se
tions rely on it.Let→s

P and →f
P be the restri
tions of →P to solving and �ring rules respe
-tively. Let →s

L and →f
L be the similar restri
tions for →L.We de�ne ⇒s

P su
h that s⇒s
P s′ if and only if s

⋆→s
P s′ 6→s

P . Similarly, ⇒s
L issu
h that κ⇒s

L κ′ if and only if κ
⋆→s

L κ′ 6→s
L.Lemma 1 (Solving rules terminate and are 
on�uent modulo ≡).For every CHR program P , for all state s, there exists s′ su
h that s⇒s

P s′ andfor all s′, s′′, if s⇒s
P s′ and s⇒s

P s′′, then s′ ≡C s′′.For every 
on�guration κ, there exists κ′ su
h that κ⇒s
L κ′ and for all κ′, κ′′, if

κ⇒s
L κ′ and κ⇒s

L κ′′ then κ′ ≡L κ′′.Thus, observed 
on�gurations 
an be restri
ted to be �nal for →s (or, equiva-lently, normalized by ⇒s) without losing derivations. The following lemma is aspe
ialization of the �Andorra� prin
iple [22℄ to the rule sele
tion strategy:Lemma 2 (Full solving before �ring). For every CHR program P ,(
⋆→P · ⇒s

P

)
=

(
(⇒s

P · →f
P )⋆ · ⇒s

P

)and, similarly, (
⋆→L · ⇒s

L

)
=

(
(⇒s

L · →f
L)⋆ · ⇒s

L

)The lemma 2 is a 
orollary of the monotonous sele
tion strategy [13℄: intuitively,
→s 
an always be exhausted before applying →f .Lemma 3 (Solving rules preserve de
larative semanti
s). For every
CHR program P , if s→s

P s′, then s† ≡ s′†. Similarly, if κ→s
L κ′, then κ‡ ≡ κ′‡.Therefore, next se
tions fo
us on ⇒-transitions where ⇒P = (⇒s

P · →f
P · ⇒s

P ),and ⇒L = (⇒s
L · →f

L · ⇒s
L): a ⇒P -a

essible state from s is a state s′ su
h that

s
⋆⇒P s′ and a ⇒L-a

essible observable from κ is a 
on�guration κ′ su
h that

κ
⋆⇒L κ′. It is worth noti
ing that a �ring o

urs at ea
h ⇒-transition.
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24 Thierry Martinez3 Translations between sub-languages CSR and �at-LCCFrom now on, we 
onsider the linear 
onstraint system (C,⊢C) indu
ed by the
onstraint theory CT and with atomi
 CHR 
onstraints as linear tokens. Morepre
isely, C is the least set of formulas whi
h 
ontains⊤ and !B for all B ∈ B0 and
C for all C ∈ U0, 
losed by renaming, multipli
ative 
onjun
tion and existentialquanti�
ation. We suppose that c 
C d if and only if CT † |= ∀(c ⊸ d). Theresult is a parti
ular form of linear 
onstraint system where non-logi
al axiomsfollow from the translation of a 
lassi
al theory.Bisimulation is the most popular method for 
omparing 
on
urrent pro-
esses [23℄, 
hara
terizing a notion of strong equivalen
e between pro
esses. Atransition system is a tuple (S,→) with S a set of states and→ a binary relationover S. We de�ne the CHR transition system as (P ,⇒C) where (P, s)⇒C (P ′, s′)when P = P ′ and s⇒P s′, and the LCC transition system as (K,⇒L).De�nition 8 (Bisimulation). Let (S1,

1−→) and (S2,
2−→) be two transition sys-tems. A bisimulation is a relation ∼ ⊆ S1 × S2 su
h that for all s1 ∼ s2:� for all s′1 su
h that s1

1−→ s′1, there exists s′2 su
h that s2
2−→ s′2 and s′1 ∼ s′2;� for all s′2 su
h that s2

2−→ s′2, there exists s′1 su
h that s1
1−→ s′1 and s′1 ∼ s′2.3.1 From Constraint Simpli�
ation Rules (CSR) to �at-LCCResulting 
on�gurations of LCC Firing Rules enjoy a new store where guardshave been 
onsumed. This behavior 
orresponds to simpli�
ation rules in CHR.De�nition 9 (CSR programs[19℄). A CHR program P is a CSR programwhen all rules of P are simpli�
ations ( i.e. rules are of the form 〈H ⇔ G |B.〉).As far as naive operational semanti
s and linear-logi
 semanti
s are 
on
erned,expressiveness of CHR and CSR is identi
al. For a rule r = 〈H\H ′ ⇔ G |B〉, let

r× = 〈H, H ′ ⇔ G |H, B.〉 and for P = {r1, . . . , rn}, let P× = {r×1 , . . . , r×n }.Example 3. Here is leq× translated from a version of the leq program [24℄:leq(X, X) ⇔ true.leq(X, Y) ⇔ number(X), number(Y) | X 6Y.leq(X, Y), leq(Y, X) ⇔ X = Y.leq(X, Y), leq(Y, Z) ⇔ leq(X, Y), leq(Y, Z), leq(X, Z).leq(X, Y), leq(X, Y) ⇔ leq(X, Y).Proposition 1 (CHR and CSR equivalen
e). For every CHR program P ,we have →P =→P× and P † ≡ (P×)†.This equivalen
e only holds for naive CHR semanti
s. There is probably nonatural en
oding of the traditional semanti
s for propagation [25℄ in LCC, atleast without ad-ho
 support hard-wired in the 
onstraint system.
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onne
tions between CHR and LCC 25Let r = 〈H ′ ⇔ G |B.〉 be a simpli�
ation rule. G†⊗H ′† and B† are in C, thusthe following agent is well-formed: r⊸ = 〈∀y(G† ⊗H ′† ⇒ ∃x.B†)〉, where x =
fv(B) \ fv(H ′, G) and y = fv(H ′, G). For every CSR program P = {r1, . . . , rn},the translation of P in LCC is: P⊸ = 〈r⊸

1 ‖ . . . ‖ r⊸
n 〉. States 〈g; b; c〉V aretranslated in C as well: 〈g; b; c〉V ⊸ = g† ⊗ b† ⊗ c†.Example 4. The leq× program (Example 3) is translated to the agent leq⊸:

leq⊸ = ∀X(leq(X, X)⇒ 1) ‖
∀XY (number(X)⊗ number(Y )⊗ leq(X, Y )⇒ X 6 Y ) ‖
∀XY (leq(X, Y )⊗ leq(Y, X)⇒ X = Y ) ‖
∀XY Z(leq(X, Y )⊗ leq(Y, Z)⇒ leq(X, Y )⊗ leq(Y, Z)⊗ leq(X, Z)) ‖
∀XY (leq(X, Y )⊗ leq(X, Y )⇒ leq(X, Y ))Sin
e there is no possible 
onfusion between linear tokens and 
lassi
al 
on-straints, then, by abuse of notations, we omit the ! operator on U0 
onstraints.De�nition 10 (CSR to LCC translation). A CSR program P and a query

q are translated to the agent a(P, q) = 〈P⊸‖q†〉.Main Result 1 (Bisimilarity) Let ∼ ⊆ P×K be the relation where (P, s) ∼ κif and only if κ≡L (X ; s⊸; P⊸) with X = fv(s) \ V . Then, ∼ is a bisimulation.Corollary 1 (Semanti
s preservation). For CSR program P , query q:� if κ is a ⇒L-a

essible observable of a(P, q), then κ ≡ (X ; c; P⊸) and thereis a ⇒P -a

essible state s from q with ∃x(s⊸)⊣⊢C ∃X(c), x = fv(s) \ fv(q);� if s is a ⇒P -a

essible state from q, then there is a ⇒L-a

essible observable
(X ; c; P⊸) from a(P, q) su
h that ∃x(s⊸)⊣⊢C∃X(c), where x = fv(s)\fv(q).3.2 From �at-LCC to CSRThe translation of CSR into LCC generates agents of the parti
ular form p ‖ q,where the sub-agent p is the translation of a CSR program and is therefore aparallel 
omposition of persistent asks without any nested asks, and the sub-agent q is a translation of a query and is therefore redu
ed to a 
onstraint.Moreover, every ask guard 
onsumes at least a linear token (sin
e CHR headsare non-empty) and asks are 
losed term (i.e. without free variables). Su
h agentsare 
hara
terized by the following de�nition:De�nition 11 (�at-LCC). Flat-LCC agents are restri
ted to the grammar:

A↑ ::= A∀ ‖ C where A∀ ::= ∀V⋆(C ⇒ C) | A∀ ‖ A∀ | 1 with the following side
ondition for every ask ∀x(g ⇒ c): g 6⊢C g ⊗ g (
onsumption) and fv(g, c) ⊆ x.This subse
tion is dedi
ated to establishing the reverse translation, from
A↑ to CSR. It is worth noti
ing �rst that, like a CSR program, an A↑-agentessentially transforms 
onstraint stores without introdu
ing new suspensions:Lemma 4 (Con�gurations form). Non-initial ⇒L-a

essible 
on�gurationsfrom an A↑-agent a are ≡L-equivalent to 
on�gurations of the form (_;_; a∀).
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26 Thierry MartinezThe translation from �at-LCC to CSR is a bit more intri
ate than theother dire
tion on a

ount of, �rstly, splitting between built-in 
onstraints and
CHR 
onstraints, and se
ondly, possible introdu
tions of lo
al variables by ∃.Fresh variables should be introdu
ed to translate 
onstraints su
h as a(X, Y )⊗
∃X(b(X, Y )) into 〈a(X, Y ), b(K, Y )〉 where K is a new lo
al variable. The fun
-tion fC translates every 
onstraint in C to a tuple (X ; B; C) where B is a built-in
onstraint, C a CHR 
onstraint and X a set of variables lo
al to B and C:

fC(⊤) = (∅; true; ∅)
fC(!B) = (∅; B; ∅) for all B ∈ B0

fC(C) = (∅; true; C) for all C ∈ U0

fC(c⊗ d) = (σc(Xc) ∪ σd(Xd); σc(Bc) ∧ σd(Bd); σc(Cc), σd(Cd))if fC(c) = (Xc; Bc; Cc) and fC(d) = (Xd; Bd; Cd)with σc and σd renaming of Xc and Xd respe
tivelysu
h that σc(Xc) ∩ fv(σd(Bd, Cd)) = σd(Xd) ∩ fv(σc(Bc, Cc)) = ∅
fC(∃x(c)) = (Xc ∪ {x}; Bc; Cc) if fC(c) = (Xc; Bc; Cc)

A∀-agents are translated to CSR programs through the fun
tion f∀. Trans-lation of asks should take 
are of 
lashes with similar renaming as for ⊗ in fC :
f∀(∀x(g ⇒ c)) = {〈σg(Cg)⇔ σg(Bg) | σc(Bc), σc(Cc).〉}where fC(g) = (Xg; Bg; Cg) and fC(c) = (Xc; Bc; Cc)and σg and σc renaming of Xg and Xc respe
tivelywith σg(Xg) ∩ fv(σc(Bc, Cc)) = σc(Xc) ∩ fv(σg(Bg, Cg)) = ∅

f∀(a ‖ b) = f∀(a) ∪ f∀(b)
f∀(1) = ∅For every ask ∀x(g ⇒ c), f∀(∀x(g ⇒ c)) is a well-formed CHR rule. In parti
ular,the side 
ondition on g ensures that σg(Cg) 6= ∅.

fs
V : c 7→ 〈∅; b; c〉V maps 
onstraints to states with (_; b; c) = fC(c).Note that all variables in CSR queries are global. The CHR program initial-ization should hide existentially quanti�ed variables in the top-level 
onstraint

c0 of the agent. We suppose a fresh symbol 〈start/n〉 ∈ U0 where n = #fv(c0).De�nition 12 (Flat-LCC to CSR translation). A �at-LCC agent 〈a∀ ‖ c0〉is translated to the CHR program P (a∀ ‖ c0) = f∀(a∀) ∪ {start(v) ⇔ B0, C0.}and the query q(a) = (start(v)) where (_; B0; C0) = fC(c0) and v = fv(c0).Main Result 2 (Bisimilarity) Let ∼ ⊆ K×P be the relation where κ ∼ (P, s)if and only if there exists a �at-LCC agent 〈a∀ ‖ c0〉 where κ ≡L (X ; c; a∀) and
P = P (a) and s≡C fs

V (c), with V = fv(c0). Then, ∼ is a bisimulation.Corollary 2 (Semanti
s preservation). For every �at-LCC agent a = 〈a∀ ‖
c0〉, let s0 = 〈q(a);⊤; ∅〉V , V = fv(c0), then:� for all ⇒L-a

essible 
on�guration (X ; c; a∀) from a, there exists a ⇒P (a)-a

essible state s from s0 su
h that ∃x(s⊸) ⊣⊢C ∃X(c);� for all⇒P (a)-a

essible state s from s0, if s 6= s0, there exists a⇒L-a

essible
on�guration (X ; c; a∀) from a, su
h that ∃x(s⊸) ⊣⊢C ∃X(c);where, in both 
ases, x = fv(s) \ V .
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onne
tions between CHR and LCC 273.3 CHR linear-logi
 and phase semanti
s revisitedLemma 5 (Identi
al Semanti
s). For every CSR program P and query q,
(P⊸)‡ ≡ P † and we have P †,CT † |= ∀(q† ⊸ c) if and only if (P⊸)‡, q† ⊢C c.Relating theorem 1 and theorem 2 supposes to prove that a

essible 
on-straints are in
luded in provable 
onstraints (
orre
tness), and 
onversely (
om-pleteness). Thus, the 
orre
tness and 
ompleteness result amounts to equalitybetween sets, whi
h we make expli
it here to prove both ways at the same time.
OC(P, q) =

{
(P, s) ∈ P ∣∣ (q;⊤; ∅) ⋆→P s

} OL(a) =
{
κ ∈ K ∣∣ (∅;⊤; a) ⋆→L κ

}
O⇒C (P, q) =

{
(P, s) ∈ P ∣∣ (q;⊤; ∅) ⋆⇒P s

} O⇒L (a) =
{
κ ∈ K ∣∣ (∅;⊤; a) ⋆⇒L κ

}
LLC(P, q) =

{
c ∈ C ∣∣ P †,CT † |= ∀(q†⊸c)

} ⇓s
CS =

{
s ∈ P ∣∣ ∃s′ ∈ S⇒s

C s
}

LLL(a) =
{
c ∈ C ∣∣ a‡ ⊢C c

} ⇓s
LS =

{
κ ∈ K ∣∣ ∃κ′ ∈ S⇒s

L κ
}

⊸

S =
{
c ∈ C ∣∣ ∃c′ ∈ S, c′ ⊢C c

}Some results mentioned up to now are summarized in the following table:For every CSR program P , query q, and �at-LCC agent a,� Theorem 1: ⊸

(OC(P, q))† = LLC(P, q);� Theorem 2: ⊸

(OL(a))‡ = LLL(a);� Lemma 2: ⇓s
COC(P, q) = O⇒C (P, q) and ⇓s

LOL(a) = O⇒L (a);� Lemma 3: (⇓s
COC(P, q))† = (OC(P, q))† and (⇓s

LOL(a))‡ = (OL(a))‡;� Proposition 1: OC(P, q) = OC(P×, q) and LLC(P, q) = LLC(P×, q);� Corollary 1: (O⇒C (P×, q))† = (O⇒L (a(P×, q)))‡;� Lemma 5: LLL(P×, q) = LLL(a(P×, q))We are now ready to prove theorem 1 again from the other results.Proof of theorem 1. For every CHR program P and query q:⊸
(OC(P, q))†

proposition 1
=

⊸

(OC(P×, q))† lemma 3=

⊸

(⇓s
COC(P×, q))†lemma 2=

⊸

(O⇒C (P×, q))†

orollary 1

=

⊸

(O⇒L (a(P×, q)))‡lemma 2=

⊸

(⇓s
LOL(a(P×, q)))‡ lemma 3=

⊸

(OL(a(P×, q)))‡theorem 2= LLL(a(P×, q)) lemma 5= LLC(P×, q)proposition 1
= LLC(P, q) �The following proposition des
ribes a method to prove unrea
hability prop-erty in CHR using phase semanti
s, adapted from similar result in LCC [8℄.Proposition 2 (Safety through Phase Semanti
s [12℄). To prove a safetyproperty of the kind s 6→P s′ for a given CHR program P , it is enough to provethat for a well-
hosen phase spa
e P and valuation η 
ompatible with CT and

P , there exists an element a ∈ η(s†) su
h that a /∈ η(t†).Su
h a valuation η is 
ompatible with ⊢C and (P×)⊸ (note that it is immediateto see (P×)⊸ as de
larations in the sense of the original presentation of LCC [8℄).Let κ and κ′ be the respe
tive images of s and s′ by the transformation. Thenthe element a is su
h that a ∈ η(κ‡) and a /∈ η(κ′‡). Thus κ 6→Lκ′ 
omes from thephase semanti
s of LCC. Therefore the property s 6→P×s′ follows from 
orollary 1,and is generalizable to P with proposition 1. That proves proposition 2. �
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oding LCC into CSRThe main result of this se
tion is a translation from LCC to �at-LCC whi
hpreserves the semanti
s. Consequently, thanks to 
orollary 2, we 
an dedu
e asemanti
s-preserving translation from LCC to CSR. This se
tion begins witha preliminary step introdu
ing an intermediary language LCCℓ where asks arelabeled with linear tokens: these tokens do not 
hange the operational semanti
sand there is a trivial labeling to transform LCC programs to LCCℓ programs.These linear tokens are introdu
ed in order to follow asks through the transitionsof the operational semanti
s, whi
h is used to prove the semanti
s preservation.4.1 Preliminary step: labeling LCC-agentsLabeled LCC agents Aℓ di�er from agents A by labels inserted on ea
h ask. Inthe following de�nition, labels are arbitrary linear tokens.De�nition 13 (LCCℓ agents). The syntax of LCCℓ agents is given by thefollowing grammar: Aℓ ::= ∀V⋆(C U0−→ Aℓ) | ∀V⋆(C U0=⇒ Aℓ) | ∃V .Aℓ | C | Aℓ ‖Aℓ.The transition relation →L is lifted to the transition →LCCℓ for LCCℓ.Transient Ask (with labeling)
c ⊢C ∃Y (d⊗ e[t/x]) Y ∩ fv(X, c, Γ ) = ∅

∀d′((c ⊢C ∃Y (d′ ⊗ e[t/x])) ∧ (d′ ⊢C d)⇒ d ⊣⊢ d′)(
X ; c; ∀x(e l−→ a), Γ

)
→LCCℓ (X ∪ Y ; d; a[t/x], Γ )Persistent Ask (with labeling)

c ⊢C ∃Y (d⊗ e[t/x]) Y ∩ fv(X, c, Γ ) = ∅
∀d′((c ⊢C ∃Y (d′ ⊗ e[t/x])) ∧ (d′ ⊢C d)⇒ d ⊣⊢ d′)(

X ; c; ∀x(e l=⇒ a), Γ
)
→LCCℓ

(
X ∪ Y ; d; a[t/x], ∀x(e l=⇒ a), Γ

)Agents A are translated to a parti
ular family of labeled agents denoted Aℓ0with the labeling transformation, whi
h ensures the following 
onditions: ea
hlabel 
arries a distin
t symbol taken from a set P of fresh predi
ate symbols andthe arguments enumerate exa
tly the free variables of the ask. Su
h a labelingis simple to obtain as soon as P is large enough to label ea
h ask of a.Example 5. The dining philosophers (example 2) 
an be labeled as follows:
∀N(diner(N)

p1=⇒
∃K(∀I( recphilo(K, I)

p2(K,N)
=====⇒

fork(K, I) ‖
∃J.(J is (I + 1) mod N ‖

( fork(K, I)⊗ fork(K, J)
p3(I,J,K)
======⇒

eat(K, I) ‖ (eat(K, I)
p4(I,J,K)−−−−−−→ fork(K, I)⊗ fork(K, J)) ‖

(I < N − 1
p5(I,J,K,N)−−−−−−−−→ recphilo(K, J)) ‖

recphilo(K, 0))))))
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tions between CHR and LCC 294.2 The ask-lifting transformationThe ask-lifting transformation is de�ned with two helper fun
tions. 〈a〉C trans-forms the agent a to 
onstraints where asks be
ome linear tokens. 〈a〉∀ putsin parallel every ask o

urring in a and the representing token is added to theguard. A persistent ask restores the token, a transient ask 
onsumes it.The fun
tion 〈·〉C : Aℓ → C is de�ned indu
tively as follows:〈∀x(c
f(t)−−→ a)

〉C = f(t)
〈∀x(c

f(t)
==⇒ a)

〉C = f(t)
〈∃x.a

〉C = ∃x.
〈
a
〉C

〈
a ‖ b

〉C =
〈
a
〉C ⊗ 〈

b
〉C 〈

c
〉C = cThe fun
tion 〈·〉∀ : Aℓ0 → A∀ is de�ned indu
tively as follows:〈∀x(c

f(v)−−−→ a)
〉∀ = ∀vx(f(v)⊗ c

f(v)
==⇒ 〈

a
〉C) ‖ 〈

a
〉∀

〈∀x(c
f(v)
==⇒ a)

〉∀ = ∀vx(f(v)⊗ c
f(v)
==⇒ f(v)⊗ 〈

a
〉C) ‖ 〈

a
〉∀

〈∃x.a
〉∀ =

〈
a
〉∀ 〈

a ‖ b
〉∀ =

〈
a
〉∀ ‖ 〈

b
〉∀ 〈

c
〉∀ = 1The fun
tion 〈·〉∀ is well-de�ned: every ask satis�es the side-
ondition for A∀.De�nition 14 (Ask-lifting). The agent ask-lifting fun
tion J·K →֒ : A → A↑transforms the agent a to the agent JaK →֒ = 〈aℓ〉∀ ‖ 〈aℓ〉C where a is translatedto aℓ by the labeling de�ned in 4.1 with symbol predi
ates from a subset P of Pcwhose predi
ates do not appear in a. J·K →֒ is well-de�ned as soon as the set P islarge enough to label agent a.Main Result 3 (Bisimilarity) Let a be a labeled LCC agent. Let ∼ ⊆ K×Kbe the relation su
h that κ ∼ κ′ if and only if κ≡L (X ; c; Γ ) is ⇒-a

essible from

a and κ′ ≡L (X ; c⊗ 〈Γ 〉C ; 〈a〉∀). Then, ∼ is a bisimilarity.Corollary 3 (Semanti
s preservation). For every LCC agent a:� for all ⇒L-a

essible 
on�guration (X ; c; Γ ) from a, there is a ⇒L-a

essible
on�guration (X ; c′; 〈a〉∀) from JaK →֒ su
h that ∃X(c⊗ 〈Γ 〉C) ⊣⊢C ∃X ′(c′);� for all ⇒L-a

essible 
on�guration (X ; c′; 〈a〉∀) from JaK →֒, there exists a⇒L-a

essible 
on�guration (X ; c; Γ ) from a and ∃X(c⊗ 〈Γ 〉C) ⊣⊢C ∃X ′(c′).Example 6. The labeled diner (example 5) 
an be lifted as follows:
∀N( p1 ⊗ diner(N)⇒ p1 ⊗ p2(K, N)⊗ recphilo(K, 0)) ‖
∀IKN( p2(K, N)⊗ recphilo(K, I)⇒

p2(K, N)⊗ fork(K, I)⊗
∃J(J is (I + 1) mod N ⊗ p3(I, J, K)⊗ p5(I, J, K, N))) ‖

∀IJK( p3(I, J, K)⊗ fork(K, I)⊗ fork(K, J)⇒
p3(I, J, K)⊗ eat(K, I)⊗ p4(I, J, K)) ‖

∀IJK( p4(I, J, K)⊗ eat(K, I)⇒ fork(K, I)⊗ fork(K, J)) ‖
∀IJKN( p5(I, J, K, N)⊗ I < N − 1⇒ recphilo(K, J)) ‖ p1
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oding the λ-
al
ulus in CHRThe following transformation from pure λ-terms to LCC is proved 
orre
t [13℄.Every fun
tion, aka λ-value, is represented by a variable K. The 
onstraint
apply(K, X, V ) represents that V should 
ode the result of the appli
ation of thefun
tion (
oded by) K to the λ-term (
oded by) X . Therefore, the transformationof a λ-abstra
tion λx.e 
oded by K should be a persistent ask whi
h transforms,for all X and V , the 
onstraint apply(K, X, V ) to the equality 
onstraint between
V and the evaluation of e[t/x], where t is the λ-term 
oded by X . The equality
onstraint is put at the level of λ-variables. The 
onstraint value(K) indi
atesthat the λ-term K has been redu
ed to a value so as to en
ode the parti
ular
all-by-value strategy [26℄.De�nition 15 (Call-by-value λ-
al
ulus in LCC [13℄). For every λ-term
e, JeK is a fun
tion from variables to LCC agents. JeK is des
ribed indu
tively onthe stru
ture of e:� JXK(K) = 〈X = K ⊗ value(K)〉� JλX.eK(K) = ∀XV (apply(K, X, V )⊗ value(X)⇒ JeK(V ) ‖ value(X))� Jf eK(K) = ∃XY (apply(X, Y, K) ‖ JfK(X) ‖ JeK(Y ))Ea
h ask introdu
ed by this transformation 
orresponds to a λ-abstra
tion andthis property is preserved by ask-lifting. Therefore, the CSR program obtainedby translation has one rule for ea
h λ-abstra
tion.We expli
it below the dire
t transformation from λ-terms to CSR. We sup-pose that the labeling has been prepared dire
tly in λ-terms: λ-abstra
tions areof the form λiX.e where i is a unique index.De�nition 16 (Call-by-value λ-
al
ulus in CHR). For every λ-term e, [e]is a fun
tion from variables to pairs CHR programs and queries, ea
h 
omponentbeing denoted [e]p and [e]g. [e] is des
ribed indu
tively on the stru
ture of e asfollows.� [X ](K) = ( ∅ ; (X = K, value(K)))� [λXi.e](K) = ( [e]p(V ) ∪ {

〈pi(K, v), value(X), apply(K, X, V )⇔ pi(K, v), value(X), [e]g(V ).〉
} ; pi(K, v))where v = fv(λX.e) and X and V fresh variables� [f e](K) = ( [f ]p(X) ∪ [f ]p(Y ) ; ([f ]g(X), [e]g(Y ), apply(X, Y, K)))where X and Y fresh variables

pi(v) CHR 
onstraints are supposed to be fresh. Then, the CSR program as-so
iated to e is P [e] = [e]p(R) ∪ {〈start(R, v) ⇔ [e]g(R).〉} and the query is
q[e] = start(R, v) with v = fv(e).It is immediate that the program and the goal produ
ed by the transformationabove 
orrespond synta
ti
ally to the 
omposition of the three transformations:
λ-terms to LCC (de�nition 15) to �at-LCC (de�nition 14) to CSR (de�nition 12).Therefore, the transformation preserves the semanti
s as 
omposition of seman-ti
s preserving transformations.In the 
ase of a CHR en
oding, the rule asso
iated to ea
h λ-abstra
tion 
anbe denoted as a simpagation: 〈pi(K, v), value(X)\apply(K, X, V )⇔ [e]g(V ).〉.
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tions between CHR and LCC 31Example 7. The λ-term (λ1X.λ2Y.X) A B is transformed to the rules:start (R,A,B) ⇔p1(F1), apply(F1,A0,F2), apply(F2,B0,R),A=A0, value(A0), B=B0, value(B0).p1(F1), value(X) \ apply(F1,X,F2) ⇔ p2(F2,X).p2(F2,X), value(Y) \ apply(F2,Y,R) ⇔ X = R, value(R).and the following goal, where the variable R 
odes the result:| ?− start(R, A, B).p1(_) value(_X) value(_) value(_X) p2(_, _X)R = A5 Con
lusionThe translations presented in this paper generalize previous links between CHRand linear logi
. As the work for modules in LCC suggest[20℄, variables and CHR
onstraints are expressive enough to embed a form of 
losures, and thus leads toa simple en
oding for the λ-
al
ulus.Whereas the state during a CHR derivation is entirely determined by the
ontents of 
onstraint stores, an LCC 
on�guration 
ontains suspended agentsas well. The ask-lifting transformation reveals that suspensions 
an be rei�edto linear tokens, whi
h in turns be
ome CHR 
onstraints: transient asks are
onsumed whereas persistent asks are propagated.Behaviors of programs or agents obtained by translation are pre
isely re-lated to their ante
edents by (strong) bisimulation. To our knowledge, only weakbisimulation results [27℄ were formulated in the literature for CHR before. Toa
hieve strong bisimulation in our 
ase, we have managed to 
ir
ums
ribe 
ol-laterally the non-determinism in the naive operational semanti
s of CHR and inthe operational semanti
s of LCC.Future workSuggested transformations are straightforward enough to be implemented. How-ever, the moot point is to understand the relevan
e of CHR re�ned semanti
sfor the translated LCC agents: the question of 
ontrol in LCC is still open.Interpreting operational semanti
s (indi�erently CHR or LCC) as a proofsear
h method in linear logi
 reveals a parallel between the elimination of solvingnon-determinism and fo
alization theory [28℄ whi
h remains to explore.Transition systems 
onsidered here are non-labeled: this was su�
ient forsemanti
s preservation and there are good intuitions about the pair of involved�ring rules at ea
h step. Formalizing these intuitions by labeling with rule namesseems feasible but with low interest. However, labels usually serve to followmessages that an agent either sends or re
eives. A 
hallenge would be to label
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⇒-transitions by 
onstraints whereas ea
h single transition 
onsumes some whileadding others.The 
losure en
oding may suggest a new programming style, 
omplementaryto the imperative RAM-based style re
ently des
ribed [29℄. Optimization of the
CHR 
onstraints whi
h reify 
losures 
ould be explored.A
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Abstract. While it is generally agreed-upon that certain classes of CHR
states should be considered equivalent, no standard definition of equiv-
alence has ever been established. Furthermore, the compliance of equiv-
alence with rule application is generally assumed, but has never been
proven. We systematically develop an axiomatic notion of state equiv-
alence based on rule applicability and the declarative semantics. We
supply the missing proof for its compliance with rule application and
provide a proof technique to determine equivalence of given states. The
compliance property leads to a simplified formulation of the operational
semantics. Furthermore, it justifies a novel view based on equivalence
classes of states which provides a powerful proof technique.

1 Introduction

While equivalence of states is apparently an elementary concept in Constraint
Handling Rules (CHR), the community has never agreed on a standard defini-
tion of that concept up to now. A plethora of definitions of state equivalence has
been introduced in various areas of application. For example, the operational
equivalence algorithm compares two resulting states of different programs for
equivalence [1]. Equivalence is the basis for invariants such as in [2]. Several def-
initions [3–6] have been introduced in the context of confluence considerations.
Finally, from an operational point of view, it is clear that the normalization
function of the operational semantics implicitly assumes a notion of state equiv-
alence.

As the various authors had different intentions, the resulting definitions of
state equivalence vary considerably. There is a general agreement that from an
operational point of view any notion of state equivalence should be compliant
with rule applications, i.e. for equivalent states the same rules are applicable and
lead to equivalent results. However, this property has never been proven for any
of the previously proposed definitions. Another general agreement is that from
a declarative point of view the logical reading of equivalent states should also be
equivalent.

Our aim is therefore to develop a definition of state equivalence that satisfies
both the operational and the declarative view. Instead of defining a notion of
state equivalence for a fixed problem setting, we intend a notion for which these
generally agreed-upon properties hold. By construction, our definition of state
equivalence then is compliant with rule application and the logical reading of
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states. Thus, it becomes a generic proof technique that can be applied to specific
problems with the additional knowledge that the above-mentioned properties are
satisfied.

In this paper, we make the following contributions:

– We justify a set of desirable properties for a general notion of state equiva-
lence and present them in the form of example cases in Sect. 2.2.

– We give a concise overview of the existing definitions of state equivalence in
Sect. 2.3 and compare their behavior with respect to our example cases in
Sect. 2.4. We show that none of the existing definitions satisfies all of the
example cases.

– We introduce an axiomatic definition of state equivalence in Sect. 3.1 along
with several useful properties following from that definition.

– We present a necessary, sufficient, and decidable criterion for determining
equivalence of states in Sect. 3.2.

– In Sect. 3.3 we show that our definition of state equivalence complies with
all of the example cases defined in Sect. 2.2.

– In Sect. 4.1, we show that our notion of equivalence leads to a clearer defini-
tion of the operational semantics. We prove its equivalence to the traditional
definition and – for the first time in the literature – we show that state equiv-
alence is indeed compliant with rule application.

– In Sect. 4.3, we present a view of the CHR transition system that is based
on equivalence classes of states rather than individual states.

Finally, we present our conclusions and establish possible further research
paths in Sect. 5.

2 Existing Equivalence Definitions

Constraint Handling Rules (CHR) [7–9] is a concurrent committed-choice rule-
based programming language, originally developed as a portable language ex-
tension for the implementation of user-defined constraint solvers. In the main
part of our paper, specific knowledge of CHR is not required. For a discussion
of the operational semantics of CHR, refer to Sect. 4.

In this section, we evaluate existing definitions of state equivalence and postu-
late desirable properties of an equivalence relation over CHR states. To this end,
we present several prototypical example cases of equivalent and non-equivalent
CHR states in Sect. 2.2. In Sect. 2.3 we concisely introduce the different notions
of state equivalence that have been proposed so far, before we investigate how
these notions apply to our example states in Sect. 2.4. We first define the syntax
of CHR states and rules. The corresponding transition system is given in Sect. 4
where we apply our results from Sect. 3.

2.1 Preliminaries

In CHR, we distinguish two disjoint sets of constraints which we call built-in
constraints and CHR constraints.
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Definition 1 (CHR State). A CHR state σ is a tuple 〈G, B, V〉. The goal G is
a multiset of CHR constraints. The built-in constraint store B is a conjunction
of built-in constraints. V is a set of global variables.

We use σ, σ0, σ1, . . . to denote states and Σ to denote the set of all states.

We found more elaborate definitions than Def. 1 unsuitable for our demand
on the logical reading of equivalent states, because they contain information
that is not reflected in the logical reading of the states, such as the propagation
history [10]. Depending on the domain of application, our result can be extended
to these definitions. Our notion of state clearly separates the three components
that each have to be treated differently by state equivalence.

For any CHR state we distinguish three sets of variables according to the
following definition.

Definition 2 (Variable Types). For the variables occurring in a state σ =
〈G, B, V〉 we distinguish three different types:

1. a variable v ∈ V is called a global variable
2. a variable v 6∈ V is called a local variable
3. a variable v 6∈ (V ∪G) is called a strictly local variable

The following definition introduces the logical reading of CHR states.

Definition 3 (Logical Reading of CHR States).
Let σ be a CHR state of the form 〈{g1, g2, . . . gn}, B, V〉. Then the logical

reading of σ is:
∃̄V (g1 ∧ g2 ∧ . . . ∧ gn ∧ B)

where ∃̄V is existential quantification of all free variables except those in V.

A CHR program defines a set of rules, as given in Def. 4, by which the con-
straints in G are to be rewritten to a final solved form. The store B contains
built-in constraints that have been posted to an underlying solver. These are
assumed to be solved implicitly by the host language H according to a complete
and decidable constraint theory CT . The set V usually contains the variables
that occur in the initial state of a computation and can be thought of as com-
munication channels with the outside world.

Definition 4 (CHR rule).
A CHR rule is of the following form

H1\H2 ⇔ G|Bc ⊎Bb

where the head H1, H2 consists of two multisets of CHR constraints, the guard G
is a conjunction of built-in constraints, and the body consists of a multiset Bc of
CHR constraints and a conjunction Bb of built-in constraints.
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2.2 Examples of CHR States

Let us now consider the following examples of equivalent and non-equivalent
states to highlight the differences between existing definitions of state equiva-
lence:

〈c(X),⊤, ∅〉 ≡ 〈c(Y ),⊤, ∅〉 (1)
〈c(X), X = 0, {X}〉 ≡ 〈c(0), X = 0, {X}〉 (2)

〈⊤, X ≥ 0 ∧X ≤ 0 ∧ Y = 0, {X}〉 ≡ 〈⊤, X = 0, {X}〉 (3)
〈c(0),⊤, {X}〉 ≡ 〈c(0),⊤, ∅〉 (4)
〈c(X),⊤, {X}〉 6≡ 〈c(Y ),⊤, {Y }〉 (5)

The equivalences (1)-(3) are motivated by the fact that the same rules are
applicable to these states with the same results.

As the states in equivalence (4) have the same logical reading c(0) accord-
ing to Def. 3 we require them to be equivalent. Note that unused global vari-
ables can practically occur, for example when applying rule c(X)⇔ c(0) to the
state 〈c(X),⊤, {X}〉. Concerning non-equivalence (5), note that X, Y are free
variables and therefore the logical readings c(X), c(Y ) are not equivalent.

2.3 Existing Definitions

Over the last decade, the CHR community proposed various definitions for state
equivalence. The following list identifies six distinct categories of equivalence
definitions in the literature:

I The definitions based on variable renaming [1, 4, 11, 12] are often as simple as
stating that two states are equivalent (or variants) if they can be obtained by
variable renaming only. These definitions arose from the notion of variance
on terms.

II In [13] a definition is given that is based on renaming of local variables as
well as logical equivalence of built-in stores.

III In [5] a similar definition is given for arbitrary binary relations rather than
for CHR states only.

IV [14] gives another definition based on the so-called refined operational se-
mantics [15] of CHR.

V [6] – a follow-up to [14] – extends the definition with the usage of a unifier
instead of variable renaming.

VI In [16, 17] a normalization function is defined. While we emphasize that this
definition was not targeted towards determining state equivalence, we in-
clude it in this work due to its clear structure that is similar to our proposed
definition. When we talk about equivalence with respect to normalization
we implicitly assume that two states are equivalent iff their normalizations
are syntactically equivalent.
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2.4 Comparison of Existing Equivalence Definitions

We have applied each of the existing definitions to each of the example cases. The
results are presented in Table 1. Each entry shows whether the two corresponding
example states are considered equivalent or not, according to the category used
in that row. The last row presents the results that we deem desirable. As we can
see, none of the previously published definitions of state equivalence respects all
of the example cases.

(1) (2) (3) (4) (5)

Def. I ≡ 6≡ 6≡ 6≡ ≡
Def. II ≡ 6≡ ≡ ≡ 6≡
Def. III ≡ 6≡ ≡ ≡ 6≡
Def. IV ≡ 6≡ ≡ 6≡ 6≡
Def. V ≡ ≡ ≡ 6≡ 6≡
Def. VI 6≡ ≡ ≡ 6≡ 6≡
Desired ≡ ≡ ≡ ≡ 6≡

Table 1. Comparison of different state equivalence definitions

3 An Axiomatic Definition of Equivalence

In this section, we introduce an axiomatic definition of equivalence that satisfies
all the desirable properties we identified in the previous section. We present
our definition in Sect. 3.1 along with several properties. In Sect. 3.2 we give
a necessary, sufficient, and decidable criterion to prove equivalence and non-
equivalence between CHR states. In Sect. 3.3, we prove compliance with the
example cases from Sect. 2.2.

3.1 Definition of State Equivalence

Our notion of state equivalence is given in the following definition.

Definition 5 (State Equivalence).
Equivalence between CHR states is the smallest equivalence relation ≡ over

CHR states that satisfies the following conditions:

1. (Equality as Substitution)

〈G, x
.= t ∧ B, V〉 ≡ 〈G [x/t] , x .= t ∧ B, V〉

2. (Transformation of the Constraint Store) If CT |= ∃s̄.B↔ ∃s̄′.B′ where s̄, s̄′

are the strictly local variables of B, B′, respectively, then:

〈G, B, V〉 ≡ 〈G, B′, V〉
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3. (Omission of Non-Occurring Global Variables) If X is a variable that does
not occur in G or B then:

〈G, B, {X} ∪ V〉 ≡ 〈G, B, V〉
4. (Equivalence of Failed States)

〈G,⊥, V〉 ≡ 〈G′,⊥, V〉
The axioms are chosen such that we can guarantee compliance with the

operational semantics (cf. Sect. 4.1) as well as the logical readings of CHR states.
Firstly, names of local variables in CHR states are chosen non-

deterministically upon execution. Hence, considering these names invariant with
respect to state equivalence suggests itself. In combination, axiom 1 and axiom 2
guarantee this desired property (cf. Lemma 1:1).

Axiom 1 and axiom 2 are furthermore invariant with respect to rule appli-
cability and comply with logical equivalence of the logical readings. The same
holds for axiom 4: On the logical level, inconsistent logical readings are of course
logically equivalent. It is necessary to guarantee compliance with the operational
semantics as we justify in Sect. 4.2.

Axiom 3 suggests itself with regard to logical readings, since adding or re-
moving global constraints results in syntactically identical and therefore indistin-
guishable logical readings. Operationally, unused global variables have no effect,
so it stands to reason to consider them redundant.

Lemma 1 states several properties that follow from Def. 5.

Lemma 1 (Properties of State Equivalence). The equivalence relation over
CHR states given in Def. 5 has the following properties:

1. (Renaming of Local Variables) Let x, y be variables such that x, y 6∈ V and
y does not occur in G or B:

〈G, B, V〉 ≡ 〈G [x/y] , B [x/y] , V〉
2. (Partial Substitution) Let G [x ≀ t] be a multiset where some occurrences of

x are substituted with t:

〈G, x
.= t ∧ B, V〉 ≡ 〈G [x ≀ t] , x .= t ∧ B, V〉

3. (Logical Equivalence) If

〈G, B, V〉 ≡ 〈G′, B′, V′〉
then CT |= ∃ȳ.G ∧ B ↔ ∃ȳ′.G′ ∧ B′, where ȳ, ȳ′ are the local variables of
〈G, B, V〉, 〈G′, B′, V′〉, respectively.
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Proof.

Property 1: By transformation of the constraint store, we have that 〈G, B, V〉
is equivalent to 〈G, x

.= y ∧ B, V〉. We apply equality as substitution
and get 〈G [x/y] , x .= y ∧ B, V〉 which by transformation is equivalent to
〈G [x/y] , B [x/y] , V〉.

Property 2: By substitution, we have that both 〈G, B, V〉 and 〈G [x ≀ t] , x .=
t∧B, V〉 are equivalent to 〈G [x/t] , x .= t∧B, V〉. The equivalence relation is
implicitly symmetric and transitive.

Property 3: All conditions given in Def. 5 correspond to valid logical equiva-
lences:
Definition 5:1 preserves logical equivalence since

G ∧ x
.= t↔ G [x/t] ∧ x

.= t

Definition 5:2: As CT |= ∃s̄.B ↔ ∃s̄′.B′ and the variables in s̄, s̄′ do not
occur in G, G′, we have

CT |= ∃ȳ.B ∧G↔ ∃ȳ′.B′ ∧G

Definition 5:3: For a variable X that does not occur in B or G we obviously
have

CT |= ∃X.∃ȳ.B ∧G↔ ∃ȳ.B ∧G
Definition 5:4 preserves logical equivalence due to the ex falso quodlibet

property.
As logical equivalence is reflexive, transitive, and symmetric, Prop. 3 holds.

⊓⊔

3.2 A Sufficient and Decidable Criterion for State Equivalence

Logical equivalence between ∃ȳ.G ∧ B and ∃ȳ′.G′ ∧ B′ is a necessary but not a
sufficient condition for state equivalence between 〈G, B, V〉 and 〈G′, B′, V′〉 (cf.
Lemma 1:3). This is due to the fact that unlike logical equivalence, state equiva-
lence preserves the multiplicities of logically equivalent user-defined constraints.
A similar condition which is also sufficient can be formulated in linear logic [18].

Theorem 1 gives a necessary and sufficient criterion for deciding state equiva-
lence. Note that due to its preconditions it technically decides a smaller relation
than ≡, because it only applies to the case that local variables are renamed apart
and the set of global variables is unchanged.

However, this restriction is not problematic for deciding equivalence in gen-
eral. By Lemma 1 we are free to rename local variables apart and by Def. 5:3
we can adjust the sets of global variables to match. Therefore, Thm. 1 gives us
a necessary and sufficient criterion for equivalence of arbitrary states: first we
transform the states into equivalent states that satisfy the preconditions, then
we apply the theorem. The transformation is straightforward and equivalence-
preserving, hence, the result we get from the theorem applies to the original
states by transitivity of ≡. Finally, decidability of our criterion is a direct con-
sequence of decidability of CT .
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Theorem 1 (Criterion for ≡). Let σ = 〈G, B, V〉, σ′ = 〈G′, B′, V〉 be CHR
states with local variables ȳ, ȳ′ that have been renamed apart.

σ ≡ σ′ iff CT |= ∀(B→ ∃ȳ′.((G = G′) ∧ B′)) ∧ ∀(B′ → ∃ȳ.((G = G′) ∧ B))

Proof. Let C be a binary predicate on CHR states such that
C(〈G, B, V〉, 〈G′, B′, V〉) holds iff

CT |= ∀(B→ ∃ȳ′.((G = G′) ∧ B′)) ∧ ∀(B′ → ∃ȳ.((G = G′) ∧ B))

⇒:
We show that each of the three implicit conditions – reflexivity, symmetry

and transitivity – as well as all the four explicit conditions of Def. 5 are sound
w.r.t. criterion C.
Reflexivity: Reflexivity is given as the following judgment is obviously true:

CT |= ∀(B→ ∃ȳ.((G = G) ∧ B)) ∧ ∀(B→ ∃ȳ.((G = G) ∧ B))

Symmetry: Symmetry of C is obvious.
Transitivity: Assume three states σ = 〈G, B, V〉, σ′ = 〈G′, B′, V〉, σ′′ =
〈G′′, B′′, V〉 with distinct local variables ȳ, ȳ′, ȳ′′ such that C(σ, σ′) and
C(σ′, σ′′). By definition, we have:

CT |= ∀(B→ ∃ȳ′.((G = G′) ∧ B′)) (i)
CT |= ∀(B′ → ∃ȳ.((G = G′) ∧ B)) (ii)
CT |= ∀(B′ → ∃ȳ′′.((G′ = G′′) ∧ B′′)) (iii)
CT |= ∀(B′′ → ∃ȳ′.((G′ = G′′) ∧ B′)) (iv)

From (i) and (iii) follows:

CT |= ∀(B→ ∃ȳ′′.((G = G′′) ∧ B′′))

From (ii) and (iv) follows:

CT |= ∀(B′′ → ∃ȳ.((G = G′′) ∧ B))

Consequently, C(σ, σ′′).
Equality as Substitution: Assume two states σ = 〈G, x

.= t ∧ B, V〉, σ′ =
〈G [x/t] , x .= t ∧ B, V〉 with local variables ȳ, ȳ′. As CT |= ∀(x .= t → (G =
G [x/t])), we have C(σ, σ′).

Transformation of the Constraint Store: Assume two states σ =
〈G, B, V〉, σ′ = 〈G, B′, V〉 with local variables ȳ, ȳ′ and strictly local
variables s̄, s̄′ such that CT |= ∃s̄.B ↔ ∃s̄′.B′. This implies the following
judgment:

CT |= ∀(B→ ∃ȳ′.((G = G) ∧ B′)) ∧ ∀(B′ → ∃ȳ.((G = G) ∧ B))

Hence, C(σ, σ′).
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Omission of Non-Occurring Global Variables: Does not apply since σ, σ′

share the set V of global variables.
Equivalence of Failed States: For any two failed states, we have states

of the form 〈G,⊥, V〉, 〈G′,⊥, V〉. The following judgment proves
C(〈G,⊥, V〉, 〈G′,⊥, V〉):

CT |= ∀(⊥ → ∃ȳ′.((G = G′) ∧⊥)) ∧ ∀(⊥ → ∃ȳ.((G = G′) ∧ ⊥))

⇐:
We consider two CHR states σ = 〈G, B, V〉, σ′ = 〈G′, B′, V〉 with local vari-

ables ȳ and ȳ′. We assume that

CT |= ∀(B→ ∃ȳ′.((G = G′) ∧ B′)) ∧ ∀(B′ → ∃ȳ.((G = G′) ∧ B))

If there does not exist a pairwise matching G = G′, we have B = B′ = ⊥,
which proves that σ ≡ σ′ by Def. 5:4. In the following, we assume that a pairwise
matching G = G′ does exist.

It follows from ∀(B→ ∃ȳ′.((G = G′) ∧ B′) by Def. 5:2 that:

σ ≡ 〈G, G = G′ ∧ B ∧ B′, V〉
By Def. 5:1 we have:

σ ≡ 〈G′, G = G′ ∧ B ∧ B′, V〉
From ∀(B′ → ∃ȳ.((G = G′) ∧ B)) we get by Def. 5:2 that:

σ ≡ 〈G′, B′, V〉 = σ′

⊓⊔

3.3 Example Cases Revisited

We claimed earlier that our definition of state equivalence replicates the desired
equivalences and non-equivalences given in the examples in Sect. 2.2. Now we
revisit these examples and prove their compliance with our definition.

Example (1): 〈c(X),⊤, ∅〉 ≡ 〈c(Y ),⊤, ∅〉
Proof. Renaming of local variables (cf. Lemma 1:1) ⊓⊔

Example (2): 〈c(X), X = 0, {X}〉 ≡ 〈c(0), X = 0, {X}〉
Proof. Follows directly from Def. 5:1. ⊓⊔

Example (3): 〈⊤, X ≥ 0 ∧X ≤ 0 ∧ Y = 0, {X}〉 ≡ 〈⊤, X = 0, {X}〉
Proof. Follows from Def. 5:2, as:

CT |= ∃Y.(X ≥ 0 ∧X ≤ 0 ∧ Y = 0)↔ (X = 0)

⊓⊔
Example (4): 〈c(0),⊤, {X}〉 ≡ 〈c(0),⊤, ∅〉

Proof. Follows directly from Def. 5:3. ⊓⊔
Example (5): 〈c(X),⊤, {X}〉 6≡ 〈c(Y ),⊤, {Y }〉

Proof. Follows from Thm. 1, as CT 6|= ∀(⊤ → c(X) = c(Y )). ⊓⊔
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4 Impact on the Operational Semantics

In this section, we discuss the impact of our definition of state equivalence on the
operational semantics of CHR. Section 4.1 applies our notion of state equivalence
to the traditional operational semantics. The resulting formulation is clearer and
more lucid than the traditional one. More importantly, it enables us to prove
that state equivalence is indeed compliant with rule applications. This important
property – while generally assumed – has never been proven before. This in
turn gives rise to a definition of the operational semantics based directly on
equivalence classes of states which we present in Sect. 4.3.

4.1 A Simplified Formulation of the Operational Semantics

In this section, we present a formulation of the operational semantics based on
state equivalence. Our definition is not only based on the traditional definition,
but is also provably equivalent. Consider the following definition for the tradi-
tional operational semantics, adjusted from [9]:

Definition 6 (Traditional Operational Semantics). For a CHR pro-
gram P, the state transition system (Σ, 7→) is defined as follows, where (r @ H1\
H2 ⇔ G | Bc ⊎Bb) is a copy of a rule in P containing only fresh variables.

(r @ H1 \H2 ⇔ G | Bc ⊎Bb) with fresh variables ȳ
CT |= ∀(B→ ∃ȳ.(H1 = H ′

1 ∧H2 = H ′
2 ∧G))

〈H ′
1 ⊎H ′

2 ⊎G, B, V〉 7→r 〈H ′
1 ⊎Bc ⊎G, H1 = H ′

1 ∧H2 = H ′
2 ∧G ∧Bb ∧ B, V〉

Integrating the notion of state equivalence permits removing the matching
that has traditionally been hidden in the complex formula H1 = H ′

1 ∧H2 = H ′
2.

Furthermore, imposing a guard condition on CT becomes dispensable, leading
to the following simplified operational semantics:

Definition 7 (Operational Semantics). For a CHR program P we define the
state transition system (Σ, ֌) as follows, where (r @ H1 \H2 ⇔ G | Bc ⊎ Bb)
is a copy of a rule in P containing only fresh variables.

(r @ H1 \H2 ⇔ G | Bc ⊎Bb)
〈H1 ⊎H2 ⊎G, G ∧ B, V〉֌r 〈H1 ⊎Bc ⊎G, G ∧Bb ∧ B, V〉

σ′ ≡ σ σ ֌r τ τ ≡ τ ′

σ′ ֌r τ ′

If the rule r is clear from the context or any rule is sufficient we simply write
σ ֌ τ . As usual ֌∗ is the reflexive-transitive closure of ֌.

Theorem 2 proves the equivalence of both definitions. An important aspect of
this equivalence, and therefore the second rule of Def. 7, is that state equivalence
is compliant with rule applications. It seems that the CHR community intuitively
agrees this property holds for state equivalence. It is noteworthy that, to the
best of our knowledge, the following is effectively the first published proof for
this important property.



- 44 - CHR 2009 — 6th International Workshop on Constraint Handling Rules

44 Frank Raiser, Hariolf Betz, and Thom Frühwirth

Theorem 2 (Equivalence of the Definitions). For a CHR state σ we have

1. If σ ֌r τ then there exists a state τ ′ ≡ τ with σ 7→r τ ′

2. If σ 7→r τ ′ then there exists a state τ ≡ τ ′ with σ ֌r τ

Proof.

1: Let r @ H1 \ H2 ⇔ G | Bc ⊎ Bb, σ = 〈H1 ⊎ H2 ⊎ G, G ∧ B, V〉 ֌r τ =
〈H1 ⊎ Bc ⊎ G, G ∧Bb ∧ B, V〉, and σ′ ≡ σ. Let ȳ, ȳ′ be the local variables of
σ, σ′ respectively.
Since r uses only fresh variables, we can assume w.l.o.g. that the local vari-
ables of σ are renamed apart from the local variables of σ′ and σ′ is of the
form 〈H ′

1 ⊎H ′
2 ⊎G′, B′, V〉.

As σ ≡ σ′ we get by Thm. 1 that

CT |= ∀(B′ → ∃ȳ.((H ′
1 ⊎H ′

2 ⊎G′ = H1 ⊎H2 ⊎G) ∧G ∧ B))

and consequently:

CT |= ∀(B′ → ∃ȳ.(H ′
1 = H1 ∧H ′

2 = H2 ∧G))

Therefore, we can apply the traditional operational semantics and get:

σ′ 7→r 〈H ′
1 ⊎Bc ⊎G′, H1 = H ′

1 ∧H2 = H ′
2 ∧G ∧Bb ∧ B′, V〉 = τ ′

By the above and Def. 5:2 we get:

τ ′ ≡ 〈H ′
1 ⊎Bc ⊎G′, H1 = H ′

1 ∧H2 = H ′
2 ∧G = G′ ∧G ∧Bb ∧ B′ ∧ B, V〉

By Def. 5:1 and Def. 5:2 we then get:

τ ′ ≡ 〈H1 ⊎Bc ⊎G, G ∧Bb ∧ B, V〉 = τ

2: Let σ = 〈H ′
1 ⊎ H ′

2 ⊎ G, B, V〉 7→r τ ′ = 〈H ′
1 ⊎ Bc ⊎ G, H1 = H ′

1 ∧ H2 =
H ′

2 ∧G ∧Bb ∧ B, V〉.
As CT |= ∀(B→ ∃ȳ.(H1 = H ′

1 ∧H2 = H ′
2 ∧G)) we apply Def. 5:2 to σ:

σ ≡ 〈H ′
1 ⊎H ′

2 ⊎G, H1 = H ′
1 ∧H2 = H ′

2 ∧G ∧ B, V〉

Using Def. 5:1 we get by substitution:

σ ≡ 〈H1 ⊎H2 ⊎G, H1 = H ′
1 ∧H2 = H ′

2 ∧G ∧ B, V〉

We can apply rule r according to Def. 7 now resulting in

σ ֌r 〈H1 ⊎Bc ⊎G, G ∧Bb ∧ (H1 = H ′
1 ∧H2 = H ′

2 ∧ B), V〉 = τ

By Def. 5:1 we get τ ≡ τ ′. ⊓⊔
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4.2 Termination on Failure

Both formulations of the operational semantics given above allow arbitrary rule
applications on failed states. In the case of the traditional operational semantics,
the applicability condition is of the form CT |= ∀(B → . . .). This condition
is trivially satisfied for any inconsistent built-in store due to the principle ex
contradictio quodlibet (ECQ). In our formulation of the operational semantics
arbitrary rule applications are due to the explicit equivalence of failed states
established in Def. 5:4. For example, under a program P = {a ⇔ b} both
〈c,⊥, ∅〉 7→∗ 〈b,⊥, ∅〉 and 〈c,⊥, ∅〉֌∗ 〈b,⊥, ∅〉 are correct.

For theoretical considerations such as correctness analyses, this property is
intentional: Firstly, it corresponds to the ECQ property which holds in most
logical formalisms. Secondly, allowing derivations from failed states preserves
monotonicity with respect to strengthening the constraint store such that e.g.
〈G, B, V〉 7→∗ 〈G′, B′, V′〉 implies 〈G, B ∧ B̄, V〉 7→∗ 〈G′, B′ ∧ B̄, V′〉, regardless of
whether B ∧ B̄ is consistent.

In a practical implementation, however, this property would lead to triv-
ial non-termination of any failed computation. Existing implementations conse-
quently do not allow computation from failed states. Formally, this property can
be captured by introducing CT |= ∃B as an applicability condition. Alternatively,
we can solve this issue by explicitly disallowing atomic derivation steps between
equivalent states. Unlike the first solution, such a formulation also avoids trivial
non-termination originating from rules of the form H ⇔ G | H .

4.3 Founding the Operational Semantics on Equivalence Classes

Having finally shown the compliance of state equivalence with rule application,
we revisit the operational semantics once more: We know that a rule application
is possible for all states equivalent to a state containing the head and guard of
that rule and that we are free to choose any element of the set of equivalent
result states. Therefore, the actual syntactical representation of a state is of
no importance, leading to a different view on the transition system: instead
of considering all syntactical representations as different states, we propose the
following reformulation of the operational semantics based on equivalence classes
over states.

Definition 8. For a CHR program P we define the state transition sys-
tem (Σ/≡ , ֌) as follows. The application of a rule r is based on a copy
of it that contains only fresh variables.

r @ H1 \H2 ⇔ G | Bc ⊎Bb

[〈H1 ⊎H2 ⊎G, G ∧ B, V〉] ֌r [〈H1 ⊎Bc ⊎G, G ∧Bb ∧ B, V〉]
This concise definition of the operational semantics of CHR requires only one

rule and combines all of our results on state equivalence and its behavior with
regard to rule applications. Furthermore, it leads to simplifications in other re-
search areas where state equivalence is relevant. For example, confluence analysis
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in CHR is made complicated by different syntactical representations. Figure 1
depicts that term rewriting systems (TRS) require all computations to reach the
exact same final term. However, the corresponding CHR results demand equiv-
alence of final states. Under the operational semantics as given in Def. 8, the
original diamond property of confluence depicted in Fig. 1 found in the TRS
literature applies directly to CHR.
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Fig. 1. Diamond property of confluence in TRS and CHR

5 Conclusion

As the main result, we have proven the compliance of state equivalence with rule
application. To the best of our knowledge, this is the first published proof of this
important property for any notion of equivalence.

This property has significant impact on the formulation of the operational
semantics of CHR: It allows for a considerably more compact and lucid definition
of the operational semantics than the ones known in the literature. Furthermore,
it justifies an operational semantics of CHR based on equivalence classes of states
rather than individual states.

We have presented the first axiomatic definition of state equivalence in the
literature. It is more intuitive than existing definitions and provides elegant proof
techniques such as applied in our proof of Lemma 1. However, it is not always
trivial to prove state equivalence – and more so: non-equivalence – of arbitrary
CHR states using the axiomatic definition. Therefore, we have presented a neces-
sary, sufficient, and decidable criterion for both equivalence and non-equivalence
of states. Example case (5) in Sect. 3.3 shows an application of this criterion.

We have evaluated the previously published definitions of state equivalence
for a set of example cases and shown that none of them satisfies all of the exam-
ples. Contrarily, our definition of state equivalence satisfies all of the example
cases.

We expect that the notion of state extensions [6] leads to a further enhanced
formulation of the operational semantics. This concept would allow to disregard
parts of the state that are unaffected by rule application. This would lead to an
even more compact definition of the state transition system.
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As we have shown, the operational semantics based on equivalence classes
allows a simplified formulation of confluence results for CHR. We furthermore
plan to reinvestigate results from observable confluence, operational equivalence,
and their combination under this context. Combined with the expressive pos-
sibilities of state extensions this should lead to more concise formulations and
proofs of all those results.
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Abstract. Graph transformation systems (GTS) provide an important
theory for numerous applications. With the growing number of GTS-
based applications the comparison of operational equivalence of two GTS
becomes an important area of research. This work introduces a notion of
operational equivalence for graph transformation systems. The embed-
ding of GTS in constraint handling rules (CHR) provides the basis for a
decidable and sufficient criterion for operational equivalence of GTS. It
is based on the operational equivalence test for CHR programs. A direct
application of adapting this test to GTS allows automatic removal of
redundant rules.

1 Introduction

Graph transformation systems (GTS) describe complex structures and systems
in an expressive and versatile way. The principal idea of graph transformation
systems is to apply graph production rules to a host graph. This involves finding
a subgraph that matches the rule’s graph and that is modified according to that
rule.

As more applications based on graph transformations emerge it is becoming
an important area of research to compare two GTS with each other. This com-
parison can be used to check whether two GTS solve the same problem, to verify
that an optimized version of a GTS adheres to a non-optimized, but simpler,
specification-GTS, to remove redundant rules, and more.

Different mechanisms for rewriting graphs have been developed [1] and in
this work we make use of the so-called DPO approach [2]. It provides a sound
category theoretical basis for modeling graph transformations.

Example 1. In Fig. 1 a graph transformation system consisting of two rules is
shown. The graphical notation is explained in more detail later. The two rules
replace edges of type a by edges of type b. An application of the operational
equivalence, presented in Sect. 3.1, is the automatic removal of the second rule
due to its redundancy.

In [3] an embedding of GTS in constraint handling rules (CHR) [4, 5] is given.
In the context of CHR, operational equivalence is already an active area of re-
search [6]. Therefore, we apply the results on operational equivalence in CHR
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a
21

a
21

b

3

a
21

21
b

3

a

Fig. 1. Graph transformation system – the second rule is redundant

to embedded graph transformation systems. This gives us a first notion of op-
erational equivalence for GTS and at the same time a decidable and sufficient
criterion for it. In CHR research a successful application of the operational equiv-
alence test is the removal of redundant rules [7, 8]. By building upon the GTS
embedding and operational equivalence of CHR, we show that this application
can be adapted to remove redundant GTS rules as well.

Note that there is an orthogonal notion for behavioral equivalence of graph
transformation systems [9]. Behavioral equivalence investigates the behavior of
models, i.e. host graphs, which are transformed into new models while preserving
behavior as given by a semantics based on another graph transformation system.
Similarly, in [10] bisimilarity for GTS is discussed. While bisimilarity originated
from process calculi and is focused on the transitions made during computation of
a result, our approach only compares the final computation results independently
of how they are reached.

This paper is a preliminary work for establishing the notion of operational
equivalence on graph transformation systems. We make the following contribu-
tions:

– We present definitions of joinability and operational equivalence in GTS
transferred from CHR research.

– We show that given our existing embedding of GTS into CHR allows to
reuse the operational equivalence test as a sufficient criterion for operational
equivalence of two GTS.

– We apply the previous result to automatically remove redundant rules from
a GTS.

– We observe the problem of a direct formulation of our criterion in the GTS
context.

This work is divided into the following sections: Section 2 presents the neces-
sary preliminaries for graph transformation systems, constraint handling rules,
the embedding of GTS in CHR, and operational equivalence in CHR. We then
introduce operational equivalence for GTS in Sect. 3, before concluding in Sect. 4.
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2 Preliminaries

In this section we introduce the necessary preliminaries for this work. As our work
is derived from results in different research areas, each of the following sections
introduces a particular research topic. In Sect. 2.1 we introduce Graph Trans-
formation Systems (GTS) and in Sect. 2.2 Constraint Handling Rules (CHR).
Section 2.3 discusses the embedding of a GTS in CHR. Finally, Sect. 2.4 high-
lights existing achievements on operational equivalence for CHR programs.

2.1 Graph Transformation Systems

The following definitions for graphs and graph transformation systems have been
adapted from [2].

Definition 1 (type graph, typed graph).
A graph G = (V, E, src, tgt) consists of a finite set V of nodes, a finite set E

of edges and two morphisms src, tgt : E → V specifying source and target of an
edge, respectively. A type graph TG is a graph with unique labels for all nodes
and edges.

For multiple graphs we refer to the node set V of a graph G as VG and
analogously for edge sets and the src, tgt morphisms. We further define the degree
of a node as deg : V → N, v 7→ #{e ∈ E | src(e) = v} + #{e ∈ E | tgt(e) = v}.
When the context graph is clear the subscript is omitted.

A typed graph G is a tuple (V, E, src, tgt, type, TG) where (V, E, src, tgt) is
a graph, TG a type graph, and type a morphism with type = (typeV , typeE) and
typeV : V → VTG, typeE : E → ETG. The type morphism is a graph morphism,
therefore, it has to satisfy the following condition: ∀e ∈ E : typeV (src(e)) =
srcTG(typeE(e)) ∧ typeV (tgt(e)) = tgtTG(typeE(e))

For the purpose of simplicity, the above definition avoids an additional label
morphism in favor of identifying variable names with labels. As there are often
multiple graphs containing the same node due to inclusion morphisms we use
degG(v) to specify the degree of a node v with respect to the graph G.

Example 2. Figure 2 shows an example for a type graph and a corresponding
typed graph. The type graph at the bottom is used to define a node type and
two edge types a and b. The typed graph at the top left assigns a unique node
type (or edge type) to each node (or edge) via the type morphism represented by
the dotted lines. The typed graph at the top right uses a shorter notation that
implicitly defines the type morphism by specifying the corresponding labels.

Definition 2 (GTS, rule).
A Graph Transformation System (GTS) is a tuple consisting of a type graph

and a finite set of graph production rules. A graph production rule – also simply
called rule if the context is clear – is a tuple p = (L l← K

r→ R) of graphs L, K,
and R with inclusion morphisms l : K → L and r : K → R.
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Fig. 2. Example of a type graph and typed graphs

We distinguish two kinds of typed graphs: rule graphs and host graphs. Rule
graphs are the graphs L, K, R of a graph production rule p and host graphs are
graphs to which the graph production rules can be applied. We, furthermore,
make use of graph transformations based on the double-pushout approach (DPO)
as defined in [2]. Most notably, we require a so-called match morphism m : L→ G
to apply a rule p to a typed host graph G. In this work we only consider injective
match morphisms (see [3]). The transformation yielding the typed graph H is
written as G

p,m
=⇒ H . H is given mathematically by constructing D as shown in

Fig. 3, such that (1) and (2) are pushouts in the category of typed graphs [2].
Intuitively, the graph L on the left-hand side is matched as a subgraph of G
and its occurrence in G is then replaced by the right-hand side graph R. The
intermediate graph K is the context graph, which contains the nodes and edges
in both, L and R, i.e. all nodes and edges matched to K remain unchanged
during the transformation.

L

m

��
(1)

K
loo

k

��

r //

(2)

R

n

��
G D

foo g // H

Fig. 3. Double-pushout approach

The application of a rule p = (L l← K
r→ R) to G consists of transforming

G into H by performing the construction of D and H such that (1) and (2)
in Fig. 3 are pushouts. A more implementation-oriented interpretation of a rule
application is that all nodes and edges in m(L \ l(K)) are removed from G to
create D = (G \m(L)) ∪m(l(K)) and then all nodes and edges in n(R \ r(K))
are added to create H = D ∪ n(R \ r(K)).

Example 3. In Fig. 1 two graph production rules are shown in their shorthand
notation. The numbers for the nodes imply the l and r morphisms and the
graph K is implied as well and consists of the nodes with no edges for the first
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rule and a single edge of type a for the second rule. The first rule when applied
to a graph G replaces an edge of type a by an edge of type b, whereas the second
rule makes a similar replacement within a larger context.

2.2 Constraint Handling Rules (CHR)

This section presents the syntax and operational semantics of constraint handling
rules [5]. Intuitively, CHR is a rule-based multiset rewriting system. For this work
we consider a subset of CHR by considering only one kind of rule and omitting
guards. For the complete possibilities of CHR see [4, 5].

The constraints manipulated by CHR are first-order predicates which we sep-
arate into built-in constraints and user-defined constraints. Built-in constraints
are handled by a constraint solver while user-defined constraints are defined by
a CHR program. In this work the required built-in constraints are syntactic
equalities and basic arithmetics.

Simplification rules are of the form

Rulename @ H1, . . . , Hi ⇔ B1, . . . , Bk

where Rulename is an optional unique identifier of a rule, the head H =
H1, . . . , Hi is a non-empty conjunction of user-defined constraints, and the body
B = B1, . . . , Bk is a conjunction of built-in and user-defined constraints. Note
that we make sloppy use of the terms conjunction, sequence, and multiset with
respect to H1, . . . , Hi and B1, . . . , Bk.

The operational semantics is based on an underlying constraint theory CT for
the built-in constraints and a state, which is a tuple 〈G, C,V〉 where G is a goal
store, i.e. a multiset of user-defined constraints, C is a conjunction of built-in
constraints, and V is the set of global variables. The variables in V are also called
variables-of-interest and, intuitively, differ from other variables occurring in the
state by being considered universally quantified [5]. When comparing different
states we make use of an equivalence relation ≡ on CHR states. This equivalence
accounts for different syntactical representations, including renaming of local
variables, equality substitutions, and logically equivalent built-in stores.

A simplification rule of the form H ⇔ B is applicable to a state 〈E ∪G, C,V〉
if CT |= ∀(C → ∃x(H = E)) where x are the variables in H and = is syntactic
equality. The above condition intuitively corresponds to finding a subset E of
constraints in the state that, together with the built-in store C, match the head of
a rule (H = E). We then define the following state transition for the application
of the rule: 〈E∪G, C,V〉֌ 〈Bu∪G, (H = E)∧C∧Bb,V〉 where B = Bu∪Bb with
Bu being user-defined and Bb being built-in constraints. As usual, ֌∗ denotes
the reflexive-transitive closure of the ֌ relation. When considering multiple
programs ֌P denotes a transition based on a rule from program P .

2.3 GTS in CHR

In this section we present how a graph transformation system can be embedded
into CHR based on previous work in [3]. In order to embed a GTS in CHR, we
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have to encode its graph production rules as CHR rules and provide a conjunction
of goal constraints corresponding to the host graph. We then recapitulate the
soundness and completeness results of our embedding.

For encoding a GTS in CHR we first determine the constraints needed for
encoding the rules and host graph based on the type graph:

Definition 3 (Type Graph Encoding).
For a type graph T G we define the set C of required constraints to encode

graphs typed over T G as the minimal set including v/2 ∈ C for v ∈ VT G and
e/3 ∈ C for e ∈ ET G .

Example 4 (cont). For our example of the GTS, every node in the typed graph
has the same type and we have two edge types. Based on this we need the
following constraints: n /2, a/3, b/3

We assume all nodes and edges of the type graph TG to be uniquely labeled
such that the introduced constraints have unique names as well. Note that this
is no restriction on the typed graphs as there can be any number of nodes or
edges of the same type. These constraints allow us to encode typed graphs. The
following definition of chr distinguishes between chr(host, ·) and chr(keep, ·)
which intuitively correspond to host and rule graphs.

Definition 4 (Typed Graph Encoding).
For a typed graph G based on a type graph TG the set of constraints encod-

ing G is defined differently for host and rule graphs. We define the following
mappings for the encoding for an infinite set of variables VARS:

– [typeG(x)] denotes the corresponding constraint name for encoding a node
or edge of the given type.

– var : G→ VARS, x 7→ Xx such that Xx is a unique variable associated to x,
i.e. var is injective for the set of all graph nodes and edges.

– dvar : G → VARS, x 7→ Xx such that Xx is a unique variable associated to
x, i.e. dvar is injective for the set of all graph nodes and edges.

Using these mappings we define the following encoding of graphs:

chrG(host, x) =
{

[typeG(x)](var(x), degG(x)) if x ∈ VG

[typeG(x)](var(x), var(src(x)), var(tgt(x))) if x ∈ EG

chrG(keep, x) =
{

[typeG(x)](var(x), dvar(x)) if x ∈ VG

[typeG(x)](var(x), var(src(x)), var(tgt(x))) if x ∈ EG

We make use of the notations chr(host, G) = {chrG(host, x) | x ∈ G} and
chr(keep, G) = {chrG(keep, x) | x ∈ G}. Furthermore, we omit the index G if
the context is clear. For a node v encoded with chr(keep, v) we call dvar(v) the
degree variable.

Example 5 (cont). When using the left-hand side graph of the first rule as a host
graph G it is encoded in chr(host, G) as follows:
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n(N1, 1), n(N2, 1), a(E1, N1, N2)

The same graph G occurring as a rule graph is encoded in chr(keep, G) as
follows:

n(N1, D1), n(N2, D2), a(E1, N1, N2)

We can now encode a complete graph production rule based on these defini-
tions:

Definition 5 (GTS Rule in CHR).

For a graph production rule p = (L l← K
r→ R) from a GTS we define

ρ(p) = (CL, CR) with

– CL = {chr(keep, x) | x ∈ K} ∪ {chr(host, x) | x ∈ L \K}
– CR = {chr(host, x) | x ∈ R \K} ∪{chr(keep, e) | e ∈ EK}
∪{chr(keep, v′), var(v) = var(v′), dvar(v′) = dvar(v)− degL(v)+ degR(v) |
v ∈ VK}
The rule p is then encoded in CHR using ρ(p) = (CL, CR) and in abuse

of notation we use ρ(p) for the CHR rule p @ CL ⇔ CR as well as for the
tuple (CL, CR).

Example 6 (cont.). As an example, consider the first rule from our example GTS,
which replaces the a-edge by a b-edge. Its encoding as a CHR simplification rule
is given below:

r1 @ n(N1, D1), n(N2, D2), a(E1, N1, N2)
⇔
n(N ′

1, D
′
1), N

′
1 = N1, D

′
1 = D1−1+1,

n(N ′
2, D

′
2), N ′

2 = N2, D
′
2 = D2−1+1,

b(E2, N1, N2)

The above rule is created strictly according to Def. 5, but contains numerous
superfluous constructs, like D′

1 = D1−1+1. Eliminating redundant expressions
leads to the following simpler, yet equivalent, rule:

r1 @ n(N1, D1), n(N2, D2), a(E1, N1, N2)
⇔
n(N1, D1), n(N2, D2), b(E2, N1, N2)

For the soundness and completeness results of this embedding we have to
make sure, that the CHR programs only work on valid encodings of graphs.
While in CHR any combination of node and edge constraints can be considered
as input, not all of those make sense in terms of a GTS. To avoid such problems
– like inconsistent degree encodings or dangling edges – we make use of the
following graph invariant. This invariant holds for all states that are the valid
encoding of a corresponding graph.



- 56 - CHR 2009 — 6th International Workshop on Constraint Handling Rules

56 Frank Raiser and Thom Frühwirth

Definition 6 (Invariant, Graph Invariant).
I(S) is a property such that for all S0 and S1, we have that if S0 → S1 (or

S0 ≡ S1) and I(S0) holds then I(S1) holds.
The graph invariant G(σ) with σ = 〈E, C,V〉 holds if there exist a graph G

and a conjunction of equality constraints C′, such that

〈E, C ∧ C′, ∅〉 ≡ 〈chr(host, G),⊤, ∅〉.

For a state σ where G(σ) holds with a graph G we say σ is a G-state based on G.

Another characterization of σ being a G-state based on G is the expression
σ ≡ 〈chr(keep, G), C,V〉.

Using the notion of a G-state based on G we can further identify the set of
strong nodes. Those nodes are special to the CHR encoding of a GTS as the
operational semantics of CHR ensures they cannot be deleted by rule applica-
tions. In [3] it is shown that they are the key to the strong joinability analysis
of critical pairs, but we also need them here for the completeness result.

Definition 7 (Strong Nodes and Derivations).
For a CHR state S = 〈chr(keep, G), C,V〉 which is a G-state based on G we

define the set of strong nodes as: S(S) = {v ∈ VG | dvar(v) = degG(v) 6∈ C}
A GTS derivation G

p,m
=⇒ G′ using p = (L l← K

r→ R) is strong with respect
to S ⊂ VG if ∀s ∈ S : s ∈ m(K) ∨ s 6∈ m(L).

Finally, we present the soundness and completeness results from [3]. The
soundness result states that CHR computations correspond to strong derivations:

Theorem 1 (Soundness).
Let ρ(p) = (CL, CR) be a rule applicable to σ = 〈chr(keep, G), C,V〉 where

G(σ) holds, such that σ ֌ σ′.

Then p = (L l← K
r→ R) is applicable to G such that G

p,m
=⇒ G′ is strong

w.r.t. S(σ). Furthermore, σ′ ≡ 〈chr(keep, G′), C′,V〉 and G(σ′) holds.

As mentioned previously the set of strong nodes cannot be deleted by CHR
rule applications. Therefore, our completeness result is restricted such that only
strong GTS derivations are possible in CHR. Note that this restriction becomes
redundant if S(σ) = ∅, which is especially true, when σ is a chr(host, G)-based
encoding of a graph G.

Theorem 2 (Completeness).

Let p = (L l← K
r→ R) , G

p,m
=⇒ G′, and let σ = 〈chr(keep, G), C,V〉 be a

G-state based on G.
If ∀x ∈ L \ K : m(x) 6∈ S(σ), then ρ(p) = (CL, CR) is applicable to σ.

Furthermore, for σ ֌ σ′ it follows that σ′ ≡ 〈chr(keep, G′), C′,V〉 and G(σ′)
holds.
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2.4 Operational Equivalence in CHR

CHR is well-known for its decidable, sufficient, and necessary criterion for oper-
ational equivalence of terminating and confluent CHR programs [5, 6].

The understanding of operational equivalence within the CHR community
intuitively means that the two programs should be able to compute equivalent
outputs given the same input. Applied to a single state this behavior is called
P1,P2-joinability:

Definition 8 (P1,P2-Joinable, Operational Equivalence).
Let P1,P2 be CHR programs. A state σ is P1,P2-joinable, iff there are com-

putations σ ֌∗
P1

σ1 and σ ֌∗
P2

σ2 with σ1 ≡ σ2 where all σi are final states
with respect to Pi.
P1,P2 are operationally equivalent iff all states σ are P1,P2-joinable.

A decision algorithm for operational equivalence of CHR programs is pre-
sented in [6]. It is based on the analysis of critical states:

Definition 9 (Critical States).
Let P1,P2 be CHR programs. The set of critical states of P1 and P2 is defined

as {〈H,⊤, vars(H)〉 | (H ⇔ B) ∈ P1 ∪ P2}
Theorem 3 (Operational Equivalence via Critical States).

Let P1,P2 be terminating and confluent CHR programs. P1,P2 are opera-
tionally equivalent iff for all critical states σ of P1 and P2 it holds that σ is
P1,P2-joinable.

3 Operational Equivalence of Graph Transformation
Systems

In this section we introduce our notion of operational equivalence for GTS. Based
on the embedding of GTS in CHR from [3] we use the existing decision algorithm
from CHR for operational equivalence of two graph transformation systems.

As a basis we define the property of S1,S2-joinability for two graph trans-
formation systems S1,S2. It is motivated by P1,P2-joinability in the context of
CHR as given in Def. 8.

Definition 10 (S1,S2-joinability).
Let S1,S2 be two graph transformation systems. A typed graph G is S1,S2-

joinable iff there are derivations G ⇒∗
S1

G1 and G ⇒∗
S2

G2 with G1 ≃ G2

being final w.r.t. S1 and S2. Here ≃ denotes traditional graph isomorphism and
a graph G is considered final w.r.t. S if there is no transition G ⇒S H for any
graph H.

Building on S1,S2-joinability we can now define operational equivalence for
graph transformation systems with the same intuitive understanding that two
equivalent GTS should be able to produce the same result graphs up to isomor-
phism given an input graph:
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Definition 11 (GTS Operational Equivalence).
Let S1 = (P1, T G) and S2 = (P2, T G) be two graph transformation systems.

S1,S2 are operationally equivalent iff for all graphs G typed over T G it holds
that G is S1,S2-joinable.

Similar to operational equivalence in CHR where it is futile to directly com-
pare programs that use different constraints, Def. 11 requires S1 and S2 to be
based on the same type graph T G. With the previous results from [3] we can
directly use CHR’s operational equivalence as a sufficient criterion for deciding
operational equivalence of two GTS:

Theorem 4 (CHR Operational Equivalence Implies GTS Operational
Equivalence).

Let S1,S2 be graph transformation systems and P1,P2 their corresponding
CHR programs. S1,S2 are operationally equivalent if P1,P2 are operationally
equivalent.

Proof. Let G be a graph typed over T G. Then the state σ = 〈chr(host, G),⊤, ∅〉
is P1,P2-joinable by Def. 8. Therefore, there exist the final states σ1 ≡ σ2 with
σ ֌∗

P1
σ1 and σ ֌∗

P2
σ2. By Thm. 1 we know that there exist corresponding

derivations G⇒∗
S1

G1 and G⇒∗
S2

G2 such that σ1 is a G-state based on G1 and
σ2 is a G-state based on G2. Due to Thm. 2 G1 and G2 are final states w.r.t. S1

and S2, and finally, the isomorphism between G1 and G2 is implied by σ1 ≡ σ2.
Therefore, G is S1,S2-joinable. ⊓⊔

The reverse direction of Thm. 4 cannot be proved in a similarly simple way.
This is due to the problem, that P1,P2-joinability is required for all states, in-
cluding states that have no corresponding graph. By restricting observation to
valid states we plan to derive a stronger characterization of operational equiva-
lence of GTS (see Sect. 4).

3.1 Redundant Rule Removal

The redundant rule removal algorithm is an application of operational equiva-
lence presented in [11]. It can be applied to graph transformation systems em-
bedded in CHR. It requires the CHR program to be terminating and confluent
with respect to states corresponding to graphs. This implies that the GTS is
required to be confluent and terminating as well [3]. Any redundant rule of such
a program then corresponds to a redundant rule for derivations of the GTS.

The basic idea of the algorithm is to try to remove a rule from the pro-
gram and compare this modified program with the original program. If both are
operationally equivalent the rule is redundant and can be removed. Note that
depending on the order in which rules are tried different results are possible and
this algorithm, hence does not guarantee to yield an operationally equivalent
program with the minimal number of rules possible. Nevertheless, it proved to
be an important algorithm especially in the context of automatically generated
programs [7, 8].
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Example 7. Consider again the GTS given in Fig. 1 and its embedding in CHR:

n(N1, D1), n(N2, D2), ⇔ n(N1, D1), n(N2, D2),
a(E, N1, N2) b(E′, N1, N2)

n(N1, D1), n(N2, D2), n(N3, D3),⇔ n(N1, D1), n(N2, D2), n(N3, D3),
a(E1, N1, N2), a(E2, N1, N3) b(E′

1, N1, N2), a(E2, N1, N3)

The algorithm tries to remove the second rule from the program and then
compare the two programs according to the operational equivalence test. The
only relevant case is considering the head of the removed rule as input to both
programs. The two computations may use different rules, but both programs
compute a final state consisting of a graph with three nodes, an a-edge from the
first to the third node, and an a-edge from the first to the second node.

The previous example shows that our approach uses strong derivations for
testing operational equivalence. This is an important feature and as the following
example demonstrates implementing our approach directly in GTS, that use non-
strong derivations, is not possible.

Example 8. Consider the two graph transformation systems shown in Fig. 4. Us-
ing the graph on the left-hand sides of the two rules as input to both GTSs leads
to isomorphic results as shown in Fig. 5 (1). However, assuming the slightly ex-
tended graph shown in Fig. 5 (2) instead gives two non-isomorphic result graphs.
Therefore, only examining the critical states within the GTS using non-strong
derivations is insufficient. Applying our approach to the GTS in Fig. 4, however,
gives the intended result. We assume this difference is due to the isomorphism
function and the track morphisms (see [12]) for the two GTS derivations being
inconsistent (see also Sect. 4).

1 32

1

1

12

2

23 3

3

r2:

r1:

Fig. 4. Two operationally non-equivalent graph transformation systems

4 Conclusion

In this work we introduced operational equivalence of graph transformation sys-
tems. The proposed notion of operational equivalence is motivated by research
in the context of CHR based on joinability of states. Interestingly, our previ-
ous work on embedding GTS in CHR [3] provides the means to directly derive
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1 2 3

1 12 23 3

r1 r2

1 2 3

1 12 23 3

r1 r2

(1) (2)

Fig. 5. Derivations for two initial graphs

a sufficient criterion for operational equivalence of two graph transformation
systems.

As a direct application of this work we showed that our criterion is suitable
for automatically removing redundant rules from a GTS. Finally, we have given
an example demonstrating that a direct translation of our approach into the
GTS context does not yield the expected outcome.

4.1 Future Work

As the final example showed for a GTS embedded in CHR nodes are implicitly
tracked. We exploited this behavior earlier in [3] in order to decide strong join-
ability which in the GTS context is formulated via an explicit track morphism
[12]. We hope to find a similar formulation of the operational equivalence test,
in which an explicit check involving the track morphism allows us to reach a
corresponding sufficient criterion within the GTS context.

The redundant rule used in the example in Fig. 1 in this work is subsumed
by the other rule. This notion of subsumption for graph transformation systems
is discussed by Kreowski and Valiente in [13] and an interesting future line of
research is to compare our approach with that work. Because our approach relies
on termination it cannot be as generic as their sufficient condition. However,
to the best of our knowledge and as stated in [13] it remains open to find a
verification procedure for that condition. Our approach might, hence, be able to
verify redundancy for a subset of the rules that are redundant according to the
criterion of Kreowski and Valiente.

Furthermore, in the context of CHR the notion of operational c-equivalence
for a constraint c was introduced to extend the classes of programs that can be
operationally equivalent. This notion is not suitable for the context of GTS as it
corresponds to two graph transformation systems defined over two type graphs
that share exactly one node. A more realistic case is the sharing of a subgraph of
the type graphs which in turn gives rise to the idea of operational C-equivalence
for a set of constraints C. Another reason to examine this also in the context
of CHR is that a notion of operational C-equivalence is a generalization of both
previous equivalence notions.
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Abstract. A new probabilistic-logic formalism, called CHRiSM, is intro-
duced. CHRiSM is based on a combination of CHR and PRISM. It can
be used for high-level rapid prototyping of complex statistical models
by means of chance rules. The underlying PRISM system can then be
used for several probabilistic inference tasks, including parameter learn-
ing. We describe a source-to-source transformation from CHRiSM rules
to PRISM, via CHR(PRISM). Finally we discuss the relation between
CHRiSM and probabilistic logic programming, in particular, CP-logic.

1 Introduction

Constraint Handling Rules [1, 2] is a high-level language extension based on
multi-headed rules. We assume the reader to be familiar with CHR.

The idea of adding probabilities to CHR is not new. In [3], a probabilistic
variant of CHR, called PCHR, was introduced. It was implemented by means of
a source-to-source transformation [4]. In PCHR, every rule gets a weight which
represents its relative probability. A rule is chosen randomly from all applicable
rules, according to a probability distribution given by the normalized weights.
For example, the following PCHR program implements a fair coin toss:

toss <=>0.5: head.
toss <=>0.5: tail.

One of the conceptual advantages of PCHR, at least from a theoretical point
of view, is that its semantics instantiates the abstract operational semantics ωt

of CHR [2]: every PCHR derivation corresponds to some ωt derivation.
However, the semantics of PCHR may also lead to some confusion, since

it is not so clear what the meaning of the rule weight really is. For example,
consider again the above coin tossing example. For the query toss we get the
answer head with 50% chance and otherwise tail, so one may be tempted to
interpret weights as rule probabilities. However, if the second rule is removed
from the program, we will not get the answer head with 50% chance, but with a
probability of 100%. The reason is that the weights are normalized w.r.t. the sum
of the weights of all applicable rules. As a result of this normalization, the actual
probability of a rule can only be computed at runtime and by considering the
full program. In other words, the probabilistic meaning of a single rule heavily
depends on the rest of the PCHR program; there is no localized meaning.

Also, adding weights to propagation rules usually does not make a lot of
sense. Consider for example this program:
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toss ==>0.5: head.
toss ==>0.5: tail.

For the above program, the result of the query toss will always be toss, head,
tail (not necessarily in that order): the first propagation rule to fire is chosen
randomly, and then the other one has to fire because it is the only applicable
rule that is left (so its weight effectively does not matter).

The abstract semantics ωt of CHR can be instantiated to allow more ex-
ecution control and more efficient implementations. The best-known example
of such an instantiation is the refined semantics ωr [5]. However, the seman-
tics of PCHR, even though it conforms to ωt (all PCHR derivations are also ωt

derivations), cannot be instantiated in an analogous way. The reason is that the
semantics of PCHR refers to all applicable rules in order to randomly pick one.
This conflicts fundamentally with the purpose of instantiations like the refined
semantics, which consider only a small portion of the set of applicable rules (i.e.,
only the rules corresponding to the current active constraint occurrence).

The above issues indicate that perhaps some further investigation of the com-
bination of probabilities and CHR could be useful. In this paper we introduce
a different probabilistic variant of CHR, which we call CHRiSM. Its semantics
rather differs from that of PCHR and its derivations do not correspond exactly
to ωt derivations (in particular, CHRiSM derivations are partial ωt derivations).
However, the semantics of CHRiSM can be instantiated since it does not refer to
the set of all applicable rules. As a result, it can be implemented more efficiently
and more execution control can be obtained. Additionally, in the CHRiSM se-
mantics, the rules have a localized meaning: the probabilities do not depend on
whether or not other rules are applicable.

CHRiSM can be implemented easily given a CHR(PRISM) system, that is,
a CHR system for the host language PRISM. PRISM (PRogramming In Sta-
tistical Modeling) is an extension of Prolog with probabilistic built-ins [6]. It
has built-in support for several probabilistic inference tasks, including sampling,
probability computation, and an expectation-maximization (EM) learning algo-
rithm. These features directly transfer to CHRiSM. These features, in particular
EM-learning, are an additional significant advantage of CHRiSM over PCHR:
the latter only supports probabilistic execution, i.e. sampling. A state-of-the-art
CHR(PRISM) system is currently not available and beyond the scope of this
paper. We will however present a prototype implementation of CHRiSM that
uses a naive CHR(PRISM) system based on toychr.

2 Syntax and Semantics of CHRiSM

CHRiSM extends CHR with two probabilistic statements: it it possible to specify
the probability of an entire rule and of the disjuncts in a disjunction.

2.1 Syntax and Informal Semantics

Formally, a CHRiSM program P consists of a sequence of chance rules. A chance
rule is of the following form:
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P ?? Hk \ Hr <=> G | B.

where P is a probability expression (as defined below), Hk is a conjunction of
(kept head) constraints, Hr is a conjunction of (removed head) constraints, G is
a guard condition (a Prolog goal to be satisfied), and B is the body of the rule. If
Hk is empty, the rule is a simplification rule and the backslash is omitted; if Hr
is empty, the rule is a propagation rule and it is written as “P ?? Hk ==> ...”.

The meaning of such a chance rule is that, whenever this rule could in princi-
ple be applied to rewrite its head, this will only happen with a probability given
by P. Formally, the probability expression P is one of the following:

– A number between 0 and 1, indicating the probability that the rule fires. A
rule of the form 1 ?? is a normal CHR rule; the “1 ??” may be dropped.

– An expression of the form eval(E), where E is an arithmetic expression
(in Prolog syntax) which may involve variables from the head and guard,
which should be fully instantiated when the rule is applicable. The evaluated
expression indicates the probability that the rule fires.

– Omitted (so the rule starts with “??”): this indicates that the rule probability
is unknown.

– A set of variables V1,...,Vn: the probability is unknown and it is parametrized
in (i.e., the distribution may depend on) the values of V1,...,Vn.

Initially, unknown probabilities are set to a uniform distribution (0.5 in the case
of rule probabilities). They can be changed by PRISM’s EM-learning algorithm.

Next to these probability assignments to entire rules, CHRiSM also allows to
assign probabilities to the disjuncts of a disjunction; that is, the rule body B is
a conjunction of any of the following:

– Prolog goals and/or CHRiSM constraints (just like in regular CHR);
– CHR∨-style disjunction [7] (i.e., Prolog disjunction, with backtracking);
– LPAD-style probabilistic disjunction [8] (LPAD: Logic Programs with An-

notated Disjunctions), of the form

D1:P1 ; ... ; Dn:Pn,

where the disjuncts Di are rule bodies, and a disjunct Di is chosen (committed-
choice) with probability Pi. The probabilities should sum to 1.

In case the probabilities Pi of the disjuncts are not known, one can also write:

P ?? D1 ; ... ; Dn,

where P can either be omitted (to denote that the probability distribution over
the disjuncts is unknown), or a conjunction of variables V1,..., Vn (to denote
that this distribution is unknown and dependent on the values of the Vi).
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2.2 Operational Semantics

The abstract operational semantics ω??
t of a CHRiSM program P is given by

a state-transition system that resembles the abstract operational semantics of
CHR∨. In particular, the execution states are defined analogously, except that
we additionally define a unique failed execution state which is denoted by “fail”
(to prevent further rule applications after failure). We refer the reader to [2] for a
definition of ωt execution states. The transitions of ω??

t are listed in Fig. 1. Note
that the first four transitions, together with the last one where P=1, correspond to
the usual semantics of CHR∨ (with the minor difference that ω??

t has an explicit
Fail transition). We use ⊎ for multiset union, and ∃̄AB to denote ∃x1, . . . , xn : B,
with {x1, . . . , xn} = vars(B) \ vars(A), where vars(A) are the (free) variables in
A (if A is empty it may be omitted).

1. Fail. 〈{b} ⊎G, S,B, T〉n ֌P fail
where b is a built-in (Prolog) constraint and DH |= ¬∃̄(B ∧ b).

2. Solve. 〈{b} ⊎ G, S, B, T〉n ֌P 〈G, S, b ∧ B, T〉n
where b is a built-in (Prolog) constraint and DH |= ∃̄(B ∧ b).

3. Introduce. 〈{c} ⊎G, S, B, T〉n ֌P 〈G, {c#n} ∪ S, B, T〉n+1

where c is a CHRiSM constraint.
4. Split. 〈{d} ⊎ G, S, B, T〉n ֌P 〈{d1} ⊎G, S, B, T〉n | . . . | 〈{dk} ⊎G, S,B, T〉n

where d is a CHR∨ disjunction of the form d1 ; . . . ; dk.
5. Probabilistic Choice. 〈{d} ⊎G, S, B, T〉n ֌P 〈{di} ⊎G, S,B, T〉n

where d is a probabilistic disjunction of the form P ?? d1 ; . . . ; dk or of the
form d1:p1 ; . . . ; dk:pk. One disjunct di is chosen probabilistically according
to a distribution parametrized in P or given by p1, . . . , pk.

6. Maybe-Apply. 〈G, H1 ⊎H2 ⊎ S,B, T〉n ֌P X
where the r-th rule of P is of the form P ?? H ′

1 \ H ′
2 <=> G | B,

θ is a matching substitution such that chr(H1) = θ(H ′
1) and chr(H2) = θ(H ′

2),
h = (r, id(H1), id(H2)) 6∈ T, and DH |= B → ∃̄B(θ ∧ G). With a probability
determined by P, the resulting state X = 〈B ⊎ G, H1 ⊎ S, θ ∧ B, T ∪ {h}〉n.
Otherwise, the resulting state X = 〈G, H1 ⊎H2 ⊎ S, B, T ∪ {h}〉n.

Fig. 1. Transition relation ֌P of the abstract operational semantics ω??
t of CHRiSM.

In addition to this very nondeterministic abstract operational semantics ω??
t ,

we can also define more deterministic instantiations of ω??
t , just like ωr and

ωp are instantiations of ωt (see also [9]). In the following, we will use a “refined
semantics of CHRiSM”, defined analogously to [5]. Of course CHRiSM can also be
given a “priority semantics”, analogous to [10], to get a more intuitive mechanism
for execution control.

Any CHRiSM system uses a (computable) execution strategy in the sense
of [9]. In the examples in the next section we will assume that this execution
strategy is within the strategy class corresponding to the refined semantics of
CHRiSM. Note that in [9], an execution strategy completely fixes the derivation
for a given input goal. In the context of CHRiSM this is no longer the case because
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of the probabilistic choices. However, we may assume that the derivation is fixed
if the same choices are made. In other words, the only choice is in the probabilistic
choices inside the transitions “Probabilistic Choice” and “Maybe-Apply”;
there is no nondeterminism in choosing which ω??

t transition to apply next.
The CHRiSM built-in Q <==> A denotes that there exist a series of proba-

bilistic choices such that (under the particular execution strategy which is used)
a derivation starting with query Q results in the answer A.

The built-in Q ===> A denotes that the answer for query Q contains at least A:
Q ===> A holds if Q <==> B with A ⊆ B. In both cases, Q and A are conjunctions
of ground CHRiSM constraints. We also allow “negated” CHRiSM constraints in
the right hand side: Q ===> A,∼N is a shorthand for Q <==> B with A ⊆ B and
N 6⊆ B.
The following PRISM built-ins can be used when querying a CHRiSM program:

– sample Q : probabilistically execute the query Q;
– prob Q <==> A : compute the probability that Q <==> A holds, i.e. the

chance that the choices are such that query Q results in answer A;
– prob Q ===> A : compute the probability that the answer for Q contains A;
– learn(L) : perform EM-learning based on a list L of observations about

derivations (count/2 can be used to denote multiple identical observations);
– learn : perform EM-learning using the facts in a data file whose location can

be set using the directive set prism flag(data source,file(Filename)).

3 CHRiSM by Example

In this section we illustrate some of the features of CHRiSM by example. As a
first toy example, consider the following CHRiSM program for tossing a coin:

toss <=> head:0.5 ; tail:0.5.

The query “sample toss” results in head or tail, with 50% chance each.

3.1 Rock-paper-scissors

Now consider the following slightly less trivial CHRiSM program to simulate
naive “rock-paper-scissors” players:

player(P) <=> P ?? rock(P) ; scissors(P) ; paper(P).
rock(P1), scissors(P2) ==> winner(P1).
scissors(P1), paper(P2) ==> winner(P1).
paper(P1), rock(P2) ==> winner(P1).

We assume here that each player has his own fixed probability distribution for
choosing between rock, scissors, and paper. This is denoted by using P as the
probability expression for the choice in the first rule: the probability distribu-
tion depends on the value of P and thus every player has his own distribution.
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However, these distributions are not known to us. By default, the unknown prob-
ability distributions for, say, tom and jon are therefore both set to the uniform
distribution, which implies, among other things, that each player should win one
third of the time. Here is a possible interaction: (user input is in bold)
| ?- sample player(tom),player(jon)
player(tom),player(jon) <==> rock(jon),rock(tom).
| ?- sample player(tom),player(jon)
player(tom),player(jon) <==> rock(jon),paper(tom),winner(tom).
| ?- prob player(tom),player(jon) ===> winner(tom)
Probability of player(tom),player(jon)===>winner(tom) is: 0.333333

Now suppose that we watch 100 games, and want to use our observations to ob-
tain a better model of the playing style of both players. If we can fully observe
these games, then this is easy: we can just use the frequency with which each
player played rock, paper or scissors as an estimate for the probability of him
making that particular move. The situation becomes more difficult, however, if
the games are only partly observable. For instance, suppose that we do not know
which moves the players made, but are only told the final scores: tom won 50
games, jon won 20, and 30 games were a tie. Deriving estimates for the prob-
abilities of individual moves from this information is less straightforward. For
this reason, PRISM comes with a built-in implementation of the EM-algorithm
for performing parameter estimation in the presence of missing information [11].
We can use this algorithm to find plausible corresponding distributions:

| ?- learn([ 
ount((player(tom),player(jon) ===> winner(tom)),50),
ount((player(tom),player(jon) ===> winner(jon)),20),
ount((player(tom),player(jon) ===> ∼winner(tom),∼winner(jon)),30)℄)
...

The PRISM built-in show sw shows the learned probability distributions, which
do indeed correspond (approximately) to the observation frequencies, e.g.:

| ?- show_sw
Switch exp1(jon): 1 (p: 0.600570) 2 (p: 0.065368) 3 (p: 0.334061)
Switch exp1(tom): 1 (p: 0.084208) 2 (p: 0.209736) 3 (p: 0.706054)
| ?- prob player(tom),player(jon) ===> winner(tom)
Probability of player(tom),player(jon)===>winner(tom) is: 0.499604

3.2 Monopoly dice rolling

The following CHRiSM program implements dice rolling in the Monopoly game.
Two dice rolls determine the number of steps to go forward. As long as doubles
are rolled, the player may roll again. However, if doubles are rolled three times,
the player must go to jail. Note that this program makes use of the refined se-
mantics of CHRiSM: the last rule (roll again) may only be fired if the penultimate
rule (go to jail) is not applicable.
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go <=> roll, roll.
roll <=> ?? die(1);die(2);die(3);die(4);die(5);die(6).
die(X) ==> steps(X).
steps(X), steps(Y) <=> Z is X+Y, steps(Z).
die(X), die(X) <=> again.
again, again, again <=> jail.
again ==> go.

We assume that the dice are fair, so the default uniform distribution is correct.
If given enough observations, this assumption can be tested by learning the dice
probability distribution. If needed we can also distinguish between the two dice:

go <=> roll(die_A), roll(die_B).
roll(D) <=> D ?? die(1);die(2);die(3);die(4);die(5);die(6).

Here is an example interaction:

| ?- sample go
go <==> die(3),die(4),steps(7).
| ?- prob go ===> steps(10)
Probability of go===>steps(10) is: 0.063571
| ?- prob go ===> jail
Probability of go===>jail is: 0.004629
| ?- prob go ===> ∼again, ∼jail
Probability of go===>∼again,∼jail is: 0.833333

3.3 Random graphs

Suppose we want to generate a random directed graph, given its nodes. The
following rule generates every possible directed edge with probability 50%:

0.5 ?? node(A), node(B) ==> edge(A,B).

The above rule of course generates dense graphs; if we want to get a sparse
graph, say with an average (out-)degree of 3, we can use the following rule.
The auxiliary constraint nb nodes(n) contains the total number of nodes n;
the probability of the rule is such that each of the n(n − 1) possible edges is
generated with probability 3/(n − 1), so we can expect that on average it will
generate about 3n edges:

eval(3/(N-1)) ?? nb_nodes(N), node(A), node(B) ==> edge(A,B).

3.4 Bayesian networks

Bayesian networks are one of the most widely used kinds of probabilistic models.
A classical example [12] of a Bayesian network is that describing the following
alarm system (see Figure 2). Suppose there is some probability that there is a
burglary, and also that there is some probability that an earthquake happens.
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burglary earthquake

alarm

johncalls marycalls

Fig. 2. Bayesian network for alarm system

The probability that the alarm goes off depends on whether those events happen.
Also, the probability that John calls the police depends on whether the alarm
went off, and similarly for the probability that Mary calls.

This Bayesian network can be described in CHRiSM in a straightforward way:

go ==> ?? burglary(yes) ; burglary(no).
go ==> ?? earthquake(yes) ; earthquake(no).
burglary(B), earthquake(E) ==> B,E ?? alarm(yes) ; alarm(no).
A ?? alarm(A) ==> johncalls.
A ?? alarm(A) ==> marycalls.

and the probability distributions can be estimated given a number of full obser-
vations like

go <==> go, burglary(no), earthquake(yes), alarm(yes), marycalls.
go <==> go, burglary(no), earthquake(no), alarm(no).

or given partial observations like

go ===> johncalls, ∼marycalls.
alarm(yes) ===> johncalls.

In this way, each Bayesian network can be represented in CHRiSM. We can
derive the same information from it as can be derived from the network itself.

4 Prototype Implementation and Future Work

A prototype CHRiSM system was implemented.1 It is based on a source-to-
source transformation to CHR(PRISM) rules. PRISM is implemented on top
of B-Prolog, and several advanced CHR systems are currently available for B-
Prolog (e.g. [13] and [14]). However, these advanced CHR systems typically make
use of non-pure Prolog constructs (e.g. global variables and destructive updates
in [13], Action Rules in [14]) which cause some problems in PRISM. Therefore,

1 Download the CHRiSM system at http://www.cs.kuleuven.be/∼jon/chrism/
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as a simple workaround, the prototype CHRiSM system is based on toychr2, a
rather naive implementation of (ground) CHR in pure Prolog, which works fine
in PRISM.

4.1 PRISM

PRISM is a probabilistic logic programming language. More precisely: PRISM is
Prolog extended with a probabilistic built-in multi-valued random switch (msw).
A multi-valued switch atom msw(term, Result) represents a probabilistic ex-
periment named term (a ground Prolog term), which produces an outcome
Result. The set of possible outcomes for such an experiment is defined by means
of a predicate values(term,[v1,..., vn]). By default, a uniform distribution
is assumed (all values are equally likely). Different probabilities can be assigned
by means of set_sw(term, [p1, ..., pn]).

A PRISM program consists out of two parts, rules R and facts F . The facts F
define a base probability distribution PF on msw-atoms, by means of the values
and set_sw predicates. The rules R are a set of definite clauses, which are allowed
to contain the msw predicate in the body (but not in the head). This set of clauses
R serves to extend the base distribution P to a distribution PDB(·) over the set
of Herbrand interpretations: for each interpretation M of the msw terms, the
probability PF (M) is assigned to the interpretation I that is the least Herbrand
model of R ∪M (distribution semantics).

HMM Example. A 2-state HMM is modeled with PRISM as an example. Con-
sider a very simple left-to-right HMM with two states {s0, s1}. s0 is the initial
state and the next state is again s0 or s1 which is the end state. In each state,
the HMM outputs a symbol either ‘a’ or ‘b’.

values(tr(s0), [s0, s1]).
values(out(_), [a,b]).

hmm(Cs) :- hmm(0,s0,Cs).
hmm(T,s1,[C]) :- msw(out(s1),T,C). % Final state

% output symbol and terminate
hmm(T,S,[C|Cs]) :- S\==s1, % Not the final state
msw(out(S),T,C), % output symbol
msw(tr(S),T,Next), % go to next state
T1 is T+1,
hmm(T1,Next,Cs).

The first two clauses are declarations to indicate the possible values (the
facts). values(i, Vi) says that Vi is a list of possible values the switch i can
take. The remaining clauses define the probability distribution on the strings
generated by the HMM (the rules). hmm(Cs) denotes a probabilistic event that
the HMM generates a string Cs. hmm(T, S, Cs′) denotes that the HMM, whose
state is S at time T , generates a substring Cs′ from that time on.
2 by Gregory J. Duck, 2004. Download: http://www.cs.mu.oz.au/∼gjd/toychr/
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Alarm System Example. In PRISM the Bayesian network describing the alarm
system given before is modeled as follows:

values(_,[yes,no]). % all variables are boolean
world(Fire,Earthquake,Alarm,JohnCalls,MaryCalls) :-

msw(fire,Fire),
msw(earthquake,Earthquake),
msw(alarm(Fire,Earthquake),Alarm),
msw(johncalls(Alarm),JohnCalls),
msw(marycalls(Alarm),MaryCalls).

If the goal is to learn the probabilities from data, this suffices; otherwise, the
probabilities can be set explicitly, for example:

:- set_sw(johncalls(yes), [0.9, 0.1]).
:- set_sw(johncalls(no), [0.1, 0.9]).
...

4.2 Transformation to CHR(PRISM)

The transformation from CHRiSM to CHR(PRISM) is rather straightforward.
We illustrate it by example. Consider again the rule

player(P) <=> P ?? rock(P) ; scissors(P) ; paper(P).

from Section 3.1. It is translated to the following CHR(PRISM) code:

values(experiment1(_),[1,2,3]).
player(P) <=> msw(experiment1(P),X),

(X=1->rock(P); X=2->scissors(P); X=3->paper(P)).

Another example is the random graph rule from Section 3.3:

eval(3/(N-1)) ?? nb_nodes(N), node(A), node(B) ==> edge(A,B).

which gets translated to the following CHR(PRISM) code:

values(experiment1,[1,2]).
nb_nodes(N), node(A), node(B) ==>

P1 is 3/(N-1), P2 is 1-P1, set_sw(experiment1,[P1,P2]),
msw(experiment1,X),
(X=1->edge(A,B); X=2->true).

Probabilistic simplification rules and simpagation rules are a bit more tricky
since it does not suffice to add a “nop”-disjunct like above. Putting the msw-
test in the guard of the rule also does not work as expected. In sampling mode,
this works fine, but when doing probability computations or learning, an un-
wanted behavior emerges because of the way PRISM implements explanation
search. During explanation search, PRISM essentially redefines msw/2 such that
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it creates a choice point and tries all values. This causes the guard to always suc-
ceed and thus explanations that involve not firing a chance rule are erroneously
missed. Hence some care has to be taken to translate such rules to PRISM code
that behaves correctly. Our solution involves a simple but somewhat ad hoc
change to the toychr compiler.

In order to further clarify the above issue, consider the PRISM code gener-
ated for a CHR rule of the form Head <=> Guard | Body. The generated code
consists of a series of PRISM clauses, where one clause ends like this:

...
( Guard ->

RemoveConstraints,
Body

; Continue ).

where RemoveConstraints is the code responsible for removing the constraints
of Head from the constraint store, and Continue is the code to try the next ap-
plicable rule (in case the guard failed). Clearly, if the msw-test is put in the body,
we get the problem that the head constraints are removed even if the chance rule
was “not applied”. If the msw-test is put in the guard, the Continue branch is
never entered when PRISM does explanation search. Instead, we generate code
of the following form, which does result in the right behavior:

...
( Guard ->

msw(experimentk,X),
( X = 1 ->

RemoveConstraints,
Body

; Continue )
; Continue ).

4.3 Future work

Our prototype implementation can obviously be improved and extended in many
ways. We mention a few general directions for future work:

– The computational performance of toychr does not suffice for programs
that are not toy examples. It will thus be necessary to get a more advanced
CHR system to cooperate with PRISM. One of the obstacles is that PRISM
heavily relies on tabling for efficiency [15]; some work has already been done
on CHR and tabling in the context of XSB (e.g. [16] and [17]), which may
be transferable to PRISM/B-Prolog.

– So far we have only considered ground CHRiSM programs, that is, all con-
straint arguments are ground at runtime. It is not straightforward to add
support for non-ground programs and queries, but it would certainly be
useful to have (at least) support for queries like
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| ?- prob player(tom),player(jon) ===> winner(_)
| ?- prob go ===> steps(S), S > 20

– In [3], the notion of probabilistic termination was explored for PCHR pro-
grams. Consider for example the Monopoly example. This program always
terminates for the query go, since the number of re-rolls is at most two.
Suppose we remove the “go to jail” rule. Now the program is nonterminat-
ing: if we keep rolling doubles, it never ends. However, it is probabilistically
terminating since the probability of terminating is 1 (the probability of non-
termination is (1/6)∞ = 0). The probability of some derivation, say prob
go ===> steps(20) can still be computed and learning from a set of obser-
vations still makes sense for programs that only terminate probabilistically;
however PRISM cannot handle such programs because it will go in an infinite
loop during explanation search (or more precisely, run out of stack space).
This is not just an issue in CHRiSM but also in PRISM.

5 Relation to Probabilistic Logic Programming

There exist numerous probabilistic extensions of logic programs. One particular
family of such extensions is formed by CP-logic or LPADs [18], ProbLog [19],
ICL [20], and PRISM itself [6]. All of these can be easily transformed to CHRiSM.
Let us consider the case of CP-logic. A theory in this language consists of a set
of normal logic programming rules with probabilistically quantified disjunctions
in the head; i.e., a CP-logic rule r is of the form:

(h1 : α1) ∨ · · · ∨ (hn : αn)← φ

with the hi propositions, the αi probabilities (with
∑

αi = 1) and φ a formula.
Such a rule expresses that if the formula φ is satisfied, a random event will take
place, which causes one of the hi; each αi represent the probabilities that the
associated hi is the atom that is in fact caused.

We can translate such a rule to CHRiSM by introducing some new symbols.
We introduce a symbol br to denote that the body φ of this rule r is satisfied, and
for each hi in its head, we introduce a symbol chi

r to represent that hi is the atom
caused by r. For all the symbols s that we now have, we also introduce a symbol
not_s to represent its negation. We can then translate the above CP-logic rule
as:

br <=> α1:ch1
r ; ... ; αn:chn

r

and

not_br <=> not_ch1
r ,... , not_chn

r .

In CP-logic, each rule can “fire” at most once. To avoid that the multiset se-
mantics of CHR would give a different result, we add br\ br <=> true to the
top of the CHRiSM program.

To relate the chi
r and not_c

hj
r , we use: chi

r ==> not_c
hj
r , for all i 6= j.
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The semantics of CP-logic has a non-monotonic aspect, which stems from its
use of “negation-as-failure” as in the well-founded semantics for logic programs.
This can be captured in CHRiSM by expressing that a atom h is true if and only
if it is caused by at least one rule ri:

ch
r1

==> h
...

ch
rn

==> h
not_ch

r1
,... , not_ch

rn
==> not_h.

Here, r1, . . . , rn are all the rules that have h in their head.
All that remains is to define the br and not_br in such a way that they

correctly correspond to the truth of the bodies of the rules r. This requires us to
encode the logical connectives in CHR. If we push negation down to the atom
level, we can simply replace each ¬h with not_h. Encoding the meaning of ∨
and ∧ is straightforward.

We have now shown that CP-logic can be encoded in CHRiSM in a compact
and modular way. It follow that we can do the same for sublogics of CP-logic,
such as ProbLog, ICL, and PRISM.

Next to these “logic programming flavored” languages, there also exist a
number of formalisms that are inspired by Bayesian networks, such as BLP [21],
RBN [22], CLP(BN) [23], and Blog [24]. Based on the encoding of Bayesian
networks that we gave in Section 3.4, we can also translate BLPs to CHRiSM.
RBNs, CLP(BN) and Blog would be more difficult, because they allow more
complex probability distributions, for which CHRiSM currently does not offer
support.

As the above paragraphs show, we can encode CP-logic or BLPs using only
the D1:P1; ...; Dn:Pn construction of CHRiSM. In particular, the ability to
assign a probability to an entire rule is not used. This construct offers some
expressivity that these other language do not have; namely, it allows to explicitly
make things false. For instance, suppose we want to model the evolution of
a population. The fact that an individual might die could be represented in
CHRiSM as: 0.1 ?? alive <=> true. In a language such as CP-logic, this would
have to be encoding in a roundabout way, using explicit time points and a
probabilistic law of persistence:

(alive(T + 1) : 0.9)← alive(T ).

The CHRiSM representation is more compact and elegant.

6 Conclusion

In this exploratory paper, we have introduced a novel rule-based probabilistic-
logic formalism called CHRiSM, which is based on a combination of CHR and
PRISM. We have introduced its syntax and semantics and illustrated them with
a few example programs. These examples, being only toy examples, show only
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a glimpse of the power, elegance, and expressiveness of CHRiSM’s chance rules.
Just like CHR has important advantages over Prolog (a.o., multi-headedness),
CHRiSM has the same advantages over PRISM.

When comparing CHRiSM to PCHR, the authors consider the most impor-
tant difference to be that CHRiSM has a cleaner and more natural semantics. In
contrast to PCHR, the probabilistic meaning of CHRiSM’s chance rules is local,
that is, it does not depend on the full program and runtime information (the
applicability of other rules). This difference between PCHR and CHRiSM can
also be approached from the point of view of execution control: while PCHR
can only be defined in the framework of a very nondeterministic abstract oper-
ational semantics, CHRiSM can also be given a refined operational semantics or
a priority semantics.

Another practical advantage of CHRiSM over PCHR is that there are many
features inherited from PRISM: the support for computing probabilities, learning
from examples, etc. These features essentially come for free — although from
the system implementation point of view, the combination of CHR and PRISM
also introduces several challenges, most of which have not been tackled yet in
this exploratory work.

We described a naive prototype implementation and identified some issues
and directions for future work. We also showed how CP-logic can be embedded
in CHRiSM. CP-logic (and, by virtue of the embedding of CP-logic in CHRiSM,
also CHRiSM) can express many other probabilistic logic formalisms (including
ProbLog, ICL, and PRISM).

This paper obviously only scratches the surface of the research questions
associated with CHRiSM.
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9. Sneyers, J., Frühwirth, T.: Generalized CHR machines. In Schrijvers, T.,
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Abstract. This is a proposal for a next generation of CHR called CHR2.
It combines the best features of language extensions proposed in earlier
work and offers a solution to their main drawbacks. We introduce several
novel language features, designed to allow the flexible, high-level spec-
ification of readable, efficient programs. Moreover, CHR2 is backwards
compatible, such that existing programs can make use of CHR2’s new
features, but do not need to be changed.

1 Introduction

Constraint Handling Rules (CHR) [1–3] is a high-level programming language
extension based on guarded, multi-headed, committed-choice multiset rewrite
rules. Originally designed for the declarative specification of constraint-based
systems, CHR is increasingly used in a wide range of general purpose appli-
cations [2]. Several very efficient implementations of CHR exist, embedded in
host-languages such as Prolog, Haskell, and Java.

In recent years, several extensions for CHR have been proposed that add
powerful language features. Notable examples are negation as absence in CHR¬
[4], and user-definable rule priorities in CHRrp [5, 6]. In both cases, the added ex-
pressiveness eliminates the need for ad-hoc low-level programming idioms, com-
monly found in current programs. This leads to cleaner, more concise programs.
We are therefore convinced that these language extensions are an important step
towards a credible, practical CHR-based programming language.

Nevertheless, current state-of-the-art CHR implementations have not yet in-
corporated any of these features. This is partly because the experience gained
with prototype implementations has shown certain issues with both language ex-
tensions [4, 6]. In this exploratory paper, we provide a possible basis for CHR2,
a next generation of CHR. The goals for CHR2 are:

– to build further on recent advances towards flexible, useful CHR systems
– to combine the advantages of negation as absence and rule priorities, while

avoiding their main disadvantages
– to thereby bridge the gap between CHR and production rule systems
– to remain backwards compatible with existing CHR systems where possible

Aside from integrating and further improving earlier proposals, we also introduce
several novel language features, such as priority constraints and cardinality an-
notations. Together, they constitute a powerful, elegant programming language,
designed to be the basis for future, more practical CHR systems.
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1.1 Constraint Handling Rules

A constraint c(t1, . . . , tn) is an atom with all ti’s host language values (e.g. Her-
brand terms in Prolog). There are two types of constraints: built-in constraints,
solved by the underlying host language, and user-defined CHR constraints.

There are three types of Constraint Handling Rules: simplification rules,
propagation rules and simpagation rules. They have the following form:

Simplification r @ Hr ⇐⇒ G | B
Propagation r @ Hk =⇒ G | B
Simpagation r @ Hk \ Hr ⇐⇒ G | B

where r is a unique name, the head consists of non-empty sequences of CHR
constraints Hk and Hr, the guard G is an optional conjunction of built-in con-
straints, and the body B is a conjunction of CHR and built-in constraints.

Operationally, a multiset of CHR constraints called the constraint store is
kept. A rule is applicable if the store contains constraints matching its head,
and its guard is satisfied. If a rule is fired (applied), constraints that matched
a sequence Hr are removed from the store, and the constraints in the body are
added. This high-level semantics is specified formally by the so-called theoretical
operational semantics (ωt) of CHR. The refined operational semantics (ωr) [7]
is a more low-level description of how most current CHR implementations work.
It is considerably more deterministic than ωt. It establishes that bodies are
executed left-to-right, and treats CHR constraints as procedure calls, where each
newly added active constraint exhaustively searches for possible matching rules
in a top-to-bottom order. A detailed description is found in [7].

For more complete, gentler introductions of CHR, its properties and its op-
erational semantics, we refer e.g. to [1–3].

1.2 CHR with Negation as Absence

In [4], an extension of CHR with negation as absence called CHR¬ is introduced.
In CHR¬, the left-hand side of a rule can contain so-called negated heads (pre-
ceded by ‘\\’), which test for the absence of constraints. CHR¬ rules also react to
constraint removal. Negation as absence adds a nice symmetry to the language.
Unfortunately, [4] showed that the combination of negation with the refined
semantics’ sequential, left-to-right processing of constraints, is problematic.

Example 1. The following rules could be part of a banking application. The first
rule creates an account for each client that has none; the second handles deposits.

client(X) \\ account(X,_) ==> account(X,0).

deposit(X,Amount), account(X,B) <=> account(X,B + Amount).

The deposit/2 operation should be atomic. However, in the semantics of [4], there
exists a state in which the old account/2 constraint (i.e. before the deposit) is
removed, but the new account/2 constraint (the one after the deposit) is not yet
added to the store. In CHR¬, the (temporary) removal of an account/2 constraint
thus causes the first rule to fire if the client has no other accounts.
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In general, such inconsistent, intermediate states are unavoidable when ex-
tending the refined operational semantics. We refer to [4, 8] for more examples.

1.3 CHR with Rule Priorities

CHRrp, CHR with rule priorities, is introduced in [5, 6] to deal with the lack of
high-level execution control in CHR. Today, many CHR programs rely on the
ωr semantics for correctness or efficiency. This means that the desired execution
strategy of these programs is encoded in the program logic. CHRrp offers a clearer
separation of logic and control.

In CHRrp, every rule is annotated with a user-defined priority, a numeric
expression that may depend on arguments of the constraints matching the rule’s
heads. These then imply a (total) order on applicable rule instances that must be
respected when executing the program. Explicitly specifying numeric priorities
for each rule often is impractical. This is addressed in Section 2.3.

In order to get a sensible operational semantics, CHRrp rules are executed
atomically. That is: all constraints in the body are resolved before the next appli-
cable rule instance is searched for. However, while the atomic (batch) execution
mechanism of CHRrp is often desirable, there are cases where incremental execu-
tion as in the ωr semantics of CHR is more suitable. A first common case is when
CHR interacts with host language statements that are not pure constraints.

Example 2. Consider the following CHR(Prolog) rule:

fact(N,F) <=> N1 is N-1, fact(N1,F1), F is F1 * N.

If this rule’s body is evaluated atomically, the ‘F is F1 * N’ Prolog statement
will raise an error because F1 will still be unbound.

Other obvious examples of host language statements that have to be executed
in order are those that produce side effects. Moreover, for certain (non-confluent)
programs, the order in which CHR constraints are evaluated matters as well. A
good example is the union-find algorithm [9], where the order of union and
find operations clearly determines the results returned by the find operations.
The need for ordering constraints that represent operations or actions, which
commonly occurs in general-purpose programs, was also recognized e.g. in [10].

The operational semantics of CHRrp does not readily allow expressing left-
to-right execution. Instead, tedious auxiliary rules and constraints have to be
used. We refer to [6] for several worked-out examples.

2 Syntax

2.1 Left-hand Side

In CHR syntax, the different types of conditions that determine a rule’s ap-
plicability — kept occurrences, removed occurrences, and guard conjuncts —
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are grouped in separate segments. Consequently, conditions that logically be-
long together must often be written separately. For larger, multi-headed rules,
this hampers both usability and readability, as these restrictions mostly prohibit
them from having an intuitive left-to-right reading.

Example 3. Consider the following rule from the RAM program of [11]:

prog(L,cjump,R,_), mem(R,X) \ pc(L) <=> X 6= 0 | pc(L+1).

The mem/2 occurrence is written to the right of the prog/4 occurrence because
the latter logically determines the memory cell’s address R. The pc/1 occurrence
similarly determines the instruction label L required for finding matching prog/4
constraints. However, because the pc/1 occurrence is removed, it must be written
to the right of the backslash. Note moreover that the guard on X is separated
from the variable’s occurrence in the head.

The negated heads of CHR¬ only further deteriorate the situation: the guard
becomes further separated from the positive part of the head.

We therefore propose a more flexible syntax for CHR2. All applicability con-
ditions, including the conjuncts of the guard, are written on the left-hand side
of the rule. Conjuncts have one of the following forms:

1. +c or -c, with c a CHR constraint, indicating kept and removed heads. Kept
heads are preceded by ‘+’, removed heads by ‘-’;

2. b, with b a built-in constraint, indicating a guard ;
3. ∼(N), with N a conjunction of CHR and built-in constraints, indicating

negated heads and their guards. For single-conjunct N , the parentheses may
be omitted.

The arrow symbol ‘=>’ is used to separate a rule’s left- and right-hand side.

Example 4. The rule from Example 3 can now be written as follows:

-pc(L), +prog(L,cjump,R,_), +mem(R,X), X 6= 0 => pc(L+1).

Example 5. The following excerpt illustrates the use of negation as absence:

-get_min(Min), ∼c(X) => Min = -1.

-get_min(Min), +c(X), ∼(c(Y), Y < X) => Min = X.

Rules without left-hand side are supported. Such rules are useful for spec-
ifying the constraints that constitute (part of) the initial constraint store. For
rules with trivial body true, the ‘=> true’ may be omitted.

Example 6. The following two rules illustrate idiomatic use of this syntax:

=> min(0).

+min(X), -min(Y), X ≤ Y.

The new CHR2 syntax can readily be used alongside traditional CHR syntax.
To ease the transition, ‘==>’ implies a default ‘+’ for all occurrences, and similar
defaults apply for simplification and simpagation rules.
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Constraint identifiers In most operational semantics and implementations of
CHR, each constraint is assigned a unique identifier. We propose the programmer
can access these identifiers explicitly, be it as an abstract data type.

Example 7. In the following rule, we retrieve the identifiers of the two heads and
impose that the first one is smaller than the second:

idempotence @ +leq(X,Y) # K, -leq(X,Y) # R, K < R.

This rule guarantees that, if duplicate leq/2 constraints are found, the more
recent instance is always removed, resulting in better termination behavior.

Other supported operations include kill(id), which removes a constraint
from the constraint store, and alive(id), to test whether the constraint has
been removed or not. Having access to identifiers facilitates source-to-source
transformations for language extensions. Example transformations that would
have benefited greatly from explicit identifiers include [8] and [5].

2.2 Right-hand Side

In most current systems, constraints in the goal and rule bodies are evaluated
sequentially, left-to-right, as specified formally in the refined operational seman-
tics. In CHRrp, however, all constraint conjunctions are evaluated in batch [6].
In Sections 1.2–1.3, we clearly argued why neither approach is optimal. While
batch evaluation is often preferred after adding negation or priorities, CHR’s
conventional sequential execution is imperative for a seamless interaction with
the host language. Our solution is thus to support both types of conjunctions:
batch conjunction, separated by ‘&’, and sequential conjunction, separated by ‘,’.
Note that this supports backwards compatibility with existing CHR programs.

2.3 Priority Constraints

In CHRrp, the priority assigned to each rule is an expression that evaluates
to an integer number, possibly derived from the arguments of the constraints
matched by the rule. Firstly, these priority numbers imply a total preorder over
applicable rule instances, whereas the programmer mostly wants to enforce only
a partial preorder. Secondly, determining a suited priority number for a rule
requires global knowledge of numbers already assigned to other rules. Adding
new priority numbers may require renumbering. For larger programs this rapidly
becomes problematic.

Therefore, we propose that rules are no longer assigned numbers explicitly.
Instead, each rule is assigned a rule descriptor, an arbitrary term that may
contain variables occurring in the remainder of the head. This is an extension
of the rule names traditionally used in CHR systems (note though that rule
descriptors no longer have to be unique). Next, priority constraints are specified
over these descriptors. Supported constraints are =, <, ≤, > and ≥, where
‘larger’ means ‘higher priority’. The operands of priority constraints are rule
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patterns, or sets thereof, that are matched with rule descriptors either statically
or dynamically. A program’s priority constraints thus imply a partial preorder
on rule instances. We introduce priority constraints by example.

Example 8. The following declaration could be used for the leq program:

priority transitivity < {reflexivity, idempotence, antisymmetry}.

It declares that the transitivity rule has lower priority than the other rules.
For leq, this is required for optimal performance and termination behavior.

The set of rule descriptors matching the first operand is always implicitly
subtracted from the set matching the second operand. The above declaration is
thus equivalent to the more convenient shorthand: ‘priority transitivity < _.’
Obviously, specifying multiple ‘... < _’ or ‘... > _’ constraints in a single CHR2
program would be inconsistent. Two special priorities, lowest and highest, can
be used instead; for instance: ‘priority transitivity = lowest.’

Example 9. In [6], the following CHRrp program was introduced:

1 :: source(V) ==> dist(V,0).

1 :: dist(V,D1) \ dist(V,D2) <=> D1 ≤ D2 | true.

D+2 :: dist(V,D), edge(V,C,U) ==> dist(U,D+C).

It implements Dijkstra’s shortest path algorithm using only three rules (recall
that in CHRrp a lower number indicates a higher priority). The D+2 priority,
however, is somewhat artificial. In CHR2, this program becomes:

init @ +source(V) => dist(V,0).

keep_shortest @ +dist(V,D1), -dist(V,D2), D1 ≤ D2.

label(D) @ +dist(V,D), +edge(V,C,U) => dist(U,D+C).

priority keep_shortest > label(_), label(X) > label(Y) if X < Y.

From CHR2 ’s priority constraints the intended priorities are readily apparent.
This example further illustrates the declaration of dynamic priorities by includ-
ing head arguments in the rule descriptors, and the ‘if’ construct to declare
conditional priority constraints. Added advantage is that if, for instance, the
init rule would require a priority lower than all label(_) instances, this could
be declared in CHR2 as: ‘priority label(_) > init’. Expressing this in CHRrp

is impossible, as no upper bound on the distance D is known a priori.

Example 10. For backwards compatibility, or for instance for smaller programs,
integer numbers can still be used to specify priorities. It then suffices to add the
following declaration: ‘priority X > Y if integer(X), integer(Y), X > Y.’

3 Operational Semantics

In Section 3.2, we define a high-level, abstract operational semantics for CHR2,
denoted by ω2

t . It remains close to the conventional ωt semantics of regular CHR
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[7], but incorporates batch processing, priorities, and negation as absence. Next,
in Section 3.3, we specify a more deterministic refined operational semantics ω2

r

for CHR2, designed to describe more closely the intended runtime behavior. In
both cases, we will discuss the relation with relevant existing operational seman-
tics [6, 7]. First, we define a more convenient normal form for CHR2 programs.

3.1 Rule Normal Form

Each CHR2 rule can be reduced to the following normal form:

r :: p @ H, G, ∼(N1, G1), . . . , ∼(Nm, Gm)⇒ B1, . . . , Bn (1)

with H and Ni conjunctions of CHR constraints, and G and Gi conjunctions of
built-in constraints. In the normal of rules with an empty positive head, H =
init, with init/0 a special CHR constraint. For ease of presentation, we assume
that the body is a (non-empty) sequential conjunction of batch conjunctions
Bj . A straightforward source-to-source transformation is used otherwise. All
constraint removals are made explicit as conjuncts of B1. We further assume
that the rule descriptor p, which determines the rule’s priority, depends on at
most one conjunct of H ; see [6] for a transformation to deal with the general case.
Because rule descriptors are not unique, each rule in normal form is assigned a
unique rule identifier r implicitly (required for the propagation history).

3.2 Abstract Operational Semantics

As conventional in CHR, the ω2

t semantics is defined as a state transition system.

Definition 1 (Identified constraints). An identified CHR constraint c#i is
a CHR constraint c annotated with a unique identifier i. We further introduce
the function chr(c#i) = c, and extend it to sequences in the obvious manner.

Definition 2 (State). In ω2

t , a state is a tuple 〈G, S, B, T〉n, with the CHR
constraint store S, the built-in constraint store B, the propagation history T,
and the next free identifier n defined as usual (see for instance [2, 4, 6, 7]). The
goal G of an ω2

t state is defined as a sequence of elements of form G@p, with G
a sequence of batch conjunctions, and p a ground rule descriptor that determines
the priority at which that part of the goal has to evaluated.

Given an initial goal G, i.e. a sequence of batches of constraints, the initial
state is 〈[G′ @ lowest], ∅, true, ∅〉1. In G′, the first batch of G is extended with
init (see Section 3.1). Table 1 shows the transitions of the ω2

t semantics.

Definition 3 (Applicability condition). Given constraint stores S and B, a
rule instance (r, I) is applicable, denoted applicable((r, I), S, B), iff a matching
substitution θ exists for which apply((r, I), S, B, θ) is defined. The latter partial
function is defined as apply((r, I), B, S, θ) = B @ p iff I ⊆ S and, renamed apart,
the rule with identifier r is of normal form (1), such that chr(I) = θH and
D |= B→ ∃̄B

(
θ(G) ∧∧m

i=1

(∀X F (S \ I) : ¬∃η : chr(X) = (ηθ)(Ni)∧ (ηθ)(Gi)
))

where D is the built-in constraint domain and η are matching substitutions.
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1. Batch 〈[[G|Gs]@p|G], S,B, T〉n
ω2

t֌P 〈[Gs@p|G], S′, B′, T′〉n′ where 〈S′, B′, n′〉 =
batch(G, S, B, n), and T′ = {(r, I) ∈ T | applicable((r, I),S′, B′)}. This pro-
cesses the next batch of body conjuncts: CHR constraints are added or re-
moved, built-in constraints are solved. This transition applies only if no Apply
transition can fire a rule instance of priority p′ with p′ ≻ p.

2. Pop 〈[ǫ @ p|G], S,B, T〉n
ω2

t֌P 〈G, S,B, T〉n.

3. Apply 〈G, S, B, T〉n
ω2

t֌P 〈[B @ p | G], S, θ ∧ B, T ⊎ {(r, I)}〉n with θ a matching
substitution for which apply((r, I),S, B, θ) = B @ p with p maximal, that is
¬∃r′, I ′, θ′ : apply((r′, I ′), S,B, θ′) = B′ @ p′ with p′ ≻ p. An Apply transition
must be followed by a Batch or a Pop transition (to ensure the timely pro-
cessing of the first batch of the body). In other words: an Apply transition
cannot follow another Apply transition.

Table 1. Transitions of ω2

t

The batch function, finally, is recursively defined as follows:

• batch(∅, S, B, n) = 〈S, B, n〉
• batch(b & G, S, B, n) = batch(G, S, b ∧ B, n) if b is a built-in constraint
• batch(c & G, S, B, n) = batch(G, {c#n}∪S, B, n + 1) if c is a CHR constraint
• batch(kill(i)&G, S, B, n) = batch(G, S′, B, n), with S′ = S\{c#i} if ∃c#i ∈

S, and S′ = S otherwise

Discussion The ω2

t semantics is completely compatible with existing semantics.
For regular CHR programs, ω2

t reduces to ωt, and for CHRrp programs (where all
conjunctions are batch conjunctions), ω2

t reduces to the ωp semantics of [6]. The
correspondence theorems of [6, Section 3.3.3] can easily be extended to programs
that combine batch and sequential conjunction.

3.3 Refined Operational Semantics

A central concept in any refined operational semantics for CHR is the active
constraint [7]. As in the ω¬r semantics of [4], both added and killed constraints
can be active. An active constraint traverses all its occurrences (either positive
or negative), searching for applicable rule instances. Of course, the program’s
priority constraints must be respected. For this purpose, as in the ωrp semantics
of [6], priority queues are used.

An ω2

r state is of form 〈A, Q, S, B, T〉n. The goal G of ω2

t states is replaced by
an activation stack A, and a stack of priority queues Q. Each priority queue con-
tains newly added or killed constraints that still have to be activated. Each item
in a queue is annotated with a ground rule descriptor. The find min operation
returns the priority queue item with the highest priority rule descriptor.
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The transitions of ω2

r are given in Table 2. Given a goal G, the initial state
is 〈[G′ @ lowest], [∅], ∅, true, ∅〉1, where G′ is obtained by adding init to the
first batch conjunct of G.

1. Activate 〈A, [Q|Q], S, B, T〉n
ω2

r֌P 〈[c#i : 1 @ p|A], [Q \ {c#i @ p}|Q], S, B, T〉n
if A = [G @ p0| ] with G a (possibly empty) list, and find min(Q) = ±c#i @ p
with ¬(p ≺ p0).

2. Batch 〈[[G|Gs] @ p0|A], [Q|Q], S, B, T〉n
ω2

r֌P 〈[Gs @ p0|A], [Q′|Q], S′, B′, T′〉n′
where 〈Q′, S′, B, n′〉 = batch(G, Q,S, B, n), and T′ = {(r, I) ∈ T |
applicable((r, I),S′, B′)}. This processes the next batch of body conjuncts: CHR
constraints are added or removed, built-in constraints are solved, and the nec-
essary constraints are scheduled. This transition only applies if the Activate
transition does not apply.

3. Pop 〈[ǫ @ p0|A], [Q0, Q1|Q], S,B, T〉n
ω2

r֌P 〈A, [Q0 ∪Q1|Q], S, B, T〉n. This tran-
sition only applies if Q0 = ∅ or find min(Q0) = c#i @ p with ¬(p ≻ p0).

4. Apply 〈A, Q, S, B, T〉n
ω2

r֌P 〈[B @ p | A], [∅|Q], S, θ ∧B, T⊎ {I}〉n if A = [±c#i :
j@p| ], and the jth positive/negative occurrence of c of priority p occurs in rule
r (in the positive case, c#i occurs in sequence S on the position corresponding
to this occurrence), with I = (r, S) and θ a matching substitution for which
apply(I, S,B, θ) = B @ p.

5. Default 〈[±c#i : j @ p|A], Q, S, B, T〉n
ω2

r֌P 〈[±c#i : j+1 @ p|A], Q, S,B, T〉n if
for every rule instance I for which the Apply transition applies in the current
state (if any), the following holds: every derivation D starting in the current
state has an initial sub-derivation D′ in which every state has a priority of at
least p, and which ends in a state in which either I fires or I is not applicable.
We defined the priority of a state 〈[ @p′|A], Q, S, B, T〉n as p′.

6. Drop 〈[±c#i : j @ p|A], Q, S, B, T〉n
ω2

r֌P 〈A, Q, S, B, T〉n if there is no jth posi-
tive/negative occurrence of c of priority p in P .

Table 2. Transitions of ω2

r

The batch function is extended as follows:

• batch(∅, Q, S, B, n) = 〈Q, S, B, n〉
• batch(b & G, Q, S, B, n) = batch(G, Q′ ∪Q, S, b ∧ B, n)

where b is a built-in constraint and Q′ is defined as follows:

Q′ =
{
c#i @ p | c#i ∈ S and c has an occurrence of priority p

}
where the set of reactivated constraints S ⊆ S satisfies the following bounds:
min: ∀r ∈ P , ∀I ⊆ S : (¬applicable((r, I), S, B)∧applicable((r, I), S, b∧B))→

(S ∩ I 6= ∅)



- 86 - CHR 2009 — 6th International Workshop on Constraint Handling Rules

86 Peter Van Weert, Leslie De Koninck, and Jon Sneyers

max: ∀c ∈ S : vars(c) 6⊂ fixed(B). Furthermore, if D |= B→ b then S = ∅.
• batch(c & G, Q, S, B, n) = batch(G, Q′ ∪Q, {c#n} ∪ S, B, n + 1)

where c is a CHR constraint and Q′ defined as follows:

Q′ =
{
+c#n @ p | c has a positive occurrence of priority p

}
• batch(kill(i) & G, Q, S, B, n) = batch(G, Q′ ∪Q, S \ {c#i}, B, n)

with Q′ =
{−c#n @ p | c has a negative occurrence of priority p

}
Discussion The ω2

r semantics is formulated as shown to ensure backwards com-
patibility with both the (theoretical) priority semantics ωp of CHRrp for CHRrp

programs (i.e. no negation, only batch conjunction) and the refined operational
semantics of CHR for regular CHR programs (i.e. no negation, no priorities, only
sequential conjunction). It based on the refined priority semantics ωrp of CHRrp.
Its constraint activation policy is as follows. After processing a batch (i.e. part
of the initial goal or a rule body), every CHR constraint in the batch and every
CHR constraint affected by a (built-in) constraint in the batch, is activated at
each priority higher than or equal to that of the previously active constraint. If
no rule body consists of more than one batch, the activation policy is consistent
with the priority semantics of CHRrp. Indeed, if after firing a rule instance I,
the next instance to be fired is of a higher priority, then the latter can only
be applicable because of firing I. Furthermore, the semantics only requires the
active constraint to be interrupted by constraints at a (strictly) higher priority
in this case. For programs in which all conjunctions are of the sequential type
and all rule priorities are equal, the activation policy is the same as that of the
ωr semantics of regular CHR.

The Default transition allows any rule instance to be skipped that was
already applicable prior to the (re-)activation of the active constraint (if it has
not already fired, these rule instances are known to fire in some later state,
if they do not become inapplicable before that). While not supported by the
refined operational semantics of CHR, certain implementations do implement
such optimizations to some extent, as indicated in [12]. It further allows certain
optimizations when implementing negation as absence.

4 Annotations

Besides rules, a CHR2 program also contains constraint declarations, as well as
additional annotations stating program properties and invariants. While some
invariants can be derived by automatic program analysis, for instance using the
abstract interpretation framework of [13], this is not the case in general. An-
notations such as those introduced in this section are invaluable as part of a
program’s documentation, and constitute crucial hints for compiler optimiza-
tions. They could also be verified automatically if desired, either when running
the program in some debugging mode, or by static program verification.
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4.1 Type and Mode Declarations

Most current CHR systems allow for type and mode declarations of constraint
arguments. However, practice shows that these declarations lack expressiveness.

Example 11. Consider the following declaration: ‘constraint fib(+int, ?int).’
(the syntax is based on that of the K.U.Leuven CHR system). It specifies the first
argument of fib/2 must always be a ground integer value. The second argument
has the default mode, that is: it may be either bound to an integer, or a free
variable. However, this does not reflect the following important property: in the
final constraint store, the second argument of fib/2 constraint will always be
bound (to a computed Fibonacci number in this case).

We therefore introduce temporal modifiers. For the above example, a more
precise declaration is ‘constraint fib(+int, {?int in goal, +int in result}).’
The following temporal modifiers are supported:

– ‘in goal’: in the initial state
– ‘in result’: in the final state
– ‘at R’: in states in which rules whose descriptor match pattern R may be

applicable; that is: all rules of strictly higher priority have been applied
– ‘after R’: after all rules with matching descriptor have fired exhaustively

The earlier introduced priorities highest and lowest can be used as well. The
default modifier is ‘at highest’.

4.2 Constraint Invariants

CHR constraints often obey certain invariants such as set semantics or functional
dependencies. In CHR, it is common practice to enforce these invariants by
adding appropriate rules.

Example 12. An example rule that enforces set semantics for leq/2 constraints
was seen in Example 7. The following rule declares that the fib/2 constraint of
Example 11 has set semantics, and that its first argument functionally determines
the second: +fib(N,M1), -fib(N,M2), ground(M1) => M1 = M2.

Because set semantics is very common, and because explicitly specifying a
rule is cumbersome, we provide syntactic sugar for it. The set declaration en-
sures that whenever two identical constraints are encountered, the most recent
one is automatically removed. For example, the following constraint declaration
enforces set semantics for the leq/2 constraint: ‘constraint leq/2 :: set.’ It is
functionally equivalent to the idempotence rule of Example 7. In general, such
rules would also have to be declared to have the highest priority.

Unavoidably, checking for duplicates involves a runtime overhead. Often,
however, the programmer knows in advance that duplicates will never be added
in the goal or by the program. To state this invariant, the ⋆set is provided.
While not affecting the operational semantics, it serves as valuable program
documentation, and can be exploited by the compiler in a number of ways.

Similar shorthand declarations for functional dependencies are equally valu-
able, but can be expressed as well using the cardinality annotations of Section 4.3.
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4.3 Cardinality Annotations

A crucial aspect of CHR compilation is efficiently finding applicable rules. Given
an active constraint, matching partner constraints have to be searched (cf. Sec-
tion 3.3). The order in which partner constraints are matched is called the join
order [14]. Asides from indexing, this order is the single most crucial factor de-
termining the program’s runtime complexity. Statically determining the optimal
join order is hard, as the compiler has only limited knowledge on constraint
cardinalities and guard selectivities (see [14]).

Unlike set semantics and functional dependencies, (asymptotic bounds on)
cardinalities of constraints not readily expressible by means of CHR rules. In
CHR2, we therefore support cardinality annotations. They help the compiler se-
lect proper index structures, and find better join orders. As part of the program’s
documentation, and even if the compiler cannot exploit them, they provide a
synopsis of the constraint store’s structure and its evolution over time.

Basic syntax. General cardinality annotations express properties of the size of
multisets of constraint tuples (partial joins). These properties are again expressed
using constraints. Supported constraints are =, <,≤, > and ≥. The operands are
arithmetic expressions of numeric constants, cardinality expressions, cardinality
variables, and asymptotic bound expressions.

Cardinalities A cardinality expression is of the form #{LHS} T , where LHS is
an expression with the same syntax as left-hand sides of rules, with the ‘+’ and
‘-’ prefixes omitted, and T is a temporal modifier as defined in Section 4.1. A
cardinality expression denotes the size of the multiset matching LHS , i.e. the
number of applicable instances of a rule with head LHS , at time points given by
T . If no time expression is given, the default is ‘at highest’.

Cardinality variables Cardinality variables such as n, m, or num_cs can be used as
a symbolic placeholder for the cardinality of some set, or for relative comparisons
of asymptotic cardinality bounds.

Asymptotic bounds Supported asymptotic bound expressions include: ‘o(1)’
(constant), ‘o(n)’ (linear), ‘o(n^K)’ (polynomial; K is a real number), ‘o(2^n)’
(exponential). More complex expressions are also possible.

Example 13. Using this syntax, the following cardinality annotation can be for-
mulated: ‘cardinality #{node(_)} = o(n), #{edge(_,_)} = o(n^2).’; or, equiv-
alently: ‘cardinality #{edge(_,_)} = o(#{node(_)}^2).’

The meaning of cardinality constraints containing asymptotic bound expres-
sions is interpreted as follows:

– ‘A = o(X)’: A grows asymptotically as fast as X; A ∈ Θ(X)
– ‘A ≤ o(X)’: A is asymptotically bounded above by X; A ∈ O(X)
– ‘A ≥ o(X)’: A is asymptotically bounded below by X; A ∈ Ω(X)
– ‘A < o(X)’: A is asymptotically dominated by X; A ∈ o(X)
– ‘A > o(X)’: A asymptotically dominates X; A ∈ ω(X)
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Average-case information. For many purposes (e.g. join ordering), we are
interested in the average size of a multiset. We express this by wrapping the
expression ‘#{LHS} T ’ in an e/1 term. This means that the expected size of the
multiset is considered, instead of the exact size.

Example 14. In an implementation of a heap data structure which maintains the
minimum of a set, it may be the case that usually there is one min/2 constraint,
but in some exceptional cases (i.e., when the heap is empty) there is no such
constraint. This can be expressed with the following annotation:

cardinality e(#{min(_,_)}) = 0.99

Star notation. The special symbol ‘*’ can be used in argument positions in the
LHS expression. It means that the property holds for every fixed value of that ar-
gument that actually occurs in that argument position. For example, the annota-
tion ‘cardinality #{fib(*,_)} in result = 1’ means that in the final state, the
first argument of c/2 functionally determines the other argument. Multiple stars
can be used; the statement must then hold for every combination of values that
occur in those argument positions. For example, ‘#{c(*,*)} in goal =< 1’
means that c/2 initially has set semantics, while ‘#{c(*,*)} in goal = 1’ is a
much stronger statement, saying that c/2 initially encodes a full cardinal prod-
uct, i.e. the goal ‘c(x,1),c(y,2),c(x,2)’ is invalid because c(y,1) is missing.

Syntactic sugar. The expression ‘LHS T ’ may be used as an abbreviation for
‘#{LHS} T ≥ 1’. As a consequence, if LHS is negation-free, the non-existence
property ‘#{LHS} T = 0’ can be written as ‘∼(LHS) T ’.

Example 15. Consider again the Dijkstra program of Example 9. For that pro-
gram, we can for instance give the following cardinality annotations:

% exactly one source node must be given by the user

cardinality #{source(_)} in goal = 1.

% there should be no dist/2 constraints in the goal

cardinality ∼dist(_,_) in goal.

% it is a simple graph (no parallel edges)

cardinality #{edge(*,*,_)} =< 1.

% we expect a dense graph: if there are n nodes, we have about n^2 edges

cardinality e(#{edge(_,_,_)}) = o(n^2).

% the number of dist/2 constraints corresponds to the number of nodes

cardinality #{dist(_,_)} in result = o(n).

% only one distance per node (rule "keep_shortest" eliminates doubles)

cardinality #{dist(*,_)} after keep_shortest =< 1.

5 Conclusion

In this paper, we laid the foundations of CHR2, a next generation CHR-based
programming language. CHR2 solves several practical issues with the current
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state-of-the-art. We incorporated negation as failure and rule priorities, two very
expressive language features, and effectively resolved the disadvantages of earlier
proposals. Several novel features further contribute to the expressiveness and
practical usability of the language.

First, we proposed a more flexible syntax, eliminating syntactical restric-
tions of previous specifications. In particular, we introduced symbolic priority
constraints and showed they are more flexible, and provide a better separation
of logic and control than CHRrp’s numeric priority expressions.

Next, we formally specified an intuitive operational semantics for CHR2,
that effectively combines priorities, negation, and both batch and sequential
evaluation. The result truly combines the best of several worlds, and is moreover
backwards compatible with existing CHR programs.

Lastly, we specified several improved and novel annotations, necessary for the
high-level specification of non-functional program properties. These annotations
are invaluable both as program documentation, and for optimizing compilers to
efficiently execute programs.

The result is a very powerful, yet elegant programming language. We hope
that by combining recent advanced language features into a unifying language,
and by resolving their outstanding issues, these features will (finally) find their
way into existing and future systems.

5.1 Future work

It must be noted that this is essentially an exploratory paper, providing a possible
but promising direction for future CHR systems. While we resolved many issues
of previous proposals, there is still a considerable need for future work. The
design of many of the novel language features proposed in this paper is still in a
preliminary stage. Many of CHR2 ’s features have been implemented successfully
in JCHR 2, a successor of our K.U.Leuven JCHR System [15]. However, more
research and hands-on practical experience is required.

Also, other interesting extensions should certainly be considered as well, in-
cluding nested negation, aggregates [16], probabilities [17], and disjunctions [18]
combined with flexible search strategies [6]. We have restricted CHR2 to a core
language. Rule priorities and negation as absence are offered as well by for in-
stance most production rule systems. Furthermore, they form a good basis for
allowing the formulation of other language extensions by means of local source-
to-source transformations (see for instance [16]): the rule priorities support a
high-level form of execution control, and negation as absence adds the detection
of, and triggering on, the removal of CHR constraints.
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A Example Derivation

In this section, we give an example derivation under ω2

r. Let there be given the
following rules

1 :: -c.

2 :: -e.

2 :: +a => (c & d & e), e.

3 :: -b.

4 :: -d.

and priority declaration

priority X > Y if X < Y.

i.e. rule 1 has a higher priority than rules 2, 3 and 4 etc. Figure 1 shows how
an initial goal [a & b] is solved. Since there are no built-in constraints, we leave
out the built-in constraint store B from execution states. For compactness, we
also leave out identifiers and the propagation history T. Finally, we note that
the activation stack is always of the form [g1 @ p1, c1 : j1 @ p1, . . . , gn @ lowest]
with gi a goal (sequence) for 1 ≤ i ≤ n. We leave out the priorities of the goals,
because they can be derived from the active constraints that interleave them.

The a and b constraints are scheduled at their respective priorities. Next, the
a constraint is activated at priority 3. It fires a rule whose body is a sequence of
two batches: c&d&e and e. The first batch is processed, and the three constraints
in it are scheduled. Constraint c is activated at priority 1 and is subsequently
removed. Next, e is activated at priority 2, which is also the priority of the rule
instance that created e, i.e. the rule instance involving a. We require that e is
activated here to ensure compatibility with the refined operational semantics.
The same requirement is not imposed on constraints from the last batch of a
rule body to allow for more implementation freedom. No more constraints can be
activated as d can only be activated at priority 4, which is lower than the priority
of still-active constraint a. Therefore, the next batch is processed, scheduling the
second e constraint. Since this is the last batch, we do not need to activate e at
priority 2 (as said before). We continue by looking for a next instance involving
a at priority 2. Then we consecutively activate and simplify e, b and d.
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〈[[a & b]], [ǫ], ∅〉
Batch

ω2

r֌P 〈[ǫ], [{a @ 2, b @ 3}], {a, b}〉
Activate

ω2

r֌P 〈[a : 1 @ 2, ǫ], [{b @ 3}], {a, b}〉
Apply

ω2

r֌P 〈[[c & d & e, e], a : 1 @ 2, ǫ], [∅, {b @ 3}], {a, b}〉
Batch

ω2

r֌P 〈[[e], a : 1 @ 2, ǫ], [{c @ 1, d @ 4, e @ 2}, {b @ 3}], {a, b, c, d, e}〉
Activate

ω2

r֌P 〈[c : 1 @ 1, [e], a : 1 @ 2, ǫ], [{d @ 4, e @ 2}, {b @ 3}], {a, b, c, d, e}〉
Apply

ω2

r֌P 〈[[kill(c)], c : 1 @ 1, [e], a : 1 @ 2, ǫ], [∅, {d @ 4, e @ 2}, {b @ 3}], {a, b, c, d, e}〉
Batch

ω2

r֌P 〈[ǫ, c : 1 @ 1, [e], a : 1 @ 2, ǫ], [∅, {d @ 4, e @ 2}, {b @ 3}], {a, b, d, e}〉
Pop

ω2

r֌P 〈[c : 1 @ 1, [e], a : 1 @ 2, ǫ], [{d @ 4, e @ 2}, {b @ 3}], {a, b, d, e}〉
Default

Drop

ff
ω2

r֌P 〈[[e], a : 1 @ 2, ǫ], [{d @ 4, e @ 2}, {b @ 3}], {a, b, d, e}〉

Activate
ω2

r֌P 〈[e : 1 @ 2, [e], a : 1 @ 2, ǫ], [{d @ 4}, {b @ 3}], {a, b, d, e}〉
Apply
Batch

Pop

9=; ω2

r֌P 〈[[e], a : 1 @ 2, ǫ], [{d @ 4}, {b @ 3}], {a, b, d}〉

Batch
ω2

r֌P 〈[ǫ, a : 1 @ 2, ǫ], [{d @ 4, e @ 2}, {b @ 3}], {a, b, d, e}〉
Pop

ω2

r֌P 〈[a : 1 @ 2, ǫ], [{d @ 4, e @ 2, b @ 3}], {a, b, d, e}〉
Default

Drop

ff
ω2

r֌P 〈[ǫ], [{d @ 4, e @ 2, b @ 3}], {a, b, d, e}〉

Activate
ω2

r֌P 〈[e : 1 @ 2, ǫ], [{d @ 4, b @ 3}], {a, b, d, e}〉
Apply
Batch

Pop

9=; ω2

r֌P 〈[ǫ], [{d @ 4, b @ 3}], {a, b, d}〉

Activate
ω2

r֌P 〈[b : 1 @ 3, ǫ], [{d @ 4}], {a, b, d}〉
Apply
Batch

Pop

9=; ω2

r֌P 〈[ǫ], [{d @ 4}], {a, d}〉

Activate
ω2

r֌P 〈[d : 1 @ 4, ǫ], [∅], {a, d}〉
Apply
Batch

Pop

9=; ω2

r֌P 〈[ǫ], [∅], {a}〉

Fig. 1. Example derivation under ω2

r


