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ABSTRACT
Constraint Handling Rules (CHR) is a high-level language
commonly used to write constraint solvers. Most CHR pro-
grams depend on the refined operational semantics, result-
ing in an obfuscated logical reading and potential misbe-
havior under the theoretical operational semantics. We in-
troduce two source to source transformations: guard simpli-
fication and occurrence subsumption. By removing redund-
ant guards and eliminating redundant generated code for
subsumed occurrences, they improve performance and al-
low CHR programmers to write self-documented rules with
a clear logical reading. Formal correctness proofs are given,
implementation in the K.U.Leuven CHR compiler is presen-
ted and experimental results are discussed.

1. INTRODUCTION
Constraint Handling Rules (CHR) is a high-level multi-

headed rule-based programming language extension com-
monly used to write constraint solvers. We assume that the
reader is familiar with the syntax and semantics of CHR, re-
ferring to [5] for an overview. Although examples are given
in Prolog, the optimizations can be applied in any context.

The (original) theoretical operational semantics (ωt) of
CHRs, as defined in [5], is nondeterministic as the order
in which rules are tried is not specified. However, all im-
plementations we know of use a more specific operational
semantics, called the refined operational semantics (ωr) [4].
In ωr, the rules are tried in textual order. Usually, CHR
programmers take this refined operational semantics into ac-
count. As a result, their programs could be non-terminating
or could even produce incorrect results under ωt semantics.

The dilemma CHR programmers face is the following:
either they make sure their programs are valid under ωt

semantics, or they write programs that only work correctly
under ωr semantics. Sticking to ωt semantics has the ad-
vantage of more declarative code with a clear logical read-
ing. Then again, some programming idioms are harder to
implement and the compiled code can be less efficient. Us-
ing ωr semantics results in more efficient compiled code and
allows easier implementation of some programming idioms
like key lookup, but at a cost: it becomes much less obvious
from the CHR program what the preconditions for applica-
tion of a rule really are. Indeed, under ωt semantics, rules
must contain in their guards all the preconditions needed,
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while under ωr semantics, the CHR programmer can and
does omit the preconditions that are implicitly entailed by
the rule order. Omitting such redundant preconditions im-
proves the efficiency of the compiled code, but it also makes
the program less self-documented.

To improve the efficiency of the generated code, compiler
directives called pragmas can be used to declare that a cer-
tain constraint occurrence does not need to be compiled.
Syntactically, the CHR programmer marks such occurrences
with a #ID identifier and adds “pragma passive(ID)” at the
end of the rule. These pragmas also make CHR programs
less readable and less declarative because of the combin-
ation, in one syntactical construction, of both declarative
rules and purely operational execution strategy directives.

In this paper, we propose two compiler optimizations that
are a major step towards allowing CHR programmers to
write more readable and declarative programs while obtain-
ing the same efficiency as programs written with the specifics
of the refined operational semantics in mind.

The first optimization, called Guard Simplification, is a
source-to-source transformation of CHR programs, remov-
ing redundant guard conditions (and head matchings, an
implicit part of the guard) based on reasoning about beha-
vior of the program under ωr semantics. The transformed
program is simpler, possibly allowing more optimizations
from other analyses. For example, guard simplification can
reveal the never-stored property [2], as we will show later.

The second, called Occurrence Subsumption, automatic-
ally detects occurrences that do not need to be compiled.
Because of this, pragma passive directives no longer have
to be provided manually. Thanks to both optimizations,
CHR programmers can focus on writing a declarative spe-
cification and rely on the compiler to produce efficient code.

This paper is partially based on [17, 16], in which guard
simplification is introduced. It is structured as follows: first
we summarize the definition of CHR and the refined op-
erational semantics, described in detail in [4]. Section 3
presents an intuitive overview of guard (and head match-
ing) simplification, occurrence subsumption, and the use of
type and mode information to enhance them. In section 4,
formal definitions of the optimizations are given, followed by
correctness proofs. Section 5 deals with the implementation
of the optimizations in the K.U.Leuven CHR compiler [14].
Then, in section 6, the results of several benchmarks are dis-
cussed. Finally, section 7 concludes this paper, summarizing
our contributions and discussing related and future work.



2. CONSTRAINT HANDLING RULES
We use [H|T ] to denote the first (H) and remaining ele-

ments (T ) of a sequence, ++ for sequence concatenation, ε
for empty sequences, ] for multiset union, and F for multiset
subset. We shall sometimes omit existential quantors to get
a lighter notation. Constraints are either CHR constraints
or builtin constraints in some constraint domain D. The
former are manipulated by the CHR execution mechanism
while the latter are handled by an underlying constraint
solver. We will assume this underlying solver supports at
least equality, true and fail. We consider all three types
of CHR rules to be special cases of simpagation rules:

Definition 1 (CHR program). A CHR program P is
a sequence of CHR rules Ri of the form

(rulename @) Hk
i \ Hr

i ⇐⇒ gi | Bi

where Hk
i (kept head constraints) and Hr

i (removed head
constraints) are sequences of CHR constraints with Hk

i ++
Hr

i 6= ε, gi (guard) is a conjunction of builtin constraints,
and Bi (body) is a conjunction of constraints. We will write
Hi as a shorthand for Hk

i ++ Hr
i .

If Hk
i is empty, then the rule Ri is a simplification rule.

If Hr
i is empty, then Ri is a propagation rule. We assume

all arguments of the CHR constraints in Hi to be unique
variables, making any head matchings explicit in the guard.
This head normalization procedure is explained in [3] and
an illustrating example can be found in section 2.1 of [13].

We number the occurrences of each CHR constraint pre-
dicate p appearing in the heads of the rules of some CHR
program P following the top-down rule order and right-to-
left constraint order. The latter is aimed at ordering first
the constraints after the backslash (\) and then those before
it, since this gives the refined operational semantics a clearer
behavior. We number the rules in the same top-down way.

The Refined Operational Semantics ωr

An identified CHR constraint c#i is a CHR constraint c
associated with some unique integer i, used to differentiate
among copies of the same constraint. We introduce func-
tions chr(c#i) = c and id(c#i) = i, and extend them to
sequences of identified CHR constraints in the obvious man-
ner. An occurrenced identified CHR constraint c#i : j in-
dicates that only matches with occurrence j of constraint c
should be considered when the constraint is active.

Formally, the execution state of ωr semantics is a tuple
〈A, S, B, T 〉n where A, S, B, T and n, represent the execu-
tion stack, the CHR store, the builtin store, the propagation
history and the next free identity number respectively.

The execution stack A is a sequence of constraints, identi-
fied CHR constraints and occurrenced identified CHR con-
straints, with a strict ordering in which only the top-most
constraint is active. The CHR constraint store S is the
multiset of identified CHR constraints that can be matched
with rules in the program P . The builtin constraint store
B contains any builtin constraint that has been passed to
the underlying solver. We model it as an abstract logical
conjunction of constraints. The propagation history T is a
set of sequences, each recording the identities of the CHR
constraints which fired a rule, and the rule itself. This is ne-
cessary to prevent trivial non-termination for propagation
rules. Finally, the counter n represents the next free integer
which can be used to identify a CHR constraint.

1. Solve 〈[c|A], S′ ]S, B, T 〉n � 〈S ++ A, S′ ]S, c∧B, T 〉n

if c is a builtin constraint and B fixes the variables of S ′.

2. Activate 〈[c|A], S, B, T 〉n � 〈[c#n : 1|A], S′, B, T 〉(n+1)

if c is a CHR constraint, where S′ = {c#n} ] S.

3. Reactivate 〈[c#i|A], S, B, T 〉n � 〈[c#i : 1|A], S, B, T 〉n

4. Drop 〈[c#i : j|A], S, B, T 〉n � 〈A, S, B, T 〉n

if there is no jth occurrence of c in P .

5. Simplify 〈[c#i : j|A], {c#i} ] H1 ] H2 ] H3 ] S, B, T 〉n
� 〈C ++ A, H1 ] S, θ ∧ B, T ∪ {h}〉n

if the jth occurrence of the constraint c is dj in a rule
R in P of the form H ′

1 \ H ′

2, dj , H
′

3 ⇐⇒ g | C and ∃θ :
c = θ(dj), chr(Hk) = θ(H ′

k) (k = 1, 2, 3), D |= B → (θ ∧ g),
and T 63 h = (id(H1 ++ H2 ++ c#i ++ H3), R).

6. Propagate 〈[c#i : j|A], {c#i} ]H1 ]H2 ]H3 ]S, B, T 〉n
� 〈C ++ [c#i : j|A], {c#i} ]H1 ]H2 ] S, θ ∧B, T ∪ {h}〉n

if the jth occurrence of the constraint c is dj in a rule
R in P of the form H ′

1, dj , H
′

2 \ H ′

3 ⇐⇒ g | C and ∃θ :
c = θ(dj), chr(Hk) = θ(H ′

k) (k = 1, 2, 3), D |= B → (θ ∧ g),
and T 63 h = id(H1 ++ c#i ++ H2 ++ H3), R).

7. Default 〈[c#i : j|A], S, B, T 〉n � 〈[c′|A], S, B, T 〉n
if no other transition applies, where c′ = c#i : (j + 1).

Figure 1: The transitions defining ωr execution.

Given an initial goal G, the initial state is: 〈G, ∅, true, ∅〉1.
Execution proceeds by exhaustively applying transitions from
figure 1 to the initial execution state until the builtin store
is unsatisfiable or no transitions are applicable.

3. OVERVIEW
The guard simplification transformation discussed in this

paper transforms a CHR program P into another CHR pro-
gram P ′ = GS(P ) which is equivalent under ωr semantics.
Although the original program might have been valid under
any execution strategy covered by ωt semantics, the trans-
formed program will in general only show identical behavior
when ωr semantics are used. This is not an issue, since all
implementations we know of use ωr semantics.

Consider the following example CHR program, which com-
putes the greatest common divisor using Euclid’s algorithm:

Example 1 (gcd).

gcd(N) <=> N =:= 0 | true.

gcd(N) \ gcd(M) <=> N =\= 0, M >= N | gcd(M-N).

A query containing two (or more) gcd/1 constraints with
integer arguments, will eventually result in a constraint store
containing one gcd(k) constraint where k is their greatest
common divisor. For example, the query gcd(9),gcd(15)

causes the second rule to fire, resulting in gcd(9),gcd(6).
This rule keeps firing until the store contains gcd(3),gcd(0).
Now the first rule fires, removing gcd(0) from the store.
The remaining constraint does indeed contain the greatest
common divisor of 9 and 12, namely 3.

Taking the refined operational semantics into account, the
above CHR program can also be written as

gcd(N) <=> N =:= 0 | true.

gcd(N) \ gcd(M) <=> M >= N | gcd(M-N).



because if the second rule is tried, the guard of the first
rule must have failed – otherwise the active constraint would
have been removed. Hence the condition N =\= 0 is redund-
ant Under ωt semantics, this second version of the CHR
program is no longer guaranteed to terminate, since apply-
ing the second rule indefinitely (which is a valid execution
strategy under ωt semantics) when the constraint store con-
tains e.g. gcd(3),gcd(0) results in an infinite loop.

3.1 Guard simplification
When a simpagation rule or a simplification rule fires,

some or all of its head constraints are removed. As a result,
for every rule Ri, we know that when this rule is tried, any
non-propagation rule Rj with j < i, where the set of head
constraints of rule Rj is a (multiset) subset of that of rule
Ri, did not fire for some reason. Either the heads did not
match, or the guard failed.

Example 2 (entailed guard).

pos @ sign(P,S) <=> P > 0 | S = positive.

zero @ sign(Z,S) <=> Z =:= 0 | S = zero.

neg @ sign(N,S) <=> N < 0 | S = negative.

If the third rule, neg, is tried, we know pos and zero

did not fire, because otherwise, the sign/2 constraint would
have been removed. Because the first rule, pos, did not fire,
its guard must have failed, so we know that N ≤ 0. From
the failing of the second rule, zero, we can derive N 6= 0.
Now we can combine these results to get N < 0, which
trivially entails the guard of the third rule. Because this
guard always succeeds, we can safely remove it. This results
in slightly more efficient generated code, and – maybe more
importantly – it might also be useful for other analyses. In
this example, the never-stored analysis [2] is able to detect
that the constraint sign/2 is never-stored because the third
rule became an unguarded single-head simplification rule,
removing all sign/2 constraints immediately.

Example 3 (rule that can never fire).

neq @ p(A) \ q(B) <=> A \== B | ...

eq @ q(C) \ p(C) <=> true | ...

prop @ p(X), q(Y) ==> ...

In this case, we can detect that the third rule, prop, will
never fire. Indeed, because the first rule, neq, did not fire,
we know that X and Y are equal and because the second rule,
eq, did not fire, we know X and Y are not equal. This is a
contradiction, so we know the third rule can never fire.

Generalizing from the previous examples, we can summar-
ize guard simplification as follows: If (part of) a guard is en-
tailed by knowledge given by the negation of earlier guards,
we can replace it by true, thus removing it. However, if the
negation of (part of a) guard is entailed by that knowledge,
we know the rule will never fire and we can remove the en-
tire rule. Most often such never firing rules are in fact bugs
in the CHR program – there is no reason to write rules that
cannot fire – so it seems appropriate for the CHR compiler
to give a warning message when it encounters such rules.

3.2 Head matching simplification
Matchings in the arguments of head constraints can be

seen as an implicit guard condition that can also be simpli-
fied. Consider the following example:

Example 4 (head matching simplification).

p(X,Y) <=> X \== Y | ...

p(X,X) <=> ...

We can rewrite the second rule to p(X,Y) <=> ..., be-
cause the (implicit) condition X == Y is entailed by the neg-
ation of the guard of the first rule. In the refined operational
semantics, this does not change the behavior of the program.
Now we say the head matchings of the second rule are sim-
plified, because the head contains less matching conditions.
As a result, never-stored analysis detects p/2 to be never-
stored, and more efficient code can be generated.

3.3 Type and mode declarations
Head matching simplification can be much more effective

if the types of constraints arguments are known.

Example 5 (sum).

sum([],S) <=> S = 0.

sum([X|Xs],S) <=> sum(Xs,S2), S is X + S2.

If we know the first argument of constraint sum/2 is a
(ground) list, these two rules cover all possible cases and
thus the constraint is never-stored.

In [15], optional mode declarations were introduced to
specify the mode – ground (+) or unknown (?) – of con-
straint arguments. Inspired by the Mercury type system
[18], we have added optional type declarations to define
types and specify the type of constraint arguments. For
the above example, the CHR programmer would add the
following lines:

:- chr_type list(T) ---> [] ; [T | list(T)].

:- constraints sum(+list(int), ?int).

The first line is a recursive and generic type definition
for lists of some type T, a variable that can be instantiated
with builtin types like int, float, the general type any, or
any user-defined type. The constraint declaration on the
second line includes mode and type information. It is read
as follows: sum/2 is a CHR constraint which has two argu-
ments: a ground list of integers and an integer, which can be
ground or a variable. Using this knowledge, we can rewrite
the second rule of the example program to “sum(A,S) <=>

A = [X|Xs], sum(Xs,S2), S is X + S2.”, keeping its be-
havior intact while again helping never-stored analysis.

3.4 Occurrence Subsumption
If the head of a rule contains multiple occurrences of the

same constraint, we can test for occurrence subsumption.
We know that when a certain occurrence is tried, all earlier
occurrences in constraint removing rules must have failed.
If the rule containing this occurrence is not a propagation
rule, this also holds for earlier occurrences inside that rule.

The K.U.Leuven CHR compiler already had two optimiz-
ations that can be considered to be special cases of occur-
rence subsumption. Symmetry analysis checks rules R with
a head containing two constraints c1 and c2 that are sym-
metric, in the sense that there is a variable renaming θ such
that θ(c1) = c2 and θ(c2) = c1 and θ(R) = R. In such rules,
one of the ci’s is made passive. The other optimization
looks at rules which make a constraint have set semantics,
of the form c1\c2 ⇔ true|B, without head matchings, where



c1 and c2 are identical modulo functional dependencies. In
this case, c1 can be made passive (or c2, but it is better to
keep the occurrence which immediately removes the active
constraint). A more efficient constraint store can be used
for c if it has set semantics.

In section 4.1 of [9, 10], a concept called continuation op-
timization is introduced. Fail continuation optimization is
essentially the same as occurrence subsumption, while suc-
cess continuation optimization uses similar reasoning to im-
prove the generated code for occurrences in propagation
rules. The HAL CHR compiler, discussed in that paper,
performs a very simple fail continuation optimization, which
only considers rules without guards and does not use inform-
ation derived from the failing of earlier guards.

Example 6 (simple case).

c(A,B), c(B,A) <=> p(A),p(B) | true.

Suppose the active constraint is c(X,Y). If the first occur-
rence does not fire, this means that either c(Y,X) is not in
the constraint store, or p(X),p(Y) fails. If the second occur-
rence fires, then c(Y,X) must be in the constraint store, and
the guard p(Y),p(X) must succeed. So it is impossible for
the second occurrence to fire if the first one did not. It is not
even tried if the first occurrence did fire, removing the active
constraint. Hence, compiling the second occurrence is re-
dundant and we can change the rule to c(A,B), c(B,A)#Id

<=> p(A),p(B) | true pragma passive(Id).

In the following (more or less artificial) examples, current
analyses only detect a small subset of the redundant occur-
rences detected by our new analysis. Underlined occurrences
can be made passive so they do not need to be compiled.
All these redundant occurrences are detected by the current
K.U.Leuven CHR compiler.

Example 7 (more complicated cases).

1. in(X,A:B), in(X,C:D) <=> A < B, C < D | Body.

2. a(X,Y,Z), a(Y,Z,X), a(Z,X,Y) <=> Body.

3. b(X,Y,Z), b(Y,Z,X), b(Z,X,Y) <=>

(p(X); p(Y)) | Body.

4. c(A,B,C), c(A,C,B), c(B,A,C),c(B,C,A),

c(C,A,B),c(C,B,A) <=> Body.

5. d(A,B,C), d(A,C,B), d(B,A,C),d(B,C,A),

d(C,A,B),d(C,B,A) <=> p(A),p(B) | Body.

6. e(A,B,C), e(A,C,B), e(B,A,C),e(B,C,A),

e(C,A,B),e(C,B,A) <=> p(A) | Body.

7. f(A,B), f(B,C) <=> A \== C | Body.
f(A,B), f(B,C) <=> Body.

A strong occurrence subsumption analysis takes away the
need for CHR programmers to write pragma passive declar-
ations to improve efficiency, since the compiler is able to add
them automatically if it can prove that making the occur-
rence passive is justified, i.e. does not change the program’s
behavior. Because of this, the CHR source code contains
much less of these non-declarative operational pragmas, im-
proving the compactness and logical readability.

Of course, not every redundant occurrence can be detected
by our analysis. Consider the last rule in this classic CHR
version of the Sieve of Eratosthenes:

Example 8 (too complicated case).

candidate(1) <=> true.

candidate(N) <=> prime(N), candidate(N-1).

prime(Y) \ prime(X) <=> 0 =:= X mod Y | true.

In this program, the last occurrence of prime/1 can be
declared to be passive, provided that user queries are of the
form candidate(n), with n ≥ 1. Because prime/1 con-
straints are added in reverse order, the guard 0 =:= X mod

Y will always fail if prime(X) is the active constraint. In-
deed, for all possible partner constraints prime(Y) we have Y
> X > 1 because of the order in which prime/1 constraints
are added, so X mod Y = X 6= 0. Our implementation of
occurrence subsumption lacks the reasoning capability to
detect this kind of situations. Not only does the current
implementation lack a mechanism for the CHR programmer
to indicate which kind of user queries are allowed, it also
does not try to investigate rule bodies to derive the kind of
information needed in this example. Furthermore, it is far
from trivial to automatically detect complicated entailments
like Y > X > 1 → X mod Y 6= 0.

4. FORMAL DESCRIPTION AND PROOFS
In this section, the guard simplification transformation

intuitively described above is formalized. First we introduce
some additional notation for the functor/arity of constraints:

Definition 2 (Functor). For every CHR constraint
c = p(t1, . . . , tn), we define functor(c) = p/n. For every
multiset C of CHR constraints we define functor(C) to be
the multiset {functor(c)|c ∈ C}.

We consider rules that must have been tried (according
to the refined operational semantics) before some rule Ri is
tried, calling them earlier subrules of Ri.

Definition 3 (Earlier subrule). The rule Rj is an
earlier subrule of rule Ri (notation: Rj ≺ Ri) iff j < i and
functor(Hj) F functor(Hi).

Now we can define a logical expression nesr(Ri) (“no earlier
subrule (fired)”) stating the implications of the fact that all
constraint-removing earlier subrules of rule Ri have been
tried unsuccessfully.

Definition 4 (Nesr). For every rule Ri, we define:

nesr(Ri) =
∧

{(

¬(θj ∧ gj)
)

| Rj ≺ Ri ∧ Hr
j 6= ε

}

where θj is a matching substitution mapping the head con-
straints of Rj to corresponding head constraints of Ri.

If mode or type information is available for head con-
straints of Ri, it can be added to the nesr(Ri) conjunc-
tion without affecting the following definitions and proofs,
as long as this information is correct at any given point in
any derivation starting from a legal query.

4.1 Definition of Guard Simplification
Consider a CHR program P with rules Ri which have

guards gi =
∧

k
gi,k. Applying guard simplification to this

program means rewriting some parts of the guards to true,
if they are entailed by the “no earlier subrule fired” condi-
tion (and already evaluated parts of the guard). The entire



guard is rewritten to fail, if the negation of some part of
it is entailed by that condition. This effectively removes
the rule. Because head matchings are made explicit, head
matching simplification (section 3.2) is an implicit part of
guard simplification.

Definition 5 (Guard Simplification). Applying the
guard simplification transformation to a CHR program P
(with rules Ri = Hi ⇔

∧

k
gi,k|Bi) results in a new CHR

program P ′ = GS(P ) which is identical to P except for the
guards, i.e. its rules R′

i are of the form Hi ⇔ g′

i|Bi, where

g′

i =

{

fail if ∃k D |= nesr(Ri) ∧
∧

m<k
gi,m → ¬gi,k;

∧

k
g′

i,k otherwise.

In the second case, the g′

i,k are defined by

g′

i,k =

{

true if D |= nesr(Ri) ∧
∧

m<k
gi,m → gi,k;

gi,k otherwise.

Note that this definition is slightly stronger compared to
the definition given in [17, 16], because it takes into account
the left-to-right evaluation of the guard. As a result, intern-
ally inconsistent guards like X > Y, Y > X can be simplified
to fail, and internally redundant guards can be simplified,
e.g. the condition X >= Y can be removed from X > Y, X

>= Y.
Later we will show that P and P ′ behave exactly the same

way under the refined operational semantics.

4.2 Definition of Occurrence Subsumption
Although occurrence subsumption can be seen as a source

to source transformation (inserting pragma passive direct-
ives), we use a slightly different approach to define occur-
rence subsumption formally because the common formal
definitions of CHR programs and ωr derivations do not in-
clude pragmas. Instead of introducing the concept of passive
occurrences in the formal refined operational semantics, we
define occurrence subsumable occurrences and then we show
that trying rule application on a subsumed occurrence is
redundant. First we define this auxiliary condition:

Definition 6 (Neocc). Given a non-propagation rule
Ri containing in its head multiple occurrences cm, . . . , cn of
the same constraint c and other partner constraints d. We
define for every ck (m ≤ k ≤ n):

neocc(Ri, ck) =
∧

{

¬θl

(

fc(Ri, cl)
)

| m ≤ l < k, θl(cl) = ck

}

where fc(Ri, cl) = (gi ∧ d ∧ cm ∧ . . . ∧ cl−1 ∧ cl+1 ∧ . . . ∧ cn).

As the reader can verify, fc(Ri, cl) is the firing condition
for rule Ri to fire if cl is the active constraint. The condi-
tion neocc(Ri, ck) (“no earlier occurrence (fired)”) describes
that if the kth occurrence of c is tried, i.e. application of rule
Ri is tried, the earlier occurrences inside rule Ri must have
failed (since Ri is not a propagation rule). Now we can
define formally which occurrences can be made passive.

Definition 7 (Occurrence subsumption). Given a
rule Ri as in the previous definition. We say ck (m < k ≤ n)
is occurrence subsumable iff

D |= nesr(Ri) ∧ neocc(Ri, ck) → ¬fc(Ri, ck)

In the next section we present a formal correctness proof
of both the guard simplification transformation from the
previous section and occurrence subsumption.

4.3 Correctness proofs
Detailed definitions of execution state, transition and de-

rivation can be found in [4]. The summary from section 2
should suffice to understand the theorems and proofs below.

First we prove a lemma which will be useful later. In-
tuitively it says that for every point in a derivation (under
ωr semantics) where a rule can directly be applied with c
being the active constraint, there must be an earlier execu-
tion state in which the first occurrence of c is about to be
checked and where all preconditions for that rule to fire are
also fulfilled.

Lemma 1. If in a derivation s0 �
∗ sk for P under ωr

semantics, the execution state sk is of the form sk = 〈[c#i :
j|Ak], Sk, Bk, Tk〉nk

, and transitions sk �simplify sk+1 or
sk �propagate sk+1 are applicable, applying rule Rx, then
the derivation contains an intermediate execution state sl =
〈[c#i : 1|Al], Sl, Bl, Tl〉nl

, such that s0 �
∗ sl �

∗ sk and
for every execution state sm with l ≤ m ≤ k, the CHR store
contains all partner constraints needed for the application of
rule Rx and the builtin store entails the guard of rule Rx.

Proof. Consider the execution state

sl′ = 〈[c#i : 1|Al′ ], Sl′ , Bl′ , Tl′〉n
l′

(s0 �
∗ sl′ �

∗ sk)

just after the last Reactivate transition that put c#i : 1 at
the top of the execution stack; if there was no such trans-
ition, consider sl′ to be the execution state just after the
Activate transition that put c#i : 1 at the top of the exe-
cution stack.

Suppose at some point in the derivation sl′ �
∗ sk, the

builtin store does not entail the guard gx of Rx. Then the
builtin store has to change between that point and sk, so
that after the change it does entail gx. This will possibly
trigger some constraints:

• If c is triggered, then c is reactivated after sl′ , which
is a contradiction given the way we defined sl′ .

• If another constraint d from the head of Rx is triggered,
it becomes the active constraint. Now there are two
possibilities:

(a) All constraints from the head of Rx are in the CHR
store. This means eventually, either rule Rx will be
tried with d as the active constraint, or another part-
ner constraint gets triggered (but not c, because of
how we defined sl′), in turn maybe triggering other
partner constraints, but any way Rx will be tried with
one of the partner constraints as the active constraint.
Because the builtin store now does entail gx, the rule
fires and a tuple is added to the propagation history.
In execution state sk, this tuple will still be in the
propagation history, preventing the application of rule
Rx. This is of course a contradiction.

(b) Not all constraints from the head of Rx are in the
CHR store, so some have to be added before sk is
reached, and a similar early-firing happens at the mo-
ment the last partner constraint is added, also leading
to a contradiction.

• If none of the constraints from the head of Rx are
triggered, some of them are not in the CHR store yet,
because if they are all there, at least one of them should
be triggered, otherwise the change in the builtin store



would not affect the entailment of gx. As a result,
some of the constraints occurring in the head of Rx

have to be added before sk is reached so we get a sim-
ilar early-firing situation as above, again leading to a
contradiction.

All these cases lead to a contradiction, so our assumption
was wrong. This shows that during the derivation sl′ �

∗ sk,
the builtin store always entails the guard of Rx.

Suppose at some point in the derivation sl′ �
∗ sk, the

CHR store does not contain all partner constraints needed
for rule Rx. Then somewhere in that derivation the last of
these partner constraints (d) is added to the CHR store, so
all constraints needed for Rx are in the CHR store. However,
the only transition that could have added d to the CHR store
is Activate, which also makes d the active constraint. We
get an early-firing situation like above because the guard of
Rx is entailed and every partner constraint (including c) is
now in the CHR store. So we get a contradiction, proving
that during the derivation sl′ �

∗ sk, the CHR store always
contains all constraints needed for rule Rx.

To conclude our proof: we have found an execution state
sl with the required properties, namely sl = sl′ .

Using the previous lemma we now show that the “no
earlier subrule fired” formula nesr(Ri) is logically implied
by the builtin store at the moment the rule Ri is applied.

Lemma 2. If for a given CHR program P , the rule con-
taining the jth occurrence of the CHR predicate c is Rc,j ,
and if there is a derivation s0 �

∗ sk = 〈[c#i : j|A], S, B, T 〉n

for P under ωr semantics, and rule Rc,j can be applied in
execution state sk, then we have D |= B → nesr(Rc,j).

Proof. From the previous lemma follows the existence
of an intermediate execution state sl (0 ≤ l ≤ k), such that
for every execution state sm with l ≤ m ≤ k, the CHR store
contains all partner constraints needed for the application
of rule Rc,j and its guard is entailed by the builtin store.

To prove D |= B → nesr(Rc,j), we show that

∀Ra ∈ P : (Ra ≺ Rc,j ∧ Hr
a 6= ε) ⇒ (D |= B → ¬(θa ∧ ga))

Suppose this is not the case, so assume there would exists
a non-propagation rule Ra such that Ra ≺ Rc,j and D |= B∧
θa∧ga. Since Rc,j can be applied in execution state sk, there
exists a matching substitution σ matching c and constraints
from S to corresponding head constraints of the rule Rc,j .
Because Ra ≺ Rc,j , there exists a number oa < j such
that the oth

a occurrence of c is in rule Ra. There exists an
execution state sm = 〈[c#i : oa|Am], Sm, Bm, Tm〉nm

with
l ≤ m < k. From this state, a Simplify or Propagate
transition can fire, applying rule Ra, because:

• all partner constraints are present in Sm;

• there exists a matching substitution θ that matches
c and partner constraints from the CHR store to the
head constraints of of Ra, namely θ = θa ∧ σ;

• the guard ga is entailed because of our assumption;

• the history does not already contain a tuple for this
instance, because Ra removes some of the constraints
in its head.

But this application of Ra removes constraints needed for
the rule application in sk, because every head constraint of
Ra also appears in Rc,j . This results in a contradiction. So
our assumption was false, and D |= B → nesr(Rc,j).

Now we are ready for a theorem stating that guard simpli-
fication does not affect the applicability of transitions. Cor-
rectness of guard simplification with respect to operational
equivalence is a trivial corollary of this theorem.

Theorem 1 (Guard simplification & transitions).
Given a CHR program P and its guard-simplified version
P ′ = GS(P ). Given an execution state s = 〈A, S, B, T 〉n

occurring in some derivation for the P program under ωr

semantics, exactly the same transitions are possible from s
for P and for P ′. In other words, �P ≡ �P ′ .

Proof. The Solve, Activate and Reactivate trans-
itions do not depend on the actual CHR program, so ob-
viously their applicability is identical for P and P ′. The ap-
plicability of Drop only depends on the heads of the rules
in the program, so again it is identical for P and P ′.

If a Simplify or Propagation transition is possible for
P , this means A = [c#i : j|A′] and D |= B → gk, where k
is the rule number of the jth occurrence of c. According to
lemma 2, we now know that D |= B → nesr(Rk). The rule
R′

k is identical to Rk except for its guard g′

k, so the same
transition is possible for P ′ unless the guard g′

k fails (while gk

succeeds). This can only happen if for some part gk,x of the
conjunction gk we have D |= nesr(Rk)∧

∧

m<x
gk,m → ¬gk,x.

Now we can derive a contradiction: D |= B → nesr(Rk) and
D |= B → gk combined with the previous statement gives
D |= B → ¬gk because of course ∀m |= gk → gk,m.

If a Simplify or Propagation transition is possible for
P ′, this means A = [c#i : j|A′] and D |= B → nesr(Rk).
Again, assume the jth occurrence of c is in the kth rule. The
same transition is also possible for P , unless for some x, D |=
B → ¬gk,x. If there is more than one of such x’s, choose
the smallest one, i.e. let gk,x be the first part of the guard
conjunction that fails. Note that D |= B →

∧

m<x
gk,m. Be-

cause D |= B → g′

k,x, we know that gk,x 6= g′

k,x, and because
of the definition of guard simplification, this can only be the
case if D |= nesr(Rk) ∧

∧

m<x
gk,m → gk,x. Again, this res-

ults in a contradiction, so the applicability of Simplify and
Propagation is identical for P and P ′.

Since the applicability of Default only depends on the
applicability of the other transitions, it is also identical for P
and P ′. We showed that the applicability of any of the seven
possible transitions is unchanged by guard simplification,
concluding our proof.

Corollary 1 (Correctness of GS). Under the re-
fined operational semantics, any CHR program P and its
guard-simplified version P ′ are operationally equivalent.

Proof. According to the previous theorem, �P ≡ �P ′ ,
so all states are trivially P, P ′-joinable.

Now we can show that subsumable occurrences do not
need to be compiled (can be made passive). More formally:

Theorem 2 (Correctness of Occ. Subsumption).
Given a CHR program P and an ωr derivation for P in
which an execution state s = 〈[c#i : j|A], S, B, T 〉n occurs.
If cj is occurrence subsumable, Simplify and Propagate

transition cannot (directly) be applied on state s.



Proof. Suppose the Simplify or Propagate transition
can be applied, firing rule R. Using the notation from defin-
ition 6, this means that D |= B → fc(R, cj) Also, lemma 2
tells us that D |= B → nesr(R). Because of lemma 1 we
know that rule R has been tried for the earlier occurrences
of c in that rule. These tries must have failed, because R
is a constraint-removing rule (cj is occurrence subsumable)
which cannot be applied twice on the same constraints. So

∀k : m ≤ k < j ⇒ D |= B → ¬θk

(

fc(R, ck)
)

where θk is a renaming such that θk(ck) = cj . This is equi-
valent to D |= B → neocc(R, cj). Because cj is occurrence
subsumable, we have D |= B → ¬fc(R, cj), which results
in a contradiction. So the Simplify and Propagate trans-
itions are indeed not applicable in state s.

5. IMPLEMENTATION
We have implemented the presented analyses and trans-

formations in the K.U.Leuven CHR compiler [14], which can
be found in recent releases of SWI-Prolog [19]. We wrote a
separate auxiliary module for checking entailment. This sec-
tion starts with an overview of our implementation of guard
simplification and occurrence subsumption, which depends
heavily on the entailment checker. In 5.2, the implement-
ation of the entailment check module is discussed. Finally
we take a look at the code the compiler generates for an
example CHR program, and how this code can be improved
by guard simplification.

5.1 Overview
The guard simplification / occurrence subsumption com-

pilation phase rewrites every rule in the CHR program. In
the rewritten rules, the redundant parts of the guard have
been removed, the head matchings (an implicit part of the
guard) are made as general as possible and subsumed occur-
rences are declared to be passive. As a result, the generated
code is more efficient because redundant checks are removed,
and also the next compilation phases – like storage analysis
– are able to do more optimizations. Schematically, our im-
plementation does the following for every rule Ri:

1. make head matchings explicit, inserting fresh variables
in the arguments of head constraints as needed;

E.g. rewrite the rule c([X|Xs],Y,Y) <=> G | B

to an equivalent head normalized rule:
c(A,Y,B) <=> A = [X|Xs], B == Y, G | B.

2. iteratively construct a conjunction similar to nesr(Ri)
from section 4, containing the negations of the guards
of the earlier subrules Rj ≺ Ri, consider all possible
substitutions;

E.g. for the program: r1@ c(X) <=> p(X) | B1

r2@ c(2) <=> q | B2

r3@ c(A), c(B) <=> G3 | B3

the following conjunction is computed for the third rule:

(A \== 2; \+ q), (B \== 2; \+ q), \+ p(A), \+ p(B).

3. add type information by looking up the type defini-
tions corresponding to the argument types of the head

constraints of Ri, unfolding them to the nesting depth
needed;

For recursive types like list, the type condition can be
infinite. E.g. if L is of type list, the type condition
would be

(L == []; (L = [A|B], (B == []; ...))).

To prevent such infinite loops, we stop at the highest
nesting depth occurring in Ri and its earlier subrules.
E.g for sum/2 from example 5, the type condition would
be

(L == []; (L = [A| ], integer(A))),

(var(S); integer(S)).

4. for every part of the guard of Ri (the gi,k’s from sec-
tion 4): check if it is entailed by the derived informa-
tion and remove it if it is (i.e. replace it with true); if
its negation is entailed, replace it with fail;

5. move every entailed head matching to the body if the
variables in the right hand side of the matching do not
occur in the guard; if they also do not occur in the
body, remove the head matching;

E.g. we can rewrite the simplification rule

c([X|Xs],[],A,A,[B|Bs]) <=> B>0 | d(X,A)

to c(Z, ,A, ,[B| ]) <=> B > 0 | Z=[X| ], d(X,A)

if the derived information entails that the first arguments
of c/5 is a non-empty list, the second argument is an
empty list and the third and fourth argument are identical.

6. produce a warning message if the guard now entails
fail, or if the head matchings entail fail. This means
that rule Ri will never fire, which probably indicates
a bug in the CHR program;

7. for every occurrence ck of a constraint that occurs more
than once in Ri, compute neocc(Ri, ck) and do occur-
rence subsumption by checking whether ¬fc(Ri, ck) is
entailed by nesr(Ri)∧neocc(Ri, ck), i.e. check whether
occurrence ck can be safely set to ‘passive’.

E.g. for the program:

r1@ c(X,Y), c(Y,Z) <=> X \== Z | B1

r2@ c(A,B), c(B,C) <=> B2

the last occurrence of c/2 can be made passive (does
not need to be compiled) since nesr(r2) entails A == C,
which causes the heads to be symmetric. Because of this
symmetry, the last occurrence of c/2 clearly is occurrence
subsumable.

The negation of a condition is computed in a straightfor-
ward way for builtins1 and for user-defined predicates p we
simply use (\+ p).

5.2 Checking entailment
The entailment checking module is used in the guard sim-

plification analysis to test whether some condition B (e.g.
X < Z) is entailed by another condition A (e.g. X <
Y ∧ Y < Z), i.e. A → B. Since in general this problem
is undecidable, the entailment checker tries to prove that B

1Some examples: X < Y → X >= Y, X == Y → X \== Y,
true → fail, var(X) → nonvar(X), \+ Cond → Cond,
(A; B) → (NA, NB) where A → NA and B → NB.



is entailed by A by propagating the implications of (host
language) builtin conditions in A, like <, =:=, functor/3,
== and unification, succeeding if B is found and failing oth-
erwise. Hence if the entailment checker succeeds, A → B
must hold, but if it fails, either A 6→ B holds or A → B
holds but was not detected. It does not try to discover im-
plications of user-defined predicates, which would require a
complex analysis of the host-language program. The core of
this entailment checker is written in CHR. Schematically, it
works as follows:

1. add the parts of the conjunction in A to the constraint
store (wrapped in known/1 constraints);

2. simplify the conditions to some normalized form (e.g.
convert ≥, >, < to ≤ and 6=) and evaluate ground con-
ditions (e.g. remove 3 < 5, replace 5 < 3 by fail);

3. propagate entailed conditions until fixpoint (e.g. if
X ≤ Y and Y ≤ Z are in the store, add X ≤ Z);

4. if known(B) is in the store: succeed;

5. if B is directly entailed by something in the store: suc-
ceed (e.g. X < 3 is entailed by X < 0 ; X =< 8 is en-
tailed by X =:= 2) – we need some special rules to
cover these cases since we cannot simply propagate all
these weak conditions entailed by a stronger one (there
are infinitely much);

6. if the store contains a disjunction A1∨A2: add A1 and
test B, then backtrack, add A2 and test B; succeed if
both tests succeed, else fail;

7. otherwise: fail.

We try to postpone the expansion of disjunctions, because
(recursively) trying all combinations of conditions in dis-
junctions can be rather costly: if A is a conjunction con-
taining n disjunctions, each containing m conditions, there
are mn cases that have to be checked. This is why we check
entailment of B before a disjunction is expanded. Conjunc-
tions in B are dealt with in the obvious way. If B is a
disjunction B1 ∨ B2, we add known(¬B2) to the store and
test B1. We can stop (and succeed) if B1 is entailed, other-
wise we backtrack, add known(¬B1) to the store and return
the result of testing entailment of B2.

5.3 Generated code comparison
Let us now look at the Prolog code the CHR compiler

generates for some example CHR program. Consider this
fragment from a prime number generating program from
the CHR web site [6]:

filter([X|In],P,Out) <=> 0 =\= X mod P |

Out = [X|Out1],

filter(In,P,Out1).

filter([X|In],P,Out) <=> 0 =:= X mod P |

filter(In,P,Out).

filter([],P,Out) <=> Out = [].

The CHR compiler (without guard simplification) gener-
ates general code for the filter/3 constraint. Because no
information is known about the arguments of filter/3, the
compiled code has to take into account variable triggering
and the possibility that none of the rules apply and the con-
straint has to be stored. Following the compilation scheme
explained in [11], the generated code looks like:

filter(List,P,Out) :- filter(List,P,Out, _ ).

% first occurrence

filter(List,P,Out,C) :-

nonvar(List), List = [X|In],

0 =\= X mod P, !,

... % removecode

Out = [E|Out1], filter(In,P,Out1).

% second occurrence

filter(List,P,Out,C) :-

nonvar(List), List = [X|In],

0 =:= X mod P, !,

... % removecode

filter(In,P,Out).

% third occurrence

filter(List, _ ,Out,C) :-

List == [], !,

... % removecode

Out = [].

% insert into store if no rule applied

filter(List,P,Out,C) :-

... % insertcode

If we enable guard simplification, the guard in the second
rule is removed, but this alone does not considerably improve
efficiency. However, we can add type and mode information
and then use the guard simplification analysis to transform
the program to an equivalent and more efficient form.

In this example, the programmer intends to call filter/3
with the first two arguments ground, while the third one can
have any instantiation. The first and the third argument are
lists of integers, while the second argument is an integer. So
we add the following type and mode declaration:

:- constraints filter(+list(int),+int,?list(int)).

Using this type and mode information, guard simplific-
ation now detects that all possibilities are covered by the
three rules. The guard in the second rule can be removed,
so the filter/3 constraint with the first argument being
a non-empty list is always removed after the second rule.
Thus in order to reach the third rule, the first argument has
to be the empty list – it cannot be a variable because it is
ground and it cannot be anything else because of its type.
As a result, we can drop the head matching in the third rule:

filter([X|In],P,Out) <=> 0 =\= X mod P |

Out = [X|Out1],

filter(In,P,Out1).

filter([_|In],P,Out) <=> filter(In,P,Out).

filter(_,P,Out) <=> Out = [].

This transformed program is compiled to more efficient
Prolog-code, because never-stored analysis detects filter/3
to be never-stored after the third rule. Also no variable trig-
gering needs to be considered since the relevant arguments
are known to be ground. The generated code for the guard
simplified program looks like:

filter([X|In],P,Out) :- 0 =\= X mod P, !,

Out = [X|Out1],



filter(In,P,Out1).

filter([_|In],P,Out) :- !, filter(In,P,Out).

filter(_,_,[]).

6. EXPERIMENTAL RESULTS
In order to get an idea of the efficiency gain obtained

by guard simplification and occurrence subsumption, we
have measured the performance of several CHR benchmarks,
both with and without the optimization. All benchmarks
were performed in SWI-Prolog [19] version 5.5.2, on a Pen-
tium 4 (1.7 GHz) machine running Debian GNU/Linux (ker-
nel version 2.4.25) with a low load.

6.1 Guard simplification results
Figure 2 gives an overview of our results. The first column

indicates the benchmark name and the parameters that were
used. These benchmarks are available at [12]. The second
and third column indicate whether mode declarations were
provided and whether the guard simplification phase was en-
abled – an empty cell meaning this has no influence on the
resulting compiled code (so it can be “yes” or “no”). If the
third column shows “type”, it means guard simplification
was enabled and additional type information was provided.
The fourth column shows the size of the resulting compiled
Prolog code as a (#Clauses ; #Lines) pair, not including
auxiliary predicates. The last column shows the runtime
in seconds and a percentage comparing the runtime to that
of the version with mode information but without guard
simplification. If a cell contains an equality sign (“=”), we
could not measure any performance difference compared to
the version in the row just above that cell. If a cell con-
tains an equivalence sign (“≡”), the Prolog code for that
row is identical to the one in the row just above. For every
benchmark, the results for a hand-written Prolog version are
included, representing the ideal target code.

We have measured similar results [16] in hProlog [1]. The
only significant difference with the results presented here,
is the amount of run time improvement caused by adding
mode information. In hProlog, this improvement is typic-
ally 20 to 30 percent, while in SWI-Prolog, it can be 50 to
70 percent! The nonvar/1-test and other redundant code
– which is removed when the argument is declared to be
ground – is handled much more efficiently by hProlog.

Individual benchmarks
The first benchmark, sum, computes the sum of the elements
of a list of 10000 numbers (all 1) 500 times, using the simple
algorithm from example 5:

sum([],S) <=> S = 0.

sum([A|R],S) <=> sum(R,T), S is A+T.

If type and mode declarations are provided, guard (or
rather head matching) simplification can move the head
matching to the body, enabling never-stored analysis to re-
move redundant code to add sum/2 to the constraint store.
As in the other benchmarks, no significant performance dif-
ference could be measured between the resulting compiled
program2

2For readability, variables have been renamed in the gen-
erated code shown here. The results are similar for a tail-
recursive version of sum/2.

Benchmark Mode GS Prog. size Runtime (%)
sum no 4 ; 46 12.23 (243)

(10000,500) yes 3 ; 10 5.03 (100)
yes type 2 ; 6 4.49 (89)

target code 2 ; 5 = =
Takeuchi no no 4 ; 50 136.11 (173)
(1000) yes no 3 ; 17 78.62 (100)

yes 2 ; 12 72.88 (93)
target code ≡ ≡ ≡

nrev no 8 ; 92 47.83 (342)
(30,50000) yes 6 ; 20 13.97 (100)

yes type 4 ; 11 8.44 (60)
target code 4 ; 7 = =

cprimes no no 14 ; 160 196.48 (245)
(100000) no yes 12 ; 120 = =

yes no 11 ; 42 80.20 (100)
yes yes 10 ; 35 = =
yes type 8 ; 25 79.25 (99)

target code 8 ; 23 = =
dfsearch no no 5 ; 67 149.02 (397)
(16,500) no yes 5 ; 66 141.75 (377)

yes no 4 ; 16 37.58 (100)
yes yes 4 ; 15 31.63 (84)
yes type 3 ; 11 29.97 (80)

target code 3 ; 8 = =

Figure 2: Benchmark results (guard simplification).

sum([],S) :- !, S = 0.

sum([A|R],S) :- sum(R,T), S is A+T.

and the handwritten Prolog code

sum([],S) :- S = 0.

sum([A|R],S) :- sum(R,T), S is A+T.

The second benchmark is an example of how guard simpli-
fication can in some way make mode information redundant.
The CHR-program looks like this:

tak(X,Y,Z,A) <=> X =< Y | ...

tak(X,Y,Z,A) <=> X > Y | ...

The first three arguments are supposed to be ground in-
tegers. If this mode information is given, the possibility of
variable triggering can be excluded. However, even without
mode information, guard simplification removes the guard
in the second rule. As a result, the constraint is detected as
being never-stored, also excluding the possibility of variable
triggering. In this case, the generated code is identical to
the handwritten Prolog code. The guard X > Y is removed
because it is (entailed by) the negation of X =< Y. When X

=< Y fails, we know X and Y are ground terms evaluating to
numbers, and X > Y. If in some other host language, X =< Y

would fail if its arguments are invalid – instead of resulting
in some fatal error message or exception – then it would have
a different negation, for instance (X > Y ; \+ number(X) ;

\+ number(Y)). In that case, guard simplification would not
remove the guard of the second rule, except when mode and
type information is given.

In the third benchmark, nrev, a list of length 30 is re-
versed 50000 times using the classic naive algorithm. Except
for some redundant cuts, the generated code:



nrev([],Ans) :- !, Ans = [].

nrev([X|Xs],Ans) :- nrev(Xs,L), app(L,[X],Ans).

app([],L,M) :- !, L = M.

app([X|L1],L2,[X|L3]) :- app(L1,L2,L3).

is essentially identical to the handwritten Prolog program:

nrev([],[]).

nrev([X|Xs],Ans):- nrev(Xs,L), app(L,[X],Ans).

app([],L,L).

app([X|L1],L2,[X|L3]):- app(L1,L2,L3).

The example in section 5.3 is a fragment from the fourth
benchmark, cprimes, which computes the first 100,000 prime
numbers. The last benchmark, dfsearch, performs a depth-
first search on a large tree. In both cases, the generated
code for the guard simplified version with mode and type
information is again essentially identical (except for some
redundant cuts) to the handwritten Prolog code.

Conclusion
Overall, for these benchmarks, the net effect of the guard
simplification transformation – together with never-stored
analysis and use of mode information to remove redundant
variable triggering code – is cleaner generated code which is
much closer to what a Prolog programmer would write. As
a result, a major performance improvement is observed in
these benchmarks, which are CHR programs that basically
implement a deterministic algorithm.

Naively compiled to general code, these CHR programs
that implement deterministic algorithms have a relatively
low performance, compared to their native Prolog altern-
atives. As a result, CHR programmers usually write de-
terministic predicates in Prolog instead of formulating them
as CHR constraints. Thanks to guard simplification and
other analyses, the programmer can now simply implement
everything as CHR rules, relying on the compiler to generate
efficient code. Mixed-language programs often use ineleg-
ant constructs, like rules of the form foo(X) \ getFoo(Y)

<=> Y = X, to read information from the constraint store
in the host-language parts when this information is needed.
By implementing these parts as (multi-headed) CHR rules,
the need for such ‘host-language interface’ constraints like
getFoo/1 is drastically reduced.

Other CHR programs, like typical constraint solvers, where
variable triggering occurs and the constraints are typically
not never-stored, do not benefit this much from guard sim-
plification. Redundant guards are of course removed, but in
most cases this does not result in a drastic improvement in
code size or performance since guards are usually relatively
cheap. The main advantage of guard simplification is that
relying on it, the CHR programmer is able to write programs
that have a more declarative reading and that are more self-
documenting. All preconditions needed for a rule to fire
can be put in the guard – guard simplification eliminates all
redundant conditions so this does not affect efficiency.

6.2 Occurrence subsumption results
In figure 3, the performance of the generated code for

four benchmarks is given, both with and without the oc-
currence subsumption optimization. The symmetry and set
semantics dependency analyses were disabled in both cases
because they are special cases of occurrence subsumption.

Benchmark OS Prog. size Runtime (%)
bool chain no 180 ; 2861 12.8 (100)

(200) yes 147 ; 2463 7.0 (55)
fib no 10 ; 154 11.2 (100)

(22) yes 9 ; 125 8.5 (76)
leq no 18 ; 218 14.1 (100)
(60) yes 13 ; 162 11.7 (83)
zebra no 11 ; 198 11.5 (100)
(10) yes 10 ; 168 10.3 (90)

Figure 3: Benchmark results (occ. subsumption).

The second column indicates whether occurrence subsump-
tion was enabled, the other columns are as in figure 2.

These benchmarks are typical constraint solvers, having
constraints that need to be stored. They do not implement a
simple deterministic algorithm. It is much harder to hand-
compile them to clean Prolog, so we made no attempt to
compare the generated code to hand-written target code.

Source files for the benchmarks are available at [12]. The
bool chain benchmark has the same CHR rules as the clas-
sic bool benchmark. Instead of the boolean adder (in which
no constraint needs to be stored at any given time), a chain
of boolean and-constraints is constructed and partially solved.

Occurrence subsumption seems to result in a small to me-
dium performance improvement, if there are subsumable oc-
currences (which is of course true for these benchmarks).
Artificial examples can of course be constructed, for which
a more spectacular performance gain is obtained, e.g. using
rules like the one defining c/3 in example 7. Occurrence
subsumption also reduces the size of the generated code, by
eliminating entire clauses. Compared to guard simplifica-
tion, this size reduction is more visible, unless of course –
as in the case of benchmarks from the previous section –
guard simplification reveals the never-stored property, also
allowing major simplification of the generated code.

6.3 Performance of our implementation
In most cases, the additional compile time spent in the

guard simplification and occurrence subsumption phase (ab-
breviated to g&o from now on) is acceptable. For relatively
small CHR programs like the benchmarks discussed above,
the time cost of applying g&o is more or less insignificant,
in the order of 50 milliseconds.

In general, the time complexity of the g&o compilation
phase depends heavily on the number of earlier subrules to
check while building the “no earlier subrule fired”-condition.
For a large number of rules per constraint, the amount of
rules sharing head constraints also tends to increase. Be-
cause of this, the ratio #rules

#constraints
roughly indicates the

(relative) amount of time spent simplifying guards, as can
be seen in figure 4. The number of rules, number of con-
straints and their ratio is shown in columns “R”, “C” and
“R/C”, respectively. The column labeled “g&o” gives the
amount of time (in seconds) spent in the g&o optimizations,
while “T” refers to the total compilation time with all op-
timizations disabled except g&o. These times are given for
both the hProlog version and the SWI-Prolog version of the
K.U.Leuven CHR compiler.

In both cases, the relative performance of guard simpli-
fication worsens as the ratio #rules

#constraints
increases. However,



hProlog SWI-Prolog
Program R C R/C g&o T % g&o T %
unionfind 6 6 1.0 .00 .04 0 .04 .08 48
timed aut 23 17 1.4 .05 .31 16 .34 .69 49
w-f sem 43 18 2.4 .07 .34 21 .46 .92 50
finite dom 13 6 2.2 .08 .20 40 .68 .83 82
chr comp 139 73 1.9 1.5 3.3 47 11.3 13.3 85
bool solv 78 8 9.8 .42 .59 71 2.7 3.0 92
infin dom 81 9 9.0 1.0 1.3 76 13.5 13.9 97
entailchk 123 3 41.0 1.8 2.2 85 47.6 48.0 99

Figure 4: Compilation times.

there is a significant performance difference between the two
Prolog implementations. Most likely, this is due to the less
efficient implementation of disjunctions and multiple clauses
in SWI-Prolog. Hence, the generated code for the entailment
check module, which contains many clauses for the many oc-
currences of known/1 constraints, is compiled to significantly
less efficient WAM code in SWI-Prolog.

The K.U.Leuven CHR compiler source code contains 139
CHR rules and 73 constraints, so on average every constraint
occurs in less than two rules. In the hProlog case, g&o
takes a reasonable 1.5 seconds on a total compile time of
3.3 seconds. In extreme cases where the number of rules
per constraint is exceptionally large, the g&o phase tends to
dominate the compilation time. For example, the entailment
checking module described in section 5.2 contains 123 rules
and only 3 constraints. Again in hProlog, g&o takes 1.8
seconds on a total of 2.2 seconds, or about 85%.

7. CONCLUSION
We have presented a compiler analysis called guard sim-

plification that allows CHR programmers to write more de-
clarative CHR programs that are more self-documented. In-
deed, all preconditions for rule application can now be in-
cluded in the guard, without efficiency loss. Earlier work in-
troduced mode declarations used for hash tabling and other
optimizations. In addition, we have provided a way for CHR
programmers to add type declarations to their programs.
Using both mode and type declarations we have realized
further optimization of the generated code.

In order to achieve higher efficiency, CHR programmers
often write parts of their program in Prolog if they do not
require the additional power of CHR. They no longer need
to write mixed-language programs for efficiency: they can
simply write the entire program in CHR. Non-declarative
auxiliary “host-language interface” constraints like getFoo/1
(see section 6.1) can be avoided. Thanks to guard simplific-
ation, occurrence subsumption and other analyses like stor-
age analysis, the K.U.Leuven CHR compiler is able to gen-
erate efficient code with minimal constraint store related
overhead. While guard simplification by itself does not re-
duce this overhead (although it does remove the overhead of
checking entailed guards), it helps other analyses to do so.

7.1 Related work
As mentioned before, occurrence subsumption is essen-

tially the same as fail continuation optimization [9, 10], al-
though our implementation performs much more complex
implication reasoning, resulting in a stronger optimization.

Guard simplification is somewhat similar to switch detec-
tion in Mercury [7]. In Mercury, disjunctions – explicit or
implicit (multiple clauses) – are examined for determinism
analysis. In general, disjunctions cause a predicate to have
multiple solutions. However, if for any given combination of
input values, only one of the disjuncts can succeed, the dis-
junction does not affect determinism. Because they super-
ficially resemble switches in the C programming language,
such disjunctions are called switches.

Switch detection checks unifications involving variables
that are bound on entry to the disjunction and occurring
in the different branches. In a sense, this is a special case
of guard simplification, since guard simplification considers
other tests as well, using a more general entailment check-
ing mechanism. Guard simplification analysis can be used
to remove redundant guard conditions on the source level,
because CHR rules are committed-choice. It is harder to ex-
press the switch detection optimization as a source to source
transformation for Mercury programs.

Head matching simplification is similar to indexing in Pro-
log compilers [8]; the former working on multiple rules shar-
ing head constraints, the latter on multiple clauses for the
same predicate. The similarity is rather superficial but it
seems that Prolog indexing is relevant in the context of
CHR, and needs further exploration.

7.2 Future work
Guard simplification and occurrence subsumption can be

combined into one analysis. In some intermediate repres-
entation, there can be a separate copy of each rule for every
constraint occurrence c, where all heads except c are passive.
This representation is closer to the generated Prolog code,
where each occurrence gets a separate clause in which (after
matching the partner constraints) the rule guard and body
are duplicated. From this angle, guard simplification is sim-
plifying the guards of all copies of a certain rule at once,
while occurrence subsumption is simplifying the guard of
one specific copy to fail, removing that copy. A stronger
and more general optimization can be obtained by simpli-
fying the guard of each copy separately. This optimization
can no longer be expressed as a source to source transforma-
tion, except by explicitly constructing the rule copies, which
might lead to an undesirable code size explosion.

Our current guard entailment knowledge base has only
limited knowledge about builtins and their negation. To
be able to recognize more redundant guards, we intend to
not only extend the knowledge base, but also investigate
the following two approaches. Firstly, we could have the
user declare additional facts with his program. These facts
would be added to the knowledge base during the program
analysis. Secondly, by analyzing the implementation of user-
defined predicates used in guards, the necessary facts for the
knowledge base could be inferred automatically.

Another interesting concept is success continuation op-
timization [10], which – as far as we know – has not been
implemented in any CHR compiler so far. This appears to
be a promising technique that may be implemented in future
versions of our CHR compiler.

When there are many earlier subrules to consider in the
guard simplification analysis, the performance of our current
implementation may become an issue, especially in SWI-
Prolog. Rules with many head constraints that share a lot
of these constraints are an even bigger performance issue,



because of the combinatorial blowup caused by constructing
all possible mappings from the head of an earlier subrule to
the current rule head. For example, if some constraint c
occurs n times in the head of an earlier subrule, and m
(≥ n) times in the current head, there are m!

(m−n)!
conditions

to be added to the nesr conjunction. In future work we hope
to improve the scalability of our implementation, although
it does not present an immediate problem.

The information entailed by the failure and success of
guards, used here to eliminate redundant guards, seems also
useful in other program analyses and transformations. One
application would be program specialization: the code for
executing a constraint is specialized for a particular call in
the body of a CHR rule. All the information regarding the
necessary success and failure leading up to this call, may
serve as initial information to perform guard simplification.
This may lead to the elimination of more redundant guards
(and even redundant rules) for the specialized case.

Finally we would like to integrate the analyses presented
in this paper into the bootstrapped CHR compiler which is
currently being implemented by Christian Holzbaur et al.
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[5] Thom Frühwirth. Theory and Practice of Constraint
Handling Rules. In P. Stuckey and K. Marriot, editors,
Special Issue on Constraint Logic Programming,
Journal of Logic Programming, volume 37 (1–3),
October 1998.
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