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Abstract

The tile packing problem is a challenging combinatorial puzzle
based on tiles with colored edges or colored corners. In its different
incarnations, the puzzle gives rise to a number of interesting problems.
In this paper, we sketch the background of the tile packing problem and
present solutions to the puzzle. We hope that this work will stimulate
further interest in this puzzle amongst readers, and that the remaining
open problems will eventually be solved.

1 Introduction

In this paper we discuss the tile packing problem. This problem involves
two kinds of tiles: edge tiles and corner tiles. Edge tiles are square tiles
with colored edges. Corner tiles are square tiles with colored corners. Edge
tiles and corner tiles may not be rotated. A tile set is a finite set of tiles.
A complete tile set contains a tile for every possible combination of four
colors. A complete set of edge tiles or corner tiles over C colors counts C4

tiles. Figure 1 shows the complete edge and corner tile sets over 2 colors.
The tile packing problem consists of arranging a complete set of C4 edge
tiles or corner tiles in a C2

× C2 toroidal configuration such that adjoining
edges or corners have matching colors. Edge tiles and corner tiles easily
generalize to arbitrary dimensions, yielding a family of related problems.

This paper is structured as follows. Section 2 discusses the background
of the tile packing problem. In section 3 we show how to solve the edge
tile packing problem, and in section 4 we attempt to solve the corner tile
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Figure 1: The complete set of (a) edge tiles and (b) corner tiles over 2 colors.

packing problem. We present puzzles derived from the tile packing problem
in section 5. In section 6 we conclude.

2 Background

Edge tiles are also known as Wang tiles. Wang tiles were first proposed
by Hao Wang in 1961 [1], and later popularized in an paper in Scientific
American [2]. In his paper, Wang presented an algorithm to decide whether
a given set of Wang tiles could tile the plane. He relied on the conjecture
that aperiodic tile sets, tile sets that do not admit periodic tilings, do not
exist.

This conjecture was in 1966 refuted by Berger [3]. He showed that any
Turing machine can be translated into a Wang tile set, and that the Wang
tile set tiles the plane if and only if the Turing machine will never halt. The
halting problem is undecidable and thus so is Wang’s original problem.

Berger constructed the first aperiodic tile set counting 20426 tiles. This
number was reduced repeatedly, often by well known scientists, such as
Donald Knuth [4]. The smallest aperiodic set of Wang tiles consists of 13
tiles over 5 colors [5], and is shown in figure 2. Not only Wang tiles allow
the construction of aperiodic sets. In 1974, Roger Penrose discovered his
aperiodic set of only two tiles [6].

Figure 2: An aperiodic Wang tile set of 13 tiles over 5 colors.
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Figure 3: The one-dimensional complete set of tiles over (a) 2 and (b) 3
colors.

Wang tiles have several practical applications in the field of Computer
Graphics [7, 8]. Recently, we have introduced tiles with colored corners
and we have shown that corner tiles are better suited for these applications
[9]. Tile-based texture mapping on programmable hardware [8, 9], one of
the applications, requires the tiles to be packed together in a toroidal con-
figuration. This is the origin of the tile packing problem.

We have also shown that small aperiodic sets of corner tiles exist [10]. The
smallest set of aperiodic corner tiles we constructed consists of 44 tiles over
6 colors. For more information about (aperiodic) tilings, we refer the inter-
ested reader to [11].

The work most closely related to the tile packing problem in the field of
recreational mathematics is that of Major P A MacMahon [12]. He describes
sets of pieces of different geometrical forms (equilateral triangles, squares,
pentagons, etc.) with colored edges that are tiled into another geometrical
form. The profile of the adjoining edges is then altered to produce jigsaw
puzzles. His work is unique in the fact that it details how the puzzles can be
constructed and solved. In contrast with edge and corner tiles, MacMahon’s
pieces may be rotated, and MacMahon does not consider pieces with colored
corners.

3 The Edge Tile Packing Problem

In one dimension, edge tiles and corner tiles can be seen as dominoes. a
complete set of tiles over C colors counts C2 tiles. Figure 3 shows the
complete set of tiles over 2 and 3 colors. The tile packing problem consists
of arranging a complete set of C2 tiles into a single circular train.

Domino problems like this one are well known in the field of recreational
mathematics, and can easily be solved using graph theory [13]. The tile
set is represented as a directed graph with a vertex for each color, and an
edge connecting two vertices for each tile in the tile set. Figure 4 shows the
graphs for the complete tile sets over 2 and 3 colors. A solution for the tile
packing problem is given by an Eulerian circuit, a graph cycle that uses each
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Figure 4: The complete directed graph representing the complete tile set
over (a) 2 and (b) 3 colors.
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Figure 5: A tile packing of the one-dimensional complete set of tiles over (a)
2 and (b) 3 colors.
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0 1 4 3 2 7 5 8 6

0 9 10 1 18 11 19 20 2

27 36 37 28 45 38 46 47 29

30 39 40 31 48 41 49 50 32

3 12 13 4 21 14 22 23 5

54 63 64 55 72 65 73 74 56

33 42 43 34 51 44 52 53 35

57 66 67 58 75 68 76 77 59

60 69 70 61 78 71 79 80 62

6 15 16 7 24 17 25 26 8

Figure 6: The outer product of two one-dimensional Eulerian tile packings
over 3 colors results in an Eulerian tile packing of the complete set of edge
tiles over 3 colors.
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Figure 7: A tile packing of the complete set of corner tiles over 2 colors.

graph edge exactly once. A complete tile set results in a complete directed
graph, which always has an Eulerian circuit. Figure 5 shows tile packings of
the complete tile sets over 2 and 3 colors.

Wei observed that a solution for the two-dimensional tile packing problem
is given by the outer product of two one-dimensional tile packings [8]. This
procedure is illustrated in figure 6. A one-dimensional tile packing of a
complete set over C colors consist of C2 tiles. The outer product of two
such tile packings produces a matrix of C4 tiles. Because adjoining edges
have matching colors, and each tile occurs once, this is a tile packing of
the C4 tiles of a complete tile set over C colors. This construction method
generalizes to tile packings of edge tiles in any dimension. We call an edge
tile packing obtained with this construction method an Eulerian edge tile
packing.

4 The Corner Tile Packing Problem

An edge of an edge tile constrains only a single dimension of a tiling, while a
corner of a corner tile constrains the tiling in all its dimensions. This means
that a solution for the two-dimensional corner tile packing problem can most
likely not be obtained from the solution of the one-dimensional tile packing
problem.

When we started exploring the corner tile packing problem, it resisted all
attempts to solve it. Also, it was not clear whether the corner tile packing
problem even had a solution. Therefore we decided to tackle the problem
using combinatorial search methods. A simple exhaustive search or generate-
and-test method clearly will not work: for C colors the tiles can be arranged
in C4! ways, which is approximately 2.0923 × 1013 for C = 2 and 5.7971 ×
10120 for C = 3. Instead we use a backtracking method, that places one
tile at a time until a dead end is reached, at which point previous steps are
retraced. Our algorithm is discussed in detail in appendix A. The algorithm
can also be used to search for solutions to the edge tile packing problem.
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colors 2 3 4

edge tile packing < 1 sec < 1 sec 23 years
recursive edge tile packing < 1 sec < 1 sec 140 days

corner tile packing < 1 sec < 1 sec 280 days
recursive corner tile packing < 1 sec < 1 sec 190 days

Table 1: The CPU time needed to compute the first solution to various tile
packing problems.

Backtracking greatly reduces the amount of work in an exhaustive search,
and is often used to solve hard combinatorial problems such as the knights
tour problem and the queens problem [13].

It turns out that for 2 colors the corner tile packing problem has 32 solutions.
In contrast, the edge tile packing problem has 203520 solutions for 2 colors.
This supports the claim that in some way, corner tile packings are more
difficult to construct than edge tile packings. Figure 7 shows a solution to
the corner tile packing problem for 2 colors.

The tile packing problem has many symmetries. New solutions can be ob-
tained from existing ones using translation (the tile packing is toroidal),
rotation, reflection, and permutation of the colors. The 32 solutions of the 2
color corner tile packing problem reduce to one single fundamental solution.

With the backtracking algorithm, we are able to compute edge and corner
tile packings for 2, 3 and 4 colors. Table 1 shows the CPU time needed to
compute the tile packings. For 2 colors, all edge tile packings are computed
in less than a second. Constructing all corner tile packings only takes a
couple of milliseconds. For 3 colors, the first solution to the edge and corner
tile packing problems is obtained within a second, but computing or counting
all solutions seems to be hopeless. For 4 colors, computing the corner tile
packing took 280 days of CPU time. and it took roughly 23 years of CPU
time to solve the edge tile packing problem. These results were obtained
using a parallel version of our backtracking algorithm, running on a cluster
with almost 400 2.4 GHz CPU’s.

A solution for C colors can often be found faster by starting from a solution
of C − 1 colors. That way, a recursive tile packing is obtained. Figure 8
shows a recursive corner tile packing for 4 colors. Note that Eulerian edge
tile packings are recursive.
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0 16 68 1 32 8 96 105 9 48 60 12 112 13 176 14

64 65 81 5 128 2 144 150 6 192 67 193 19 196 227 11

17 84 85 69 33 72 97 169 74 113 29 52 76 49 124 77

4 80 21 20 132 18 148 38 24 212 135 194 83 197 211 23

66 145 70 129 98 137 34 136 130 50 44 120 93 53 188 142

89 101 153 102 25 100 73 161 106 201 3 208 215 7 224 107

149 22 164 90 133 146 86 37 88 117 141 114 61 140 178 94

165 138 162 154 166 42 152 134 82 213 39 216 71 225 235 91

36 104 41 40 168 10 160 170 26 116 205 51 92 181 190 30

131 210 199 195 35 200 99 233 75 209 55 204 147 230 171 202

45 184 126 189 78 177 158 54 220 247 207 243 175 58 172 122

198 163 218 231 219 167 234 203 115 253 255 191 238 139 226 155

186 174 250 127 125 109 185 254 31 244 63 236 187 110 121 173

43 232 123 221 151 214 103 249 15 240 79 241 111 217 87 229

206 179 222 119 237 251 95 245 143 242 159 118 157 246 223 183

56 108 57 28 180 62 156 182 46 248 239 27 228 59 252 47

Figure 8: A recursive tile packing of the complete set of corner tiles over 4
colors. The CPU time needed to compute this solution was approximately
190 days.
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(a) (b)

Figure 9: Jigsaw puzzles created from (a) edge and (b) corner tile packings
of a complete tile set over 2 colors.

5 Puzzles Derived from the Tile Packing Problem

Inspired by MacMahon’s work [12], we have created jigsaw puzzles from the
tile packings by altering the profile of the adjoining edges or corners. Figure
9 shows some examples. To create interesting puzzles, it is better to use
edge tile packings constructed with the backtracking algorithm instead of
Eulerian edge tile packings. We found it already hard to construct a tile
packing of the complete set of corner tiles over 2 color by hand, so these
puzzles should be challenging, especially puzzles based on tile packings of
3 or 4 colors. To prevent the tiles from being rotated, a picture could be
printed on the puzzle.

6 Conclusion

In this paper we have introduced the tile packing problem. We have dis-
cussed how to construct an edge tile packing for an arbitrary number of
colors, we have presented solutions to the corner tile packing problem, and
we have shown how to create interesting jigsaw puzzles. Several open prob-
lems, such as a counting the number of solutions to the tile packing problem,
and finding a constructive method for computing a corner tile packing, re-
main. We hope that this work will stimulate further interest in this puzzle
amongst readers, and that the remaining open problems will eventually be
solved.

8



Acknowledgments

The first author is funded as a Research Assistant by the Fund of Scientific
Research - Flanders, Belgium (Aspirant F.W.O.- Vlaanderen).

References

[1] H. Wang. Proving theorems by pattern recognition II. Bell Systems
Technical Journal, 40:1–42, 1961.

[2] H. Wang. Games, logic and computers. Scientific American, 213(5):98–
106, 1965.

[3] R. Berger. The undecidability of the domino problem. Memoirs Amer-
ican Mathematical Society, 66(1-72), 1966.

[4] Donald E. Knuth. The Art of Computer Programming, volume 1.
Addison-Wesley, Reading, MA, USA, 1968.

[5] Karel Culik, II. An aperiodic set of 13 Wang tiles. Discrete Mathemat-
ics, 160(1-3):245–251, 1996.

[6] R. Penrose. The role of aesthetics in pure and applied mathematical
research. Bulletin of the Institute of Mathematics and its Applications,
10:266–271, 1974.

[7] Michael F. Cohen, Jonathan Shade, Stefan Hiller, and Oliver Deussen.
Wang tiles for image and texture generation. ACM Transactions on
Graphics, pages 287–294, 2003.

[8] Li-Yi Wei. Tile-based texture mapping on graphics hardware. Proceed-
ings of the ACM SIGGRAPH/EUROGRAPHICS conference on Graph-
ics hardware, pages 55–63, 2004.
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A A Backtracking Algorithm to Solve the Tile

Packing Problem

In this section we discuss the backtracking algorithm that was used to obtain
the results in this paper. We first present the basic algorithm, and then some
useful extensions.

A.1 Algorithm

Figure 10 shows the C++ code for computing all tile packings of the com-
plete set of corner tiles over 2 colors.

The C (edge or corner) colors are represented by the integers 0, 1, · · · , C−1.

The tiles are also represented by integers. An edge tile is uniquely deter-
mined by its edge colors cN , cE , cS and cW . Likewise, a corner tile is
uniquely determined by its corner colors cNE , cSE , cSW and cNW . Edge
tiles and corner tiles can thus be represented as the 4-digit base-C numbers
cNcEcScW and cNEcSEcSW cNW , or as the decimal numbers 0, 1, · · · , C4

−1.
In our program the number C4 means an empty tile slot.

The tile packing is represented as a one-dimensional array of C4 tiles (figure
10 line 34). The two-dimensional tile packing is linearized into the array in
scanline order, from left to right and from bottom to top. All tiles in the
tile packing are initialized to the empty tile slot. Another array indicates
for each tile in the tile set if it is currently used in the tile packing (figure
10 line 35).

The program keeps two precomputed two-dimensional arrays that tell whether
two tiles match along their North/South and East/West edge (figure 10 lines
3 and 22). Note that the empty tile slot matches with any tile. The pro-
gram also keeps four tables that give the index of the North, East, South
and West neighbor in the tile packing array (figure 10 lines 29, 30, 31 and
32). All the tables are small enough to fit in the cache of a modern CPU.

The recursive procedure (figure 10 line 37) takes a single parameter: the
number of tiles placed so far. If this equals C4, then a solution is found and
printed. Else, all remaining tiles in the tile set are tried. If a tile is found
that matches the already placed neighbors, the tile is placed and a recursive
call is made. When the call returns, the next tile in the tile set is tried. Note
that the order of the tests (figure 10 lines 48 and 49) is important: the test
that is most likely to fail should be placed first for maximal performance.

In the remainder of this section, we will discuss how to implement three
useful extensions: parallelization, checkpointing and progress estimation.
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1 #include <iostream>

2

3 const bool ns[17][17] = {

4   {1, 0, 1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1},

5   {1, 0, 1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1},

6   {0, 1, 0, 1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1},

7   {0, 1, 0, 1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1},

8   {0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 1, 0, 1, 0, 1},

9   {0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 1, 0, 1, 0, 1},

10   {0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 1, 0, 1, 1},

11   {0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 1, 0, 1, 1},

12   {1, 0, 1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1},

13   {1, 0, 1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1},

14   {0, 1, 0, 1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1},

15   {0, 1, 0, 1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1},

16   {0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 1, 0, 1, 0, 1},

17   {0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 1, 0, 1, 0, 1},

18   {0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 1, 0, 1, 1},

19   {0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 1, 0, 1, 1},

20   {1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1}

21 };

22 const bool ew[17][17] = {

23   {1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1},

24   {0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 0, 0, 0, 0, 1},

25   ...

26   {1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1}

27 };

28

29 const int n[16] = { 4,  5,  6,  7,  8,  9, 10, 11, 12, 13, 14, 15,  0,  1,  2,  3};

30 const int e[16] = { 1,  2,  3,  0,  5,  6,  7,  4,  9, 10, 11,  8, 13, 14, 15, 12};

31 const int s[16] = {12, 13, 14, 15,  0,  1,  2,  3,  4,  5,  6,  7,  8,  9, 10, 11};

32 const int w[16] = { 3,  0,  1,  2,  7,  4,  5,  6, 11,  8,  9, 10, 15, 12, 13, 14};

33

34 int tp[16] = {16, 16, 16, 16, 16, 16, 16, 16, 16, 16, 16, 16, 16, 16, 16, 16};

35 int ts[16] = { 0,  0,  0,  0,  0,  0,  0,  0,  0,  0,  0,  0,  0,  0,  0,  0};

36

37 void tile_packing(int i)

38 {

39   if (i == 16) {

40     for (int j = 0; j < 16; ++j) {

41       std::cout << tp[j] << " ";

42     }

43     std::cout << std::endl;

44   }

45   else {

46     int tp_n_i = tp[n[i]], tp_e_i = tp[e[i]], tp_s_i = tp[s[i]], tp_w_i = tp[w[i]];

47     for (int j = 0; j < 16; ++j) {

48       if ((ew[j][tp_w_i] && ns[j][tp_s_i] && ew[tp_e_i][j] && ns[tp_n_i][j])

49         && (ts[j] == 0))

50       {

51         tp[i] = j;

52         ts[j] = 1;

53         tile_packing(i + 1);

54         ts[j] = 0;

55         tp[i] = 16;

56       }

57     }

58   }

59 }

60

61 int main(int argc, char* argv[])

62 {

63   tile_packing(0);

64 }

65

Figure 10: C++ code for computing all tile packings of the complete set of
corner tiles over 2 colors.
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A.2 Parallelization

Parallelization of the code is relatively easy. Partial tile packings can be
computed by modifying the stopping criterion (figure 10 line 39). The algo-
rithm then computes each of these partial tile packings as a separate job. A
similar technique is often used to parallelize the queens problem. Note that
no communication is needed between the nodes running the different jobs.

A.3 Checkpointing

Checkpointing is a mechanism to suspend and resume computations. This
is very important for long running jobs. Our program periodically writes
the state of the algorithm to a checkpoint file. The state of the algorithm is
completely determined by the value of the variable j (figure 10 line 32) in
each recursive call. Note that the call depth is at most C4. If the program
is terminated unexpectedly, the computation can be resumed from the last
checkpoint.

A.4 Progress Estimation

Progress estimation can be useful for estimating the remaining running time
of the algorithm, or for extrapolating intermediate results, such as the num-
ber of solutions. If ji is the value of the variable j (figure 10 line 32) at call
depth i, then the progress of the algorithm can be estimated as

C4
−1

∑

i=0

ji

(

1

C4

)i+1

. (1)

Note that estimating the number of solutions this way may not be reliable.
We have experienced that solutions are not evenly spread throughout the
search space. For example, while solving the edge tile packing problem for
C = 4 colors, no solutions were found for 23 years of CPU time, and then
several thousands of solutions were found in a couple of days of CPU time.
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B Solutions to the Tile Packing Problem
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0 4 5 1

8 12 13 9

10 14 15 11

2 6 7 3

Figure 11: An Eulerian tile packing of the complete set of edge tiles over 2
colors.

0 9 10 1 18 11 19 20 2

27 36 37 28 45 38 46 47 29

30 39 40 31 48 41 49 50 32

3 12 13 4 21 14 22 23 5

54 63 64 55 72 65 73 74 56

33 42 43 34 51 44 52 53 35

57 66 67 58 75 68 76 77 59

60 69 70 61 78 71 79 80 62

6 15 16 7 24 17 25 26 8

Figure 12: An Eulerian tile packing of the complete set of edge tiles over 3
colors.
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0 16 17 1 32 18 33 34 2 48 19 49 35 50 51 3

64 80 81 65 96 82 97 98 66 112 83 113 99 114 115 67

68 84 85 69 100 86 101 102 70 116 87 117 103 118 119 71

4 20 21 5 36 22 37 38 6 52 23 53 39 54 55 7

128 144 145 129 160 146 161 162 130 176 147 177 163 178 179 131

72 88 89 73 104 90 105 106 74 120 91 121 107 122 123 75

132 148 149 133 164 150 165 166 134 180 151 181 167 182 183 135

136 152 153 137 168 154 169 170 138 184 155 185 171 186 187 139

8 24 25 9 40 26 41 42 10 56 27 57 43 58 59 11

192 208 209 193 224 210 225 226 194 240 211 241 227 242 243 195

76 92 93 77 108 94 109 110 78 124 95 125 111 126 127 79

196 212 213 197 228 214 229 230 198 244 215 245 231 246 247 199

140 156 157 141 172 158 173 174 142 188 159 189 175 190 191 143

200 216 217 201 232 218 233 234 202 248 219 249 235 250 251 203

204 220 221 205 236 222 237 238 206 252 223 253 239 254 255 207

12 28 29 13 44 30 45 46 14 60 31 61 47 62 63 15

Figure 13: An Eulerian tile packing of the complete set of edge tiles over 4
colors.
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0 2 4 1

5 9 8 12

13 11 10 14

6 15 7 3

Figure 14: A tile packing of the complete set of edge tiles over 2 colors.

0 3 6 9 1 12 4 15 7

2 18 11 10 19 20 29 27 45

28 36 37 46 38 55 21 5 39

13 22 14 31 30 24 47 56 66

54 63 64 40 49 65 58 33 60

8 42 16 67 76 17 34 48 53

72 41 73 35 51 74 77 59 57

52 50 62 75 68 61 78 71 70

23 32 69 25 26 44 43 79 80

Figure 15: A tile packing of the complete set of edge tiles over 3 colors.
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153 1 0 4 8 12 16 5 20 9 24 13 28 17 21 25

10 32 2 48 3 64 80 33 18 49 19 65 96 34 50 35

51 67 112 83 81 37 6 128 144 97 66 36 22 113 99 114

82 53 7 52 23 129 160 26 41 38 54 115 131 68 84 101

39 98 130 176 147 57 11 192 208 145 161 70 40 86 69 116

146 85 73 56 27 177 163 14 44 42 58 55 179 71 100 102

43 118 87 193 224 74 72 240 211 209 225 162 90 117 103 182

178 119 135 60 15 132 148 29 45 30 61 59 151 133 164 106

75 180 91 241 195 88 105 226 242 243 227 194 104 122 107 246

134 120 167 46 78 196 212 77 76 92 93 109 150 149 165 110

89 181 171 210 197 108 94 213 229 166 198 228 138 136 168 214

183 123 139 124 79 244 199 140 156 121 95 141 152 137 184 191

154 245 187 231 230 142 172 170 186 247 215 169 202 200 216 233

155 157 185 143 188 203 232 218 201 204 220 217 173 158 205 252

219 249 235 234 250 207 236 222 221 237 238 206 248 251 223 253

174 62 63 111 190 255 31 125 127 159 189 239 254 47 126 175

Figure 16: A tile packing of the complete set of edge tiles over 4 colors. The
CPU time needed to compute this solution was approximately 23 years.
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0 2 4 1

5 9 8 12

13 11 10 14

6 15 7 3

Figure 17: A recursive tile packing of the complete set of edge tiles over 2
colors.

0 3 9 1 6 15 7 18 2

10 28 27 36 19 11 46 20 38

37 31 30 39 55 45 5 54 66

12 40 13 4 24 14 64 16 34

29 21 47 56 63 73 8 72 50

48 65 49 35 33 51 74 44 58

32 42 67 76 59 57 78 41 79

77 68 52 53 71 61 60 75 80

17 43 22 23 62 69 70 25 26

Figure 18: A recursive tile packing of the complete set of edge tiles over 3
colors.
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0 4 16 1 8 24 9 32 2 200 12 28 13 44 14 76

17 65 64 80 33 18 97 34 82 29 49 3 48 19 113 23

81 69 68 84 129 96 6 128 148 177 35 50 51 67 52 83

20 85 21 5 40 22 145 25 73 56 99 114 115 7 112 71

66 36 98 130 144 161 10 160 102 178 39 54 55 131 116 103

100 146 101 74 72 104 162 90 133 120 147 193 176 11 180 135

70 88 149 165 134 132 168 86 169 118 27 45 58 163 122 43

166 150 105 106 154 137 136 164 170 182 179 195 192 184 87 225

26 89 37 38 138 152 153 41 42 186 59 15 60 75 196 108

194 212 209 241 91 57 107 226 210 121 227 242 211 53 31 229

30 77 92 93 197 208 117 79 124 119 95 109 78 240 243 111

224 198 228 214 125 127 151 181 167 230 246 183 215 141 188 199

94 157 173 126 247 231 202 216 185 143 140 232 110 218 201 172

213 249 139 244 159 189 175 142 248 155 217 221 245 207 252 219

204 156 233 238 234 250 187 235 254 203 220 205 236 158 237 206

61 123 47 46 174 190 171 62 63 191 223 253 255 251 239 222

Figure 19: A recursive tile packing of the complete set of edge tiles over 4
colors. The CPU time needed to compute this solution was approximately
140 days.
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0 4 10 1

8 9 13 3

5 14 15 11

2 12 7 6

Figure 20: A tile packing of the complete set of corner tiles over 2 colors.

0 9 3 18 6 27 1 36 4

2 54 29 28 55 11 30 10 57

7 45 16 12 48 34 37 31 46

5 63 59 56 38 13 39 40 67

8 72 26 78 44 58 65 14 75

35 73 62 47 43 76 53 61 74

71 50 52 70 41 22 42 49 79

80 17 66 23 69 32 64 68 77

24 33 19 60 20 15 21 51 25

Figure 21: A tile packing of the complete set of corner tiles over 3 colors.
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1 64 129 2 192 131 194 195 3 128 130 66 65 193 211 71

198 83 229 75 241 111 249 255 143 162 42 216 215 183 254 159

59 220 247 31 180 94 245 127 173 234 203 115 189 174 250 239

207 243 191 206 227 91 117 157 166 186 190 222 167 170 122 253

61 252 47 184 126 221 151 230 107 233 235 187 238 171 218 119

135 178 78 225 155 182 110 185 158 246 63 236 123 237 251 223

46 232 27 244 175 106 217 231 43 248 15 240 95 181 62 188

74 177 142 114 109 153 118 125 205 179 14 176 30 228 11 160

154 38 168 26 212 39 152 214 55 172 138 226 139 242 79 161

105 201 163 202 51 204 99 121 141 98 169 58 108 57 156 102

23 116 45 120 77 113 93 85 165 90 101 137 146 6 224 219

13 144 70 145 150 86 149 22 100 89 213 103 41 136 50 124

199 35 88 37 104 25 164 10 208 87 53 92 69 97 73 209

60 140 210 7 80 5 96 9 112 29 68 17 84 21 148 54

67 33 56 76 81 133 18 132 82 197 19 196 147 134 34 200

28 4 0 16 20 36 8 32 24 52 12 48 44 40 72 49

Figure 22: A tile packing of the complete set of corner tiles over 4 colors.
The CPU time needed to compute this solution was approximately 280 days.
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0 4 10 1

8 9 13 3

5 14 15 11

2 12 7 6

Figure 23: A recursive tile packing of the complete set of corner tiles over 2
colors.

0 9 30 1 18 6 45 52 7

27 28 37 4 54 2 63 68 5

10 39 40 31 19 33 46 79 35

3 36 13 12 57 11 66 23 15

29 64 32 55 47 61 20 60 56

43 49 70 50 16 48 34 73 53

67 14 75 44 58 65 41 22 42

76 62 74 71 77 26 69 59 38

21 51 25 24 78 8 72 80 17

Figure 24: A recursive tile packing of the complete set of corner tiles over 3
colors.
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0 16 68 1 32 8 96 105 9 48 60 12 112 13 176 14

64 65 81 5 128 2 144 150 6 192 67 193 19 196 227 11

17 84 85 69 33 72 97 169 74 113 29 52 76 49 124 77

4 80 21 20 132 18 148 38 24 212 135 194 83 197 211 23

66 145 70 129 98 137 34 136 130 50 44 120 93 53 188 142

89 101 153 102 25 100 73 161 106 201 3 208 215 7 224 107

149 22 164 90 133 146 86 37 88 117 141 114 61 140 178 94

165 138 162 154 166 42 152 134 82 213 39 216 71 225 235 91

36 104 41 40 168 10 160 170 26 116 205 51 92 181 190 30

131 210 199 195 35 200 99 233 75 209 55 204 147 230 171 202

45 184 126 189 78 177 158 54 220 247 207 243 175 58 172 122

198 163 218 231 219 167 234 203 115 253 255 191 238 139 226 155

186 174 250 127 125 109 185 254 31 244 63 236 187 110 121 173

43 232 123 221 151 214 103 249 15 240 79 241 111 217 87 229

206 179 222 119 237 251 95 245 143 242 159 118 157 246 223 183

56 108 57 28 180 62 156 182 46 248 239 27 228 59 252 47

Figure 25: A recursive tile packing of the complete set of corner tiles over 4
colors. The CPU time needed to compute this solution was approximately
190 days.
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