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Abstract

In this report we presert two new ways to transform a program
to dynamic single assignmem form or DSA form. The importance
of DSA form is that all restrictions on reordering statemerts due
to memory reuse have been eleminated, thus allowing advanced
memory optimizations required for multimedia applications to do
a better job without a needto revert to more complex analyses.
Though methods exist to do the transformation to DSA, they are
both limited in applicability and scalability. To overcometheseprob-
lems we developed two methods to do this cornversion and for both
the essetial di erence with existing methods is that we add copy
operations to simplify the data ow, thus simplifying the DSA con-
version considerably Howewver we cannot just add copy operations
becausethat defeatsthe purposeof optimizing the memory use of
a program. To solve this problem we presert an advanced copy
propagation method that removescopy operations suc that we can
obtain the DSA form of the program that we aim for. An added
advantage of this method is that we can remove copy operations
selectiwely, thus leaving somein in favor of lower complexity of the
resulting program.



Contents
1 Intro duction

2 Motiv ation

2.1 Context : why isthereaproblem?. . . . . ... ... ... ... .......
2.2 A solution: Data Transferand StorageExploration . . . .. ... ... ...
2.3 Dynamic singleassignment . . . . . . . . ...
24 Thewhyofpruning . . . ... .. ... . .. . .. . . . e

2.4.1 Increasethe explicit freedomfor optimizations . . . . . ... .. ...

2.4.2 Speedup DTSE . . . . . . . . . e
2.5 Why automate pruning? . . . . . . ... e

3 Preliminaries

4 Dynamic single assignment
4.1 Reprisedenition . . . . . . . ..
4.2 Static singleassignmen . . . . ... L
421 Principles . . . . ...
4.2.2 Extensionforarrays . .. .. .. .. . ...
4.3 Feautrier'smethod . . . .. . . . ... ..
431 Themethoditself . . . . . ... ... ... ... .. ... ... ...,
4.3.2 Improvemeristothemethod . .. ... ... .. ... .. ......
4.3.3 DISCUSSION. . . . . . .
4.4 Extension static singleassignmeh to dynamic singleassignmen . . . . . . .
441 Scalars. . . . ..
442 AIMAYS . . . e
4.5 A secondmethod for dynamic singleassignmen corversion. . . . . . . . ..
4.5.1 Array static singleassignmet . . . . .. ... ... ... ...
452 Addingdimensions. . . . ... ... ... ..
453 DISCUSSION. . . . . . . . o

5 To DSA or not to DSA?
5.1 Inplacemapping . . . . . . . . e e
5.2 Data owtransformations . . . . . . . . . . . . ... ...
5.3 DISCUSSION. . . . . . . ot e e e e e e

6 Conclusion

A Overview of unhandled constructs

18

21
21
24
24
25
26
26
29
29
30
31
33
34
35
41
49

50
51
52
55

56

57



1 Intro duction

In this report we presen our basicmethodsthat allow usto developan automatedcorversion
of a programinto a dynamic singleassignmeh (DSA) form. Conversionto singleassignmen
is a well-studied topic in the cortext of compiler technology The reasonwe needDSA is
that it is able to deal in a preciseway with programsthat manipulate array elemens. We
needto deal with this kind of programsbecausecorversionto DSA is actually one of the
enablingpreprocessingstepsof DTSE. DTSE is a methodology for optimizing data-intensive
programsfor power e ciency. Multimedia applications are a typical examplewhere DTSE
has proven its bene ts.

This report has seweral purposes. First we provide somebadkground in DTSE and its
application domain, we explain the role of DSA corversionin this context, and we motivate
why the automation of DSA conversionis desired. Then we discussexisting basic forms of
single assignmeh An important aspect is their treatment of arrays. We also discussthe
method of Feautrier for DSA cornversionand its shortcomingswhenbeing usedin the context
of DTSE. We sketch two ways for feasibleDSA corversion. Our rst proposalis an extension
of the static single assignmen form. The secondproposalis basedon the obsenation that
there are two kinds of overwriting of memory elemeits and removesthem in two subsequen
steps.

Finally we presen our ideasfor someform of copy propagationin the context of arrays.
This method is of interest here becauseit is able to remove redundart copiesof array ele-
merts. If we know that they can be removed (in an automatic way), we can allow them to
be introducedduring DSA corversionand that is exactly the casein our proposals.

The main cortribution of this report arethe proposalsfor feasibleDSA corversionand the
advancedcopy propagationfor arrays. Theseapproadesare explainedin terms of examples.
The detailed elaborations are not the subject of this report.

The report is structured as follows. Section2 provides somebadkground on DTSE, the
role of DSA within DTSE, and the motivation for an automatic conversion. We discusssome
preliminary material in Sec. 3. Single assignmen is discussedn Sec. 4, together with our
two proposalsfor automating DSA corversion. The advancedcopy propagationfor arrays is
the subject of Sec.5.



2 Motiv ation

In this section we argue that power consumption and heat dissipation of memoriesis an
important problem in the context of data-intensive applications. The Data Transfer and
Storage Exploration (DTSE) methodology aims at optimizing the power consumption by
transforming the program into onewith a better memory use. One of the enabling stepsfor
DTSE is the corversionto dynamic singleassignmeh (DSA). Converting a programto DSA
makesthe data ow of the program explicit; every memory elemen is written (produced)
only once during the execution of the program and statemerts that read (consume)the
valuesof those memory elemens can be linked with the single producer of thosevalues. We
alsoelaborate on reasonswhy DSA conversionand pruning are e ective for DTSE and why
automation is desired.

This sectionis structured asfollows; Sec. 2.1 explainswhy power consumptionof memor-
iesis becominga more and more important issue. The memory use of programscan be op-
timized for lower power consumptionby the Data Transferand StorageExploration (DTSE)
methodology, which is brie y sketchedin Sec.2.2. Section2.3de nes dynamic singleassign-
mert (DSA) and explainsthat the role of DSA in the cortext of DTSE is to make the data
ow in the program explicit. Someof the reasonsto have the pruning step are explainedin
Sec. 2.4 and the motivation for automating it is givenin Sec.2.5.

2.1 Context : why is there a problem?

We livein a world nowadays wherethe Internet starts to play a certral role. The Internet is
ewer-expandingand the amourt of data that travelsthe earth becomeshuge. All this data
will be usedand processedn due time. This hasa number of consequences.

Let us start at the sener madiine that getsa requestfor certain data from another ma-
chine. As senersbecomemoreintelligent, their job is not only to sendthe data. Sometimes
processings needed.A simple exampleof this is a web sener that keepsthe pagesit o ers in
a compressedle that needsto be decompressedbefore sending. Web seners alsocompress
web pagesbeforesendingto reducebandwidth. Another exampleis a web sener that keeps
its data in a databaseand when a web pageis requestedit needsto generateit from the
database. Even the useof secure,encrypted connectionsrequiresa lot of processingon the
sener side.

The next stepis getting the data over the network to another machine. The data passes
by a number of routers that know which way to sendthe data to get it to its destination.
Thoserouters have to acceptloadsof data and sendit further in the correctdirection. To nd
the correctdirection, routers keepbig tablesthat are growing asthe Internet is growing and
they needto do lookupsin thosetables. E cien t accesds important. Also routers become
smartertoo in the sensethat they do not just sendthe data anymore but alsointerpret part
of the data to work more e cien tly, but this requirescomplexercalculationsand a lot more
data accesses.

Oncethe data hasreaded its destination, it hasto be processed.A large part of the
data that travelsthe Internet thesedays is multimedia. Video, sound,gamesand animated
pictures, the possibilities are endless.But as technology ewlves, algorithms that usethese



Logic I/0 Clock On-chip Logic
25% memory Ie}
3% 70%

On-chip
Clock
memory 21%
46%

(a) Processorwith lots of caches (b) ATM switch

Figure 1: Power usagein a few examplesystems[CV0(Q]

data becomecomplexerand the amourt of data processeds growing larger.

Peopledo not only want to accesghe huge data pile, they alsowant to accesst from
anywhere on earth (and soon in spacetoo?). That is why the hand-held devicesbecome
so very popular (it is even said that one day general-purpse computerswill be replaced
by those small dedicated devices). These hand-held deviceslike (WAP-)GSMs, portable
mp3-players, portable cd-playersand soon are almost without exceptionenbeddedsystems.
Those hand-held devicesalso typically work on batteries, and this is where the problem
comesinto the picture.

When we look at the systemsusedto processtheseloadsof data, we seethat a big part
of the power consumptionis due to memory (or at leastin the digital part of the system).
In Fig. 1, we seethe power consumption of a few systemsdivided over the di erent parts
of the system. As we can seein Fig. 1(a), in a processomwith lots of cadhesalmost half of
the power consumptionis due to the memory In Fig. 1(b) it is even worse: almost three
guarters of the power consumption lies with memories, where the power consumption in
external memoriesis reported as I/0. This is a problem becausethe power consumption of
memoriesincreaseswith the frequencyof the memory accesseand sincewe want to process
more and more data at a higher speed,we soon usetoo much power. This is a problem for
portable devicesthat work on batteries but alsofor other systemswhere for example heat
dissipation is an issue.

Sinceit is not possibleto increasethe power e ciency of memoriesasmuch aswe want or
need,and sincethe problem of power usageand heat dissipation seemsonly to increase,we
needa solution to decreasdhe power usageof the memoriesin anotherway than optimizing
the hardware only.

2.2 A solution: Data Transfer and Storage Exploration

A possiblemethodologyto overcomethe problem of high power consumption,is Data Trans-
fer and StorageExploration or DTSE [CWD™ 98. DTSE hasasinput a C program and as
output a transformedC programand a memory hierarchy to gowith it. The aimisto reduce
the power consumptionof the memories.

DTSE consistsof seweral orthogonal steps. This meansthat ead step can in principle
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be done independerily of the following ones. As sud it is possibleto focus on that one
single step without having to worry about the subsequet steps. The major advantage of
this is that it allows to work on one single step and spend all of one'se ort on elaborating
or automating it without the complexity of managingthe whole methodology.

The DTSE methodology is explainedin detail in [CWD™* 98]. A short summary is given
here. DTSE has 3 main phases:(1) the pruning phasepreprocesseshe program to enable
the actual optimization phase,(2) the DTSE methodology that optimizesthe preprocessed
program for power consumptionand derivesan accompartying memory hierarchy and layout,
(3) depruning and addressoptimization to remove the overheadintroduced by DTSE. We
give more detail about the pruning step, becausethe focus of this paper is dynamic single
assignmen which is part of that step.

1. Pruning
The goal of this stepis to make DTSE possibleon the program given asinput. The
generalideais to remove certain constructs (e.g, pointers) and introduce extra prop-
erties (e.g, dynamic singleassignmet). The di erent sub-stepsare descrited in more
detail.

(@)

(b)

Division in layers

The original program is rewritten into 3 layers. The layers are as follows:

Layer 1 This layer cortains the top-level processow. It is irrelevant for DTSE
becausedt just determineswhat is calledin layer 2 and in which order. The
division is sud that no signi cant optimization is possiblebetweenthe dif-
ferert callsto layer 2 sothe calls can be handled separately

Layer 2 This layer primarily cortains loopsand indexedarrays. This is the part
that DTSE tries to optimize. We try to keeplayer 2 free of all constructs
that are irrelevant to DTSE so that DTSE neednot bother with it. Since
the useof loops and arrays leadsto the largest memory use, DTSE focuses
on exactly that.

Layer 3 This layer contains arithmetic operations, logic and data-dependen op-
erations. DTSE does not needto know what the operations are that are
involved, it only needsto know what data is used (with as exception data
o w transformations). Hencewe can hide theseoperationsin a separatelayer.

So ewverything that can be optimized by DTSE is put in layer 2 and DTSE only
looks at this layer.

Hide undesired constructs in layer 3

Someconstructs like data-dependert if s and while -loops are hidden in layer 3.
If theseconstructscannot be analyzed,DTSE cannot optimize them and there is
no needfor DTSE to do eventhe e ort of just passingby it, sowe hide it. First
look at a simple example. Supposewe have a pieceof code asin Fig. 2(a). The
condition (afi] > b[i]) is data-dependent and hard to analyze. Consequetly,
DTSE canonly assumethat the value of either afi] or b[i] isread,and that a
valueis surely written to max We canapproximate this by saying that both afi]
and b[i] areread. This is on the safeside for DTSE, but it limits what DTSE
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(©)

(d)

(e)

if (a[i] > bli])

max = alil; _ - : .
clse max = maximum(a[i], bl[i]);
max = Dbli]; (b) Condition is invisible

(a) Condition is visible
Figure 2: Hiding data-dependent conditions: maximum calculation

could do if it could analyzethe condition. Sowe can transform the pieceof code
in Fig. 2(a) to the code in Fig. 2(b). Herethe implemertation of the function
maximunis hidden in layer 3 and not visible to DTSE.

Selectiv e function inlining

The classicidea of function inlining is removing the overheadof a function call by
replacing the call site with an instance of the body of the called function. This
of coursegoes at the expenseof an increasein code size and hencepossibly a
worse cahe behavior that may destroy all bene ts of the inlining. That is why
compilersrather stick to selectiwe inlining, often driven by userdirectives.

In the cortext of DTSE we want to minimize the power consumption of the
memoriesused by our program. For that, DTSE needsto do transformations
and function calls limit the freedomto do so (this freedomis called exploration
freedom). To this end, we inline functions where it has the most e ect on the
freedomfor transformations or wheretransformations can have the largeste ect
on the power consumption.

Pointer conversion and dynamic single assignment

The rst intention in this stepis to make explicit all the freedomthat is available
for transforming the given program. Onemay alsoarguethat it actually increases
the freedom,but the aim is rather to relieve DTSE from searding for the implicit
freedomin the program over and over again. The secondreasonto do this step
is to make transformations easierto perform. Pointer corversion does this by
making the addressingof arrays explicit from the implicit addressingdone by
pointers. Dynamic single assignmeh doesthis by making the data ow explicit
and by decreasingthe number of dependencieghat limit the transformations of
the program. Basically dynamic single assignmeh meansthat once a value is
written to a memory location, it is never overwritten so we can regard memory
locations as valueswhich is very convenient for transformations. Dynamic single
assignmetn is the focus of this report and is discussedn detail later on.

Pruning data o w chains

Sometimesprograms have data ow chains where one link can be removed (or
rather collapsed)without limiting exploration freedomfor DTSE. A simple ex-
ample of this is shovn in Fig. 3(a). The data ow chain consistshere of data
o wing from array ato array b through function f and then from array b to array
¢ through function g, and all this in a point-wise fashion. This meanswe can
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for (i =0; i <N; i++)

bli] = f(@[i]); for (i =0; i <N; i++)
for (j =0; ) <N; j++) cfil = g(f(aliD));
cfil = g(bli]);

(b) Collapsing the chain
(a) A data ow chain

Figure 3: Pruning data ow chains

simply mergethe two loopsasin Fig. 3(b) without loosingany freedom. Herethe
temporary bu er b is no longerneeded.The consequences that our program be-
comesmore concisesothat DTSE haslesswork to do and operatesfaster without
loosing accuracy

(f) Weight based removal
Sincewe are trying to optimize for power consumption, it has a small e ect to
considersmall arrays or arrays that are accessedarely becausepower consump-
tion of memoriesincreaseswith their size and the frequencyof the accesseslf
we hide these arrays from DTSE sud that it doesnot have to take them into
accoun, it savesustime.

(g) Graph partitioning

This is an instanceof the good old divide&conquertechnique. We cut our program
in smaller piecesthat can be handled much faster (and becausea program can
be represeted by a data ow graph, this is called graph partitioning). Becausea
program typically takesinput in the beginning and producesoutput at the end,
cutting the programin piecesalsocutso the data o w betweenthosepieces.This

meansthat we needbu ers in betweenin the form of arrays and good candidates
for this are the arrays that occur in the program. Becauselarger arrays o er

more opportunity for useful optimizations than smallerarrays, we only cut at the
latter.

Sothe generalidea of pruning is to make sure DTSE can work in optimal conditions,
i.e., it hasto carry along as little unnecessaryoverheadand it gets all the freedom
it needs. Note that stepslathrough le increasethe exploration freedomfor DTSE
or at least do not changeit, while step 1f and 1g actually decreasethat freedomto
have DTSE attain better run time. Becauseof this, theselast two steps should be
performedvery carefully.

. DTSE

After the original program has been properly preparedand transformed, DTSE can
be setlooseupon the transformed program. This is wherethe real optimizations and
transformations begin. The goal of this stepis to arrive at a transformed program, a
memory hierarchy and a placemen of the arrays in the transformed program in the
newmemory hierarchy. We brie y enumeratethe di erent stepsand we only go deeger
into a few stepsthat are relevant for us.
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for (i =0; i <N;i++) f for (i =0: i <N; i++) f
b[l][O]. = 0 . for (§ =0; j < M; j++)
for  =0; ] <M;j++) blili+1] =

blilj+1] = i

b{ili]  + afillil;

G ==072 0: bii)  + alill

(b) With propagated initialization

(a) With explicit initialization

(@)

(b)

(©)

(d)

Figure 4. Advancedcopy propagation applied to an example

Data o w transformations

Data ow transformations are { asthe namesays { transformationsthat change
the data ow of a program. Sowhat doesit meanfor the data ow to change?
A simple way to formulate this is by saying that the algorithm itself changes
and not just the implemenrtation. One could state that the algorithm can be
seenasthe mathematical formulation of the calculation { independert of variable
names{ while all the details of the allocation of variablesand the scdeduling of
all the operations (i.e., the order in which they are executed) belong with the
implemertation.

A type of data ow transformation that is important in the light of this report
Is called advanced copy propagation. The idea hereis to remove the use of an
extra array by substituting the production of the array into the consumption.
Considerthe simple examplein Fig. 4(a) wherethe sum of the rows of a matrix
a is calculated. We have an initialization of part of b to 0. The valuesin b are
usedin the inner loop and so we substitute the initialization into it to get the
program in Fig. 4(b). This way we succeedin avoiding the extra initialization
and allocation of part of b.

Loop transformations

Loop transformations try to changethe de nitions of the loops. The aim is to
increasethe regularity this way as well as the locality of referencesud that
the subsequen DTSE steps can take advantage of this in their optimizations.
Examplesare loop unrolling, loop mergingand loop reversal.

Data reuse

In a program values are produced just once. Howewer values can be consumed
multiple times or in other words data can be reused. Sothis step copiesparts of
arrays to smallerarrays that canbe put in smallermemoriesthat in turn require
lesspower and are faster.

Cycle budget distribution

In this step a Pareto curve is createdthat allows the designerto nd the best
memory allocation and assignmeh and the accordingpower consumptiongiven a
certain memory cycle budget. It allows the designerto choosethe best solution
given constrairts on e.g, maximum power consumption.
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(e) Memory allo cation and assignment
In this step the actual layout of the memoriesis determined, suc asthe number
of memories,the bit width, the sizeand the number of read and write ports.

(f) Data layout optimization
At this point in the DTSE script, we still have a program in dynamic single
assignmeh form. Howewer mostly only a fraction of the valuesin an array is
live so we only need enoughroom to store that fraction. We call this step in-
place mapping and it is more or lessthe inverseof corversionto dynamic single
assignmenh

(g) Data layout for caching
This step tries to decreasethe number of cadie misses. Since previous steps
already result in a good locality of reference the focusis on decreasingcapacity
and con ict misses.

The thread through all thesestepsis optimizing the program for power consumption
and after all previous steps, this minimum should have beenreathed. Howewer by
focusingon power consumptiononly, we introducedquite a lot of overheadin terms of
the execution of the program and this overheadis removed by the rest of the DTSE
script.

3. Depruning and address optimization

The nal stepin DTSE eliminates the major overhead introduced by DTSE itself.
One exampleof this is to undo function inlining to decreaseahe code sizeagain which
is part of the depruning. Another exampleis addressoptimization or ADOPT that
removesthe addressingoverheadbecausdor onething DTSE introduceslots of modulo
expressionghat are expensiwe to calculate. After this step so much of the overhead
disappearsthat as an extra to optimization for power, the program also runs faster
than before.

To summarizethe DTSE script consistsof three parts. The rst part is called pruning
and it enablesthe actual DTSE. The secondpart is the actual DTSE that optimizes the
given program for power consumptionand derivesan accomparying memory hierarchy and
layout. The third part removesall the overheadintroducedby DTSE sothat the run time
of the program improvesgreatly. Transformationto dynamic single assignmeh belongsin
the pruning step of DTSE.

2.3 Dynamic single assignment

In this sectionwe zoom in on dynamic single assignmeh and explain what it meansfor a
program to be in dynamic single assignmeh form. We also explain the e ect of dynamic
singleassignmenhcorversionon a program,i.e., how corversionto dynamic singleassignmen
removes restrictions on changing the order of executionin a program. We start with the
de nition of dynamic singleassignmen form.

De nition A program is in dynamic single assignmen form when during the execution of
the program only a single assignmeh happensto ead memory elemen.
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for (i =0; i <10; i++) for i =0; i <10; i++)
a=i*(@{i +1) 1/ 2 afij =i * (@ +1)/ 2

(a) Multiple assignmen code (b) Dynamic single assignmem code

Figure 5: Example of transformation to dynamic single assignmen

There are three elemens in this de nition. The rst is that we have only a single
assignment This meansthat no other assignmen overwrites a value written by that single
assignmeh and sowe can identify the producer of a value very easily The second elemen
is that we want this to be true during execution. Supposewe have a singleassignmeh to a
variable in the program text, but this assignmen is placed within a loop that is executed
say 10times. In that casewe have 10 instancesof the assignmen instead of a single one
and the code is not singleassignmen Finally the third elemen of the de nition is that we
look at each memory elementseparately It is obvious that we can look at e.g, an integer
as being one atomic memory elemen that is always read and written as a whole. Arrays
however consistof multiple elemens and thesecan in one operation be written separately
without touching any of the other elements. Thuswe regardthosearray elemeits asseparate
memory elemeits.

What makesthis de nition interestingis the obsenation that an assignmehto an array
usesan indexation function to selectan array elemen. Hencefor ewery iteration over a
statemert in aloop, the elemen we assigna value to can vary dependingon the indexation
function.

A look at an examplewill make this a bit clearer. The program in Fig. 5(a) cortains
only oneassignmen This program however doesnot satisfy our de nition of dynamic single
assignmen Due to the loop, the assignmeh to scalar variable! a is executed10 times so
we have more than onerun time assignmeh to a. This doesnot meanthat an assignmenh
appearingin aloop is newer in dynamic singleassignmenform. Look at the programin Fig.
5(b) where a has magically beentransformed into an array. We seethat the assignmen to
array a is executed10 times too, but this time we do not write the samememory elemern
eat time. Instead we write to 10 di erent elemens of a and so accordingto the de nition
above, we have dynamic single assignmen

This settlesthe questionof what dynamic single assignmeh meansat the code level. In
the remainder of this section we descrike what the e ect is of dynamic single assignmeh
While storing multiple valuesin a variable is corveniert for programmers{ why elsecall
them variables? { it is not always ideal for optimizations. The reasonfor this is that
multiple assignmen code obfuscatesthe data ow. The data ow is concernedwith values,
but programsusevariablesthat can cortain multiple values. Thus program optimizations
(like the onesdone by DTSE) needto unravel memory locations into the multiple values
they cortain. This way, they can ensurethat the ow of values(or data ow) remainsthe
same,eventhough the placemen of thesevaluesin memory changes.This disambiguation of
valuescan be doneby transforming the programto dynamic singleassignmeh which allows

1As opposedto array variable



t = f1(x); t = f1(x); t1 = f1(x); t1 = f1(x); t1 = f1(x);
a = f2(v); t = gl(y); a = f2(t1); t2 = gl(y); t2 = gl(y);
t = gly); a = f2(t); t2 = gl(y); a = f2(t2); a = f2(t1);
b = g2(t); b = g2(b); b = g2(t2); b = g2(t2); b = g2(t2);
(a) Code 1 (b) Code 2 (c) DSA code 1 (d) DSA code 2 (e) DSA code 3
Figure 6: Two similar examples
koo b koo b koo b
f1 gl f1 gl f1 gl
ltl
t2
t tl t2
f2 g2 f2 g2 f2 g2
O O O
(a) Sharedbus (b) Separatebus code 1 (c) Separatebus code 2

Figure 7: The advantage of dynamic singleassignmen

only a single value to be cortained in a memory elemen, thus eliminating any ambiguity
and making the data o w explicit: there is oneassignmeh instancethat producesa value so
there is a unique assignmen instancethat writes the samearray elemen asthe statemen
instancethat readsthat array elemet.

We illustrate this with a simple example. The examplein Fig. 6(a) is clearly not in
dynamic single assignmenh form sincethere are two assignmets to t. Herefl, f2, g1 and
g2 represen any calculation with no sidee ects. We canthusrepresen them asblack boxes
with oneinput and one output. E.g., f1 is a black box with as input the value of x and
which outputs the result to t . We canrepresen both x andt asdata buses,and calculations
can get their valuesfrom those busesand put their results on other buses. For Fig. 6(a),
this represemation asblack boxesand data linesis illustrated in Fig. 7(a).

At the end of this program a hasthe value f2(f1(x)) and b hasthe value g2(gi(y)) .
If we now try to reorderthe computations, we might get somethinglike Fig. 6(b). This is
a valid C program, but it no longer computesthe samevalues. Taking a closerlook, we see
that a endsup with f2(gl(y)) in it and b with g2(gl(y)) . Sowhat wernt wrong with the
transformation? Well, in this casehave two distinct calculations. They are however coupled
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becausewe sharethe memory location of t in the two calculations. We can look at f1, f2,
gl and g2 as computation nodesand at the variablesx, y, a, b andt asdata buseswheret
is a sharedbus. Sothe rst program above is represerted asin Fig. 7(a). Here we seethat
the output of f1 and gl is put on the sharedbust. Sincewe sharethe bus, we have to take
into accoun a certain bus protocol to have everything go accordingto plan. In this casethis
meansthat if we put a value on the bus, we needto take it o beforewe put another value
on it becauseotherwisethe rst value will be lost. Conclusionis that bus sharing, or { in
the non-abstract case{ memory location sharing, constrainsthe order in which we can do
our computations becauseof this bus protocol.

In the exampleabove we broke the protocol by putting g1(y) on the bus beforefl(x)
was taken o the bus. The solution to this is very simple: do not sharethe bus! This is
depictedin Fig. 7(b) wherebust is split into two separatebusestl andt2. The program
that goeswith this situation is shav in Fig. 6(c). This program is now in dynamic single
assignmenh form. For the versionin Fig. 6(b) the bus structure is asin Fig. 7(c), with
the code shown in Fig. 6(d). The bus structure makesit very clear that the reordering of
statemernts in Fig. 6(b) changesthe valuesa and b end up with.

If we now do the samereorderingas beforefor the dynamic single assignmen versionin
Fig. 6(c), we getthe programin Fig. 6(e). After executionof this code fragmert, a cortains
f2(f1(x)) and b cortains g2(gl(y)) , just asit shouldbe. We have split the sharedbusin
two non-sharedbusesthat canwork in parallel. Sincethis way no bus protocol needsto be
taken in accour, we get a lot more freedom. And in caseof full dynamic singleassignmen
we have no bus protocol at all sowe have all the freedomwe can get.

Although this examplewas about scalarvariables, it appliesto arrays aswell. We can
look at arrays as an array of buseswhere ead bus in the array represeis a single elemen
of the array. Sharing of this array of buseshappensfor ead bus in the array separately
Although we canlook at bussplitting at the level of the wholearray, it is much moreaccurate
to do this at the level of the separatebusesin the array. Or in other words we have to look
at the array at the elemen level to do the maximum value disanmbiguation possibleand to
thus remove all limitations on statemert reorderingdue to memory reuse.

2.4 The why of pruning

In Sec.2.2we stated that DTSE needspruning becauset actually "enablesDTSE'. Herewe
elaborate on this statemert somemore with focuson dynamic singleassignmeh In general
the aim of pruning is twofold: increasingthe explicit freedomfor optimizations { discussed
in Sec.2.4.1{ and speedingup transformations{ discussedn Sec.2.4.2.

2.4.1 Increase the explicit freedom for optimizations

In this sectionwe arguethat there is an interaction betweenthe way valuesare allocatedto
memory and the executionorder of the di erent instancesof statemeris. On the onehand, if
we want to optimize the memory allocation, it is possibly necessaryto changethe execution
order. But on the other hand, if we want to changethe executionorder, it may be necessary
to changethe data allocation aswell. As it turns out, any valid changein executionorderin
a program{ ewenif it requiresa changein data allocation { is valid for the dynamic single
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assignmen version of the program without any changein data allocation. This allows to
conceltrate on changing the execution order without having to worry about retaining the
data ow of the program. This is perceived as explicit freedomfor reordering optimizations
that typically do not changethe data allocation to make the reordering possible.

In the remainder of the sectionwe rst explain what the data ow of a programis, and
how the addition of a speci cation of the executionorder and the data allocation makesfor
a completeexecutableprogram. Then we show that dynamic singleassignmenh is sometimes
neededto changethe data allocation su ciently for optimization to be able to attain an
optimal solution.

We can consideran instance of a statemert asan operation that hasa number of values
as argumerts and producesnew values calculated from its argumeris. The argumerns of
sudh a statemert instance are either produced by other statemert instancesor given as
input to the program. The latter are thus not produced by any statemert instance within
the program. Likewisethe values produced by statemen instancesare either passedon
as argumerts to other statemert instancesor belongto the output of the program. The
description of all statemen instancestogether with the information about how the values
are passedon betweenstatemert instances,is called the data ow of a program. Although
it is a complete description of the way the results are computed, it abstracts two aspects
of a program that are necessaryto be able to executethe calculation on (most) processors.
Firstly the order of execution of the di erent statemen instancesis important since most
processorsrequire that you specify a sequetial order. Secondlythere is the allocation of
the di erent valuesto memory sincemost processordhave no notion of a value, but they do
have a notion of memory locations.

Allocating valuesto memoriesboils down to having statemen instancesstore values
in certain memory locations and having other statemert instancesretrieve the value from
thosememory locations. It is not necessarythat ead valueis allocatedto di erent memory
locations becausea value can be overwritten when it is no longer needed,i.e., when all
statemen instancesthat usethe value as an argumert have retrieved the value from the
memorylocation. We say that a valueis live betweenthe time it is producedby a statemen
instance and the time it is consumedby all statemernt instancesthat have the value as
argumen. Sowe cannot allocate two valuesto the samememory locations if they are live
simultaneously Becauseof this and the fact that the order of executionclearly determines
when a value is live, there is an interaction betweenthe order of execution and the data
allocation.

Let uslook at the pieceof code in Fig. 8(a). S1producesa value that is immediately
consumedby S2in the sameiteration of the loop. Afterwards the value is no longer used
and hencethe value is live only for a very short time. The next value produced by S1lis
producedin the following iteration and is only live in that iteration. We can say that the
value is private to the iteration in which it is produced;it is not sharedbetweeniterations.
Hencethe livenessf all thesevaluesdo not overlap and we can usea single, simple variable
to store the values.

Supposethat we needto split the loop to be ableto do someoptimization. There aretwo
statemerts in this loop, and sowe want to place ead in its own loop sothat all instances
of S1 are executedbefore all instancesof S2 If we would just do this { disregardingthe
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for (i =0; i <N; i++) f for (i =0; i <N;j i++)

b = f(a[i]); /I S1 b = f(a[i]); /I S1
clil =g(); /I S2 for (i =0; i <N;j i++)
g clil =g(b); /I S2
(&) An example (b) Invalid loop split
for (i =0; i <N; i++) f for (i =0; i <N; i++)
bli] = f(@[i); Il S1 bli] = f(@[i]); /I S1
clil = g(b[i]); Il S2 for (i =0; i <N;j i++)
g clil =g(o[i); /I S2

(c) Changedallocation (d) Vvalid loop split

Figure 8: An exampleto illustrate the interaction betweenexecutionorder and data alloca-
tion

guestionwhether this changesthe valuesthat endup in array ¢ or not { we get the program

in Fig. 8(b). It is easyto seethat this program is no longer equivalert to the original

program in the sensethat the valuesstored in array c after executingthe code fragmerts

are not the samefor both fragmerts. The reasonfor this is that we extendedthe liveness
of all valuesand had those livenesse®verlap, but still we useda single variable for storing

those values. At the beginning of the secondloop, all valuesproducedby S1 are live since
none have beenconsumedyet by S2 Hencewe needto allocate enoughstoragefor all these
values, which results in the code in Fig. 8(c). Now we can split the loop, asin Fig. 8(d).

We can concludethat we cannot just split the loopsunlesswe changethe data allocation as
well.

Howewer the corversecan also be true. In the code fragmen in Fig. 8(d), we cannot
just compactarray b to a singlevariable, becausehen we would get the illegal, intermediate
version of the code again. If we want to do the compaction, we needto mergethe loops
again. Hencewe can concludethat it is alsonot always possibleto changethe data allocation
without changingthe executionorder. This is exactly the reasonwhy DTSE needsto do
loop transformationsto be able to reducememory size.

Note that if we look at the original versionof the code above, it looksmore e cien t then
the transformedcode: there is only a singleloop, sowe do not have the overheadof the extra
loop and we do not needto allocate a completearray but insteadwe canusea singleregister,
and dependingon what expressiong and g represeh someother optimizations may become
possible. Howewer this is a local view on the problem, and if the code fragmert is part of
larger code, the picture may very well change. It is possiblethat to compactan array, we
needto do a loop transformation, and to be able to do that loop transformation, we need
to changethe data allocation for another array. This meansthat to decreasehe sizeof one
array, we possibly needto increasethe size of another array, which seemscourter-intuitiv e.
Instead of changing the data allocation every time a loop transformation requires so, we
start by converting the program to dynamic single assignmeh form becausein that form

13



for x =0; x <N* M; xt+) // loop nest 1
for (y =0; y < N* M, y++)
im1[x]ly] = in();
for (x =0; x < N; x++) // loop nest 2
for (y =0; y <N; y++) {
sum= 0;
for (i =0; i <M, i++)
for  =0; ) <M;jt+)
sum= sum+ iml[x * M+ i]ly * M+ j;
im2[x]ly] =sum/ (M* M);
}
for (x =0; x <N; x++) /[ loop nest 3
for (y =0; y <N; y++)
for (i =0; i <M, i++)
for | =0; ] <M;j+t)
im3[x * N+ily * N+ =im2[x]y];
for x =N* M- 1; x >=0; x--) /I loop nest 4
for (y = N* M- 1; y >=0; y--)
out(im3[x][y]);

Figure 9: An exampleof image processing

there are no loop transformations impedimerts arising from memory reusebecausethere is
no sud thing as memory reusein a dynamic single assignmeh program.

We illustrate this using the code fragmert in Fig. 9. First a two-dimensionalimage is
read, then it is scaleddown by a factor Min both dimensions,next it is scaledup again by
the samefactor creating a blocking e ect? and nally the imageis output while mirroring it
around its certer point (so the upper-left point and the lower-right point are swapped and
the upper-right and lower-left point too).

Chancesare that the above code would originally be separatedin three functions: one
to read the input, oneto do the blocking e ect and oneto do the output. In that case,it is
possibleto optimize the blocking code by mergingthe two loopsand replacingthe temporary
array im1 by a single scalar. The code would then look asin Fig. 10. Let us assumethat
this is the code presened to DTSE. Without changingdata allocation, DTSE basically has
two interesting options, namely mergethe middle loop nestwith either the rst or the third
loop nest. Note that merging with the rst loop nest requiresthat the secondloop nest
be left asis, while merging with the third loop nest requiresthat the secondloop nest be
reversed. Becauseof this, we cannot mergeall three loop nests. But for either option, we
sawean(N* M (N* M image,leaving asingle(N* M (N * M image,sowe saved 50%
in memory usagecomparedto Fig. 10.

Howewer we can do a better job by undoing the merge of the middle loops. Then the
code presened to DTSE is the onein Fig. 9. Now DTSE hasas extra interesting option to

2This e ect is sometimesusedon television to block out the faceof peoplewho want to remain anonymous.
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for x =0; x <N* M; xt+) // loop nest 1
for (y =0; y < N* M, y++)
im1[x]ly] = in();
for (x =0; x <N; x++) // loop nest 2+3
for (y =0; y <N; y++) {
sum= 0;
for (i =0; i <M, i++)
for j =0; ] <M;j++)
sum= sum+ iml[x * M+ i]ly * M+ j;
im2 = sum/ (M * M);
for (i =0; i <M, i++)
for G =0; | < M;j++)
im3[x * N+i]Jly * N+]j =im2;
}
for (x = N* M- 1; x >=0; x--) /I loop nest 4
for (y =N* M- 1; y >=0; y--)
out(im3[x][y);

Figure 10: Code from Fig. 9 with the middle loop nestsmerged

for (x = 0; x < N; x++) /| loop nest 1+2
for (y =0; y <N; y++) {
sum= 0;
for (i =0; i <M, i++)
for  =0; ] <M;j++)
sum= sum+ in();
im2[x]ly] = sum/ (M* M),
}
for (x =N* M- 1; x >=0; x--) [/l loop nest 3+4
for (y =N* M- 1; y >=0; y--)
out(im2[x [/ M]ly / M)]);

Figure 11: Code from Fig. 9 with two setsof loop nestsmerged

mergethe rst and secondloop nest aswell asthe third and fourth. The resulting code is
showvn in Fig. 11. Note that to mergethe third and fourth loop nest, we implicitly adjusted
the loop structure of the third loop nestto match that of the fourth loop nest (we could also
have donevice versa). This includesthe reversalof the third loop nest, but this wasallowed
now becauseof the di erent data allocation for im2.

Now we needan imagewith a sizeof only N N Dependingon the value of M this canbe
quite a bit smallerthanthe (N* M (N * M we needwhenwe did not transform im2 into
anarray sud that im2 is dynamic singleassignmet The moral of the story is that to beable
to attain the best data allocation, we possibly needto destroy other optimizations relating
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Analysis

1 mo):lth Pruning o ( ) Optimization
( ) (2 months) Veri cation (6 months)
Veri cation (6 months)
(2 months)
Optimization

(1.5 months)

(a) With pruning (6.5 months) (b) Without pruning (13 months)

Figure 12: Time in man months for DTSE for MPEG-4 optimization [CV0(Q]

to data allocation by making the program dynamic singleassignmeh becausanemoryreuse
in the data allocation can hinder someessetial loop transformations.

2.4.2 Speed up DTSE

Another goal of pruning is speedingup DTSE. This goal is achieved in se\eral ways. The
rst and most obvious way is by hiding constructs from DTSE that are of no interest to
DTSE. This can either be the abstraction of the actual operationssothat only what is read
and written remains, or the hiding of constructs that DTSE cannot analyze and needsto
assumethe worst casefor anyway. An exampleof the latter is while loops. Thesethings
are donemostly in stepslaand 1b of the DTSE script.

If it is put this way, it soundslogical that it leadsto a speedup.In practice howewer this
leadsto a signi cant speedup. In Fig. 12 we seethe time (in man years)neededto manually
completethe erntire DTSE methodology for an MPEG4 encaler (200.000lines of code) in
two cases.On the left the division over time is depicted for DTSE with pruning and on the
right for DTSE without pruning. On the left we can seethat we spend a substartial amourt
of the total time on pruning { almost a third. Howewer if we comparewith the pie chart on
the right we can seethat we alsogain a lot; we needonly half the time we would needif we
did no pruning at all. This shovsthat pruning decreaseshe time necessaryo completethe
full optimization quite drastically. Sothe extra e ort put into pruning is de nitely worth it;
pruning givesDTSE the ability to get to a better solution with lesse ort.

2.5 Why automate pruning?

Section2.4 explainedwhy pruning is essetial for the quality and the e ciency of the trans-
formations in DTSE. This howewver does not yet explain why we want to automate the
pruning step of DTSE. It is evidert that it is interestingto automate at least part of DTSE
becauset is a long processto do by hand (e.g, 6.5 months on an MPEG4-encaler [CV0Q])
and it is usedamongothers on the very competitive market of consumerelectronicswhere
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a short time-to-market is an important issue. Howewer this doesnot necessarilyneanthat
the pruning step needsto be automated too.
There are however se\eral good reasonsto automate the pruning step:

Pruning is a long and tedious job. For one thing it is the only step that seesthe
complete, uncut sourcewith all the dirty details that it hasto remove for the rest of
DTSE. It is easyto miss somethingwhen it is not represeted explicitly in the code
or whenit is surroundedby lots of code that is irrelevant for what you try to nd out.
Also if the original program needsto be changedbecauseof speeddemands(i.e., in
iterativ e design)it needsto be donemultiple times which makesit evenlessinteresting
to do by hand.

The stepis alsoerror prone and the slightest error in this step meansthat all of DTSE
haspossiblyto beredoneif it is discoseredtoo late sinceDTSE is a global optimization.
A problemis alsothat transformationson a programin dynamic singleassignmenform
cannotalways easilybeveri ed becauseconversionto dynamicsingleassignmenresults
in a blow-up of memoryuseand sothe often usedverify-by-running may beimpossible.
The sameis true for the dynamic single assignmeh corversionitself becauserunning
the resulting dynamic singleassignmen program s likely to be infeasible. Veri cation
of transformations without executing the program can assist the designerin these
conversionsbut it will probably never be able to verify the transformations of the
pruning step completely but only ched certain parts, especially sincethe pruning step
seeghe uncut code that is hard to work with.

Parts of DTSE will be automated, so if we automate the rest and do not automate
pruning, its sharein the time neededto do the completeDTSE will becomelarger and
soit will becomethe limiting factor asfar asspeedis concerned.

Basically, pruning is not exactly interestingto do by hand, sowe needto automate it.
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for (int i =0; i < 100; i++)

for (int j =0; j <100; j++)
if (G +i < 105)
afj + il =in[j +1i]; /I S1
else
afj + iJ[j] =afj +i -05]J - 3]; I/ S2
for (int i =0; i <100; i++)
outif = f(ali + 99][i]); /I S3

Figure 13: Our running example

3 Preliminaries

The transformations preserted in this report can handle programsthat satisfy the following
requiremerts:

The program consistsof a nest of for -loopsand if -statemerts. Any possiblenesting
is allowed. The step of the for -loopsshould be a constart and is not restricted to 1.

Anywherein the nesting, assignmeh statemeris can be presen. The left hand side of
an assignmen is to an elemen of an array.® The right hand side of the assignmen
can be any expressioncortaining array referenceswith no restrictions on indexing.

All expressionaused as bounds for for -loops or as tests for if -statemerts are a ne
conbinations of the surroundingloop iterators, i.e., a linear combination of them plus
a constart.

The programis in DSA form. We demandthat the indexation in the left hand side of
an assignmen surroundedby n for -loopsis of the following form:

A £+e: 1)

Here A is a non-singularn  n matrix, § is a vector cortaining the iterators of the
surrounding loops and € is any column vector of length n. Note that this is often the
casein DSA programs, e.g, the onesthat are produced by the DSA corversionin
[Fea91l].

This is a well-known set of programs, both in the areaof parallelization as well asthe area
of hardware synthesis [TA93], sincethesekinds of programscan be modeled and operated
on using well-establishedmathematical methods. The examplefrom Fig. 13 satis es all of
the conditions above.

In this report the programsare represeted by a (notationally) simpli ed version of the
geometricalmodeling of [CWD* 98]. We will introduce our notation using the program in
Fig. 13. In that program, there are two loop nests. The rst one consistsof two loops
with iterators i andj. The body of this loop nestis executedfor di erent conbinations
of integral valuesofi andj. We canrepresen eat of these conbinations as a point in a

3Note that scalar variables like integers could be consideredas arrays of length 1.
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two-dimensionaliteration space. The set of those points forms the iteration domain for the
body of the loop and can be written as

f(i:j)jO i<100~ 0 <100~ (i:j)2 Z2g: )

Howewer statemert S1is not executedfor all points in this iteration domain, but only for
those points (i; j) for which j + i < 105is true. Sothe iteration domain for that statemert
is
l,=f(;j)joO i<100”~ 0O | < 100 3)
ANj+i< 1057 (i5j)2 2Z%g
in which the subscriptrefersto the number of the statemen. For statement S2which is only
executedif j + i < 105is not true, the iteration domain is

I,=f(i;j)j O i<100~ 0 j < 100 @
Aj+i 1057 (ihj)2 Z%9:

The iteration domainfor S3is one-dimensionabecausat hasonly onesurroundingfor -loop:
ls=f(@{)jO0 i<100”" i2 Zg: 5)

Now it is possibleto referto ead instanceof e.g, statemert S1asS1({;) with {, 2 I, or
asSA(i; j) with (i;) 2 11. SA(i; j) with (i;j) 2 1, writes to an elemen of array a indicated
by wi(i; j). In our examplethis is

wy:Z2! Z%2: ()7 (i) (6)

This de nition mappingis from a two-dimensionaliteration domain to a two-dimensional
variabledomain. Also S1(i; j ) readsfrom an elemen of array in indicated by r(i; j). In our
caser, is speci ed by
ro:Z20 Z:@G0j)7 (+1) (7)

This is an operand mappingfrom a two-dimensionaliteration domain to a one-dimensional
variable domain. If there are multiple readsin a singlestatemen, we candistinguish between
the operand mappingsby adding an extra index. We will not needthis facility in this report.

An important point is that all de nition mappingsws are invertible. Sincethe program
is in DSA form, there is a one-to-onemapping betweenthe points in the iteration domain
of a statemert and the elemens written by that statemert. Sud a one-to-onemapping is
always invertible.

The set of elemens of an array that are read or written are respectively called operand
and de nition domain. For S1the de nition domain is given by:

Wi = wy(l1) = f(a;b) j 9(i;j) 2 111 (ajb) = wa(is )g: (8)
Filling in the speci cs of statemen S1gives

Wi =f(a;b)joi;j)2Z2:b=jra=j+i" ©
0 i<100M0 | < 100" +i< 105:
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Figure 14: Scematic represetation of the iteration domains (left) and de nition domains
(right) for S1and S2

The iteration and de nition domainsfor S1and S2are sthematically represered in Fig. 14.
Similar speci cations can be given for operand domainsR; of statemeris S.

Sincewe limited the expressiondor the bounds of the loopsto a ne expressionf sur-
rounding iterators, the iteration domainsfor eat statemert can be descriked asthe integer
points in an n-dimensionalpolyhedron, which is a part of n-dimensionalspacebounded by
linear inequalities. Here n is the number of loops around the statemert in question. In case
the step of the for -loopsis not 1, an extensionof this, called Z -polyhedra, is used. Finding
de nition and operanddomainsis then the imageof a Z -polyhedronby an invertible, a ne
mapping, which in turn is a Z-polyhedronitself. De ning Z-polyhedra and doing opera-
tions on them like imagethrough an a ne mapping or setoperationslike intersectioncanbe
handled by a polyhedral library asin [QRR96. An important feature of this library is that
a conjunction of a ne conditions on iterators can be simpli ed by discardingall conditions
ertailed by the boundson the iterators.

In the remainderof this report we often leave out the conditionsthat variableslikei and
] should be integer, soit is implicitly assumedthat they are.
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for (i =0; i <100; i++) f

if (@ <b) max= g if (i ==50) halfway = ..;

else max= b;

(a) DSA despite multiple textual assignmeis .
(b) DSA despite the loop

Figure 15: Dynamic singleassignmen in caseof scalars

4 Dynamic single assignment

4.1 Reprise de nition

In this sectionwe will repeat the de nition of dynamic singleassignmeh and we will gointo
more detail about what this means. The de nition givenin Sec.2.3 was the following:

De nition A program is in dynamic single assignmen form when during the execution of
the program only a single assignmeh happensto ead memory elemen.

The two important elemens in this de nition are the fact that we look at programs
during executionand that we look at eady memory elemen separately The implications
of both will becomeclearerin the following discussionof di erent languageelemens. First
we will discussscalarvariablesand arrays as the most important data types. Next we will
discussfor -loops, indexation of arrays and if -statemert.

Scalars Scalarvariables(or simply scalars)are simple data typeslike integersand charac-
ters. Any assignmeh to a scalarvariable will overwrite the complete value stored in
that scalarvariable and henceif there is morethan onewrite operation to the variable,
we no longer have dynamic single assignmeh For straight-line code without loops,
a su cien t condition for dynamic single assignmen is that textually only one assign-
mert is preser to ead variable. One can seethat this is not a necessarycondition by
looking at the pieceof dynamic single assignmeh code in Fig. 15(a). Sinceonly one
of the assignmets happens,this code is in dynamic single assignmeh form, but still
textually there are two assignmets.

When an assignmeh to a scalaris in a loop, it is seldomdynamic single assignmenh
sincea loop is typically executedmore than onceand then sois the assignmen to the
scalar, but this can change becauseof conditions like in the examplein Fig. 15(b).
This illustrates the dynamic aspect in our de nition of dynamic singleassignmen

Arra ys Array variables(or simply arrays) are basically collectionsof elemens of the same
typethat canbeindexedusingoneor more expressionghat evaluate to an integer. An
array is di erent from a scalarin the sensehat a write operation to an array doesnot
write the whole array but only oneelemen. This meansthat we canlook at an array
asa collection of separatememory elemens sothat a program canstill be in dynamic
singleassignmen form even when during executionof the program, there are multiple
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a[0] = 0; for (i =0; i <10; i++)
for (i =1; i <N; i++) for | =0; ] <10; j++)
alil =f(ali - 1]y ali +j =1, )

(a) An examplethat is DSA (b) An examplethat is not DSA
Figure 16: Example using arrays that are DSA or not
DOI=1,10,2
C a loop with iterator | going from 1 to 10 with stride 2
anything but an assignmentto |
ENDDO

Figure 17: Skeleton of a Fortran DGloop

writes to the samearray, aslong asthey write to another elemen of that array. An
examplethat illustrates this is the onein Fig. 16(a). Of courseit is also possibleto
have programsthat are not in dynamic single assignmeh form asin Fig. 16(b). This
programis not in dynamic singleassignmen form becausehere are multiple valuesfor
the iterators i andj within their respective boundssothat a[i + j] denotesthe same
array elemen. For examplewheni hasasvalueO andj hasasvalue 3, then the same
elemen is written aswheni hasasvaluelandj hasasvalue 2, namelyelemen a[3] .
Actually it canbeveri ed that elemen a[3] is written to 4 times during executionof
the program fragmert above.

for -loops We rst needto de ne what we meanby for -loopssincethis di ers from language
to language.lronically, the kind of for -loop we consideris like the DGloop in Fortran,
which is of the form of Fig. 17. In Fortran, the requiremen that no assignmenh
happensto the iterator within the loop itself is imposedby the compiler. If we then
also supposethat the stride of the loop is constart, the lower and upper limit for the
iterator is either constart or a function only of iterators of surrounding loops only.
This ensuresthat the cortrol o w of the program is known at compile time and does
not depend on the input for the program. Sothe “behavior' of the iterators (i.e., which
valuesthey subsequetly take) is represeted explicitly in the program and this is very
interesting for analysisand transformations. Now if we look at a C program, what we
consideras a for -loop is shavn in Fig. 18. i is herethe iterator, g, is the set of
the iterators of surrounding for -loopsand s is a constart stride. All other loopsin C
using the for -construct are consideredas while -loops (and can be written like that)
that are typically not analyzableat compile time.

An important remarkin the cortext of for -loopsis that we do not look at the iterators
of for -loops as scalarvariablesthat we will include in our transformation to dynamic
singleassignmen form. The reasonis that we want to look at iterators asbeing part of
the cortrol o w which canbe analyzedat compiletime, but we do not try to optimize
the cortrol ow but rather changeit to optimize the data ow. It is pointless anyway
to convert an iterator to dynamic single assignmen form since the only viable way
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for (i = 1(isur); 1 < U(igyr); 1 +=9) f
anything but an assignmentto i
g

Figure 18: Skeleton of what we considera for -loop in C

for (i =0; i <10; i++) f for (i =0; i <10; i++) f
t = f(in[i]); th] = f(in[i);
t = g(tt+1); tli+10] = g(t[i]ti]+1);
out[i] = tx(t+1)/2; out[i] = t[i+10]*(t[i+10]+1)/2;
g g
(a) Multiple assignmen (b) Single assignmem

Figure 19: Indexation is an important issuein DSA corversion

to do this is expandit to an array that needsto be indexed using another iterator,
and this way we newer get rid of all iterators. Another way to get rid of iterators is
to introduce recursion, but in the cortext of transformations on C-programsthis is
not exactly a smart thing to do sincerecursionis much harder to analyzein general
than the simple for -loops we have beentalking about. Conclusionis that iterators
de nitely are no scalarvariables.

Indexation of arrays Arrays consistsof di erent array elemens and code manipulating

thesearrays needto selectdi erent elemens of thesearrays. For code to be dynamic
singleassignmenit is necessaryhat at di erent points in the executionof the program,
a di erent array elemen is selectedto write valuesto. Thus it is pretty logical that
array indexation is an important aspect of the dynamic single assignmeh concept.
Actually the indexation makesthe di erence betweendynamic single assignmeh and
multiple assignmen Figure 19 shows two versionsof the same program. Just by
adding indexation to variable t, and thus making it an array, we transformed the
program to dynamic single assignmeh form.

To be able to analyze the existing indexation, and to nd out how to change the
indexation, it needsto bein a certain form sincewe cannotanalyzejust any indexation
expression.We needto know exactly at compile time what the accesgattern of the
program is. Also we want to use e cient mathematical techniquesto analyze the
indexation. A classof indexation that suits our requiremerns is a ne indexation, i.e.,
the indexation needsto be a linear function of the iterators of surrounding for -loops
plus a constart. Things that are evil are data-dependert expressionsor quadratic
expressiongor which analysismay even be undecidable.

if -statemen ts if -statemerts restrict the valuesof the iterators for which the statemeris

guardedby the if -statemert areexecuted. Thusin acertain sensetheseif -statemerts
fulll the samerolesasloop bounds. More speci cally theseconditions, giventhat they
arealsoa ne, areeasilyincorporated in the mathematical methods usedfor analyzing
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our multimedia applications.

From this discussionit is clear that the programswe considerhave array referencesand
for -loops as most important constructs. Sinceall other constructs can be mostly handled
before transforming the program to dynamic single assignmeh form, we will assumein
this report that they are not presen. A small overview of how this can be done for some
constructsis givenin Appendix A.

4.2 Static single assignment

Static single assignmen is a form of single assignmeh that is consideredas an interesting
form of a programto do analysesand transformationson [ASU86 CFR* 91, Muc97, App99].

For classiccompiler optimizations like constart propagation, dead code elimination, ... this

is indeedtrue if we restrict the transformationsto simple data elemerns and not to arrays
which are our main interest. It is howewer a good starting point to discover the principles of
dynamic single assignmeh and the needfor dynamic singleassignmehn To do this, we will

rst discussthe ideabehind static singleassignmeh Next we will shov an extensionof static

single assignmen towards programswith arrays. Finally we will discussthe shortcomings
of static singleassignmen form and why dynamic single assignmetn is needed.

4.2.1 Principles

The generalideaof static singleassignmenis to make surethat textually only oneassignmenh
to ead variable is presen in the program. This meansthat after this transformation it is
very easyto determine for a read operation what write operation wrote the value that is
being read, namely by simply looking at the name of the variable whosevalue is read.

Remenber however from reading de nitions analysisthat multiple de nitions canread
a certain statemern in a program. This meansthat when at a certain point we needto use
the value of variable, it is not always possibleto point out a single write statemen and
hencea single variable in static single assignmeh form. The reasonis that at somepoints
in a program cortrol o ws canjoin and consequetty di erent de nitions of a singlevariable
might join. To capture this, static singleassignmenh introduces -functions that selectone
of its argumerts depending on wherethe cortrol ow comesfrom. A function like this is not
e ective in the sensethat it cannot be implemerted as sud, but it doesnot keepus from
doing analysesand transformations and it is possibleto transform them away afterwards.

An examplewill make this de nition a bit clearer. Let us look at the function in Fig.
20(a). Transforming this function to static single assignmen form by adding subscriptsto
the variable namesand adding -functions where necessaryproducesthe program in Fig.
20(b). The -function isintroducedbecausehe point just after the if -statemert is readed
by two de nitions for a. The two de nitions of a are mergedby the function that selects
the value of ag If the if -statemert is not executedand the value of a; if it is. In general

-functions are usedat ead point wherecortrol ow joins and wheremultiple de nitions of

the samevariable read. This includesloops sincethe beginning of a loop is readied when
entering a loop or when going from a previousiteration to the next one.
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int abs(int ag) f

int abs(int a) f int a, ay;
if (a <0) a-=-a; if (ap <0) a = -ao;
return a; a; = (aga);

g return ap;

(a) Maximum calculation
(b) SSA version

Figure 20: An exampleof scalar static single assignmet form

fori =0; i < 10; i++) f

a; = (aoas);
for (i =0; i <10; i++) ai] = f(i);
ali] = f(i); & = (a;d);
i g
A le with
(8) An examplewith an array 2 = (30:3):

(b) The SSA version of the sameprogram

Figure 21: Static singleassignmen form for programswith arrays

Sothe generalideais to renameall de nitions by adding a subscriptto the name of the
de ned variable and by inserting -functions where necessary

4.2.2 Extension for arrays

Since DTSE targets data-intensive applications, arrays are most important to us. However
the simple static singleassignmeh schemeintroducedin the previoussectiondoesnot work
for arrays. This is becausean array is seldomwritten in oneoperation. Rather eat elemen
is written separately so the role of a -function in caseof arrays is no longer to choose
betweenits inputs dependingon wherethe control o w comesfrom, but to conbine multiple
arrays into one sothat only the most recenly assignedvaluesare kept.

An extensionto static single assignmenh that doesthis, is explainedin [KS98]. There
is no needto go into full detail here, we will just demonstrate this using the examplein
Fig. 21(a). Transformingto static single assignmeh form gives us the versionin 21(b).
Here ay refersto array a asit was beforethe pieceof code we consideredhere, be it either
uninitialized valuesor previously assignedvalues;writing a, allows us to make abstraction
of that fact. Note that now we have to introduce -functions after ead assignmeh to an
array too and not only when multiple cortrol o w pathsjoin. The reasonfor this is that we
only write a singleelemen of the array and henceall the other elemens of the array should
still be retained. This is exactly what the -function doesfor us: it copiesthe respective
elemens from the arrays it has as parametersto the resulting array so that this resulting
array cortains the last value written to thoserespective elemerts. If interpreted this way, a
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for (I =0; i <7; i++)

for ( =0; ] <5 j+4)
for (k = 0; k < 3; k++)
cj+k] = c[j+k] + a[] * blk]; // S2

for (I =0, 1 <7 I++) )=1
output(c[l]); Il S3 j=0
(@) The C code init

0 2 4 6'a

(b) Accesspattern schematic

Figure 22: Polynomial multiplication example

-function writes the whole array evenif a singleelemen is written in the original program.

These -functions are not e ectiv e either in the sensethat a -function doesnot know

in which array the last elemen for a certain index is located just by having those arrays as

parameter. In [KS9§ a way of transforming those -functions is given, but sinceit employs

run time techniquesto do so, we cannot useit becausewe want to do further compile-time
analysis.

4.3 Feautrier's metho d

In this sectionwe descrike Feautrier's method of dynamic single assignmeh corversion as
proposedin [Fea9l Fea88a]. This method heavily relies on an exact data ow analysis
descriltedin [Fea88b].Becauseof this, the method canhandleonly alimited setof programs.
Programsshould consistonly of nestedfor -loopswith boundsthat are a ne expressionsf
the surroundingiterators. if -statemerts canbe presen, but the conditionsneedto be a ne
expressionsn the surroundingiterators. Further only assignmeis to scalarsand arrays can
be presert, and the indexation needsto be an a ne expressionof the surroundingiterators.
The right hand side of theseassignmets can be anything. Theseare exactly the conditions
a program hasto satisfy sud that it can be modeledin the polyhedral model as presered
in Sec. 3. In Sec. 4.3.1 we sketch the basic method and in Sec. 4.3.2 we descrike some
extensions.

4.3.1 The metho d itself

We will discussFeautrier's method using the simple polynomial multiplication algorithm
depictedin Fig. 22(a). This program multiplies two polynomials a[x] and bx] with c[x] as
result. The coe cien t of x¥ in a[x] is storedin a[ k] 4, and likewisefor the other polynomials.

“4a[x] is a polynomial in x, a[k] is the kth elemen of array a.
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t
output
] =4
j=1

j=0

init

0 2 4 6'a

(a) Snapshotwhenj = 0andk =1 (b) Data ow revealed

0 2 4 6'a

Figure 23: Polynomial multiplication examplecortinued

To easeour understandingof the data o w, the accesgattern for array c is schematically
presened in Fig. 22(b). There are two statemerts writing to array c. The blocks at the
bottom of the picture belongto the initialization statemen, i.e., the rst statemen in the
program. The group of blocks at the top belongto the secondstatemen in the program.
The horizontal axis represets the array elemens. The vertical axis represeis somenotion
of time. Sincethe initialization statemert accessedi erent array elemens in ead iteration,
we represen them as if they happen at the sametime. This statemert also assignseath
elemen of ¢, hencewe have shavn a completerow of blocks at the bottom of the picture.
The secondstatemert is enclosedwithin two loops, but for a xed value of the outer iterator,
the inner loop writes to di erent elemens of the array. More preciselythe k in c[j + K]
makes that the inner loop writes subsequen values, while the j in the indexation makes
that the row of elemens written in the inner loop is shifted by 1 in ead iteration of the
outer loop. Again, all iterations of the inner loop can be represeted asif happening at the
sametime. This is not true for the outer loop asthere is someoverlap betweenthe elemens
written so ead iteration of the outer loop is executedin subsequehtime slots, as shavn in
Fig. 22(b). Note alsothat the red statemert in ead iteration readsthe sameelemen of ¢ as
it writes. Note that ewery block in Fig. 22(b) actually represets a value, and the columnin
which it residesindicatesthe location of the value in the array, while its row position gives
someindication asto the (relative) time at which it waswritten to that array elemen.

The rst stepis to determine for ead statemert that readsfrom ¢ and for ead com-
bination of valuesfor the surrounding for -loops which statemen wrote the value of the
elemen of c that is read and for which valuesof the iterators surrounding that statemert.
Let us rst look at statemert S2that readsfrom c[j + k]. More speci cally we look at the
momen whenj = 0and k = 1. Thus ead iteration of statemert S1hasbeenexecuted,as
well asoneiteration of statemert S2 namelyforj = 0 and k = 0, which wrote elemen O of
c. This situation is shovn in Fig. 23(a). The arrow goesfrom the value that is written by
the statemert to the valuethat is read by it. Statemen S2readsthe sameelemen of array
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C asit writes, soit canonly read valuesthat are on a line below the value it produces,and
not on the sameline (or above the line for that matter). Hencethe arrow points straight
down, and to the block it encourers rst becausehat is the last value written to the array
elemen. Sofor eat valuein Fig. 22(b), we can do the samething to nd out which value
needsto be read for the calculation of that value. This is shavn in Fig. 23(b). The top
row represets the last statemert that outputs the elemerts of array c, and sinceit doesnot
producevaluesthere are no blocks shavn. Again ead arrow starts at a block and goesdown
up to the rst block it hits. SoFig. 23(b) represems the completedata ow asrelatedto c.

The rst stepis to capture this data ow in the form of sourcefunctions. Let us rst
analyzestatement S2 Two casescan be distinguishedin Fig. 23(b). Either it is the rst
time S2 writes to a certain elemen of ¢, and then we grab bad to the value written by
statement S1 This is the casefor the bottom line of the group of valuesfor statemen SJ,
i.e., whenj = 0, and for the rightmost, slarted line of values,i.e., whenk = 2. Remenber
that the three valuesat ead row are written, from left to right, for k going from O to 2. S2
readselemen j + k, which is written by statemert S1fori = j + k. We can capture this
information in a sourcefunction

SAj:k)! ifj =0 _ k= 2then SLj + k)

For all other iterations of S2 the value readis written by S2itself in a previousiteration
of the j -loop. More preciselyS2 for a certain j and k readsthe elemen written by S2for
j'=] 1landk' = k + 1. This canbe obsenedin Fig. 23(b) wherethe arrows all point
to the previousrow, and e.g, the secondelemen in a row points to the third elemern in the
row below. We capture this extra information by completing the sourcefunction above, i.e.,

Sj;k)! ifj=0_ k=2thenSIj + k) elseSj 1;k+ 1)

Next we analyze S3 Looking at Fig. 23(b) again, we can again discriminate two cases.
Either we are reading from the top line of valueswritten by S2 or the leftmost slarted line
of values. The latter caseis for whenwe read oneof the rst 5 elemers of c, i.e., for| 5.
We always read the leftmost value of the row the value is on, which is written whenk = 0

and hencej = |. The former caseis when we read one of the last 3 elemerts of c, i.e., for
| 5. Then the value is always written whenj = 4. A little calculation shaws that for a
certainl 4 wereadthe valuewritten by S2forj = 4andk =1 4. Note that for| = 4,

both casesagree. The sourcefunction for S3thus becomes
S3N) ! ifl 4then S2AI;0) elseSA4;1 4)

Both sourcefunctions capture all we needto know about the data ow. After determining
the sourcefunctions, we are ready to do the actual corversionto dynamic singleassignmenh
First we renamethe left hand side of ead statemert sud that ead statemert writes to a
di erent array. Also we replacethe indexation by a canonicalindexation, namely ead array
hasa number of dimensionsequalto the number of loopssurroundingthe soleassignmen to
that array and ead dimensionis indexedwith a di erent one of the surrounding iterators.
This is showvn in Fig. 24(a). Note that the readshave not been lled in yet sincethey remain
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for (i =0; 1 <7; i++)
clfifi =0; /[ S1
for ( =0; ] <5; j++)

for (i =0; i <7, i++4) for (k =0; k < 3; k++)

clfij =0; // S1 if  ==0kk ==2)
for (G =0; ] <5 j++) c2[j]ik]=c1+k]+a[j]*b[k];

for (k =0; k <3; k++t) else

c2[jllk] =7 +a[j]*b[K]; Il S2 c2[j][K]=c2[j-1][k+1]+al[j]*b[K];

for (I =0; 1 <7; I+4) for (I =0; 1 <7; I++4)

output(?); /[ S3 if (I <=4)

output(c2[l,0]);

a) Changing writes
(@) ging clse

output(c2[4,1-4]);

(b) Adjusting reads
Figure 24: Converting to dynamic single assignmenh

to be determined. Howewer this is easily done by just looking at the sourcefunctions we
have previously determined. If j = 0 or k = 2 then S2readsthe array elemen written by S1
fori =] + k,ie., it readscl]j + K]. This is easily found by substituting j + k fori in
the left hand side of S1 Likewisewhenneitherj = 0 nor k = 2, we read the array elemen
written by SJj 1, k + 1), which we nd by substituting | landk + 1forj andk in
the left hand side of S2 resultingin c2[j - 1][k + 1]. We cando the samefor statemert
S3and the result is shovn in Fig. 24(b).

Soprovided the sourcefunctions can be constructed, this method easily doesthe trans-
formation to dynamic singleassignmen

4.3.2 Impro vements to the metho d

In the examplein Sec.4.3.1,there wereno parameterspresen. It is however easyto imagine
that the degreesf the polynomialswere provided asparametersNand M Feautrier's method
canstill handlea parametrizedprogramlikethat and then constructsthe sourcefunctions as
functions of those parameters. A parametrizedversionof Fig. 22(a) is shovn in Fig. 25(a)
and its dynamic single assignmen versionin Fig. 25(b).

An extensionto Feautrier's method is described in [Kie0Q]. While Feautrier's method is
limited to a ne expressionsKienhuis's method also allows modulo and integer division to
appear in the indexation and the loop bounds.

4.3.3 Discussion

Feautrier's method for dynamic singleassignmen corversioncan perfectly corvert programs
with only for -loops and if -statemers that can be nestedin arbitrary ways. Howewer the
boundsand conditionsneedto bea ne expression®fiterators only. An extensionis possible
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for i =0; i <N+ M+ 1; i++)
clfifi =0; /I S1
for § =0, ] <N+ 1; j++)

for i =0; i <N+ M+ 1; i++) for (k = 0; kK <M+ 1; k++)

clil =0; if ( ==0kk==M)
for j =0; ] <N+ 1; j++) c2[j][k]=c1[j+k]+al[j]*b[K];

for (k =0; Kk <M+ 1; k++) else

c[j+k] = c[j+k] + a[j] * b[K]; c2[jl[k]=c2[j-1][k+1]+a[j]*b[K];

for I =0; I <N+ M+ 1; |++) for I =0; I <N+ M+ 1; |++)

output(c(l]); if (I <=N)

(a) A parametrized version of Fig. 22(a) elSOeUtpUt(CZ[l’o])’

output(c2[N,I-N]);

(b) Adjusting reads
Figure 25: Parametrized programs

for expressionsortaining also integer division and modulo, and for expressionsconaining
parameters, but this is too restrictive for practical applications. Indexation can corntain
referencego data, conditions can be data-dependen, while -loopscan occur, etc. Although
extensionsexist for analyzing programs cortaining these constructs, like [CBF97, Mas94],
the result of the analysisis no longer exact. Instead of a sourcefunction that identi es the
producer of a value uniquely, a set of possibleproducersis returned. Howewer Feautrier's
method requires the producer to be uniquely identi ed, and there is no obvious way to
overcomethat problem. Thuswe needa di erent method that doesallow extensionsto most
importantly data depender indexation and conditions.

A secondproblemwith Feautrier's method is that it is too slow for real-sizeapplications.
Doing an exact array data ow analysishas exponertial complexity [Pug91]], and although
this is a worst-casecomplexity Feautrier's method in practice does not do much better
than that. Sowe needa more generaland faster method to do dynamic single assignmen
conversion.

4.4 Extension static single assignment to dynamic single assign-
ment

In this sectionwe presen our rst alternative method for dynamic singleassignmen cornver-
sion. It doesthe corversionstarting from a programin static singleassignmen form. Given
that the loop bounds are analyzable,this is a simple process. Howewer the dynamic single
assignmeh form producedis not very precisein caseof arrays becauset approximates the
arrays asscalarsand hencedoesnot revealthe data ow at the elemet level. It doeshowever
encale information about the loop structure, e.g, by making a di erence betweenthe rst

iteration of aloop wherethere is no previousiteration and the remainingiterations. Despite
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a = 5
for (i =0; i <100; i++) f

a = b5; & = (a1;8s);
for i =0; i <100; i++) if (i < 50)

if (i < 50) a =a * 2;

a=-a* 2 else

else = a * 3

a=a* 3 as = (asjau);
out(a); g

a = (ai;as);
(a) A scalarexample... out(a o):
(b) ...and its SSAform

a = b5; al = 5;
for i =0; i <100; i++) f for (i =0; i <100; i++) f

&l = (apasli - 1]); azlifj =@ ==07? al: ad[i - 1)

if (i < 50) if (i < 50)

azfi] = ayfi] * 2 a3[i] = azi] * 2;
else else
all] =apfi] * 3 adlil = az[i] * 3;

asfli] = (asli] ;auli] ); asfif =( <507 a3[] : ad);
g g
a = (anas[99] ); a6 = a5[99];
out(a g); out(ab);

(c) Adding dimensions (d) Making the -functions e ective

Figure 26: Converting an SSAform to a DSA form

the inaccuracy this method may prove to be important sinceadvancedcopy propagationas
descrikedin Sec.5.2 can extract the data ow from a programin DSA form. This is part of
future work and will not be descrited in this report. We descrike the method for the case
of scalarvariablesin Sec.4.4.1,and for the caseof array variablesin Sec.4.4.2.

441 Scalars

We will illustrate the method on the example of Fig. 26(a). Its SSA form is shawvn in
26(b). Note that the assignmenh to a, and ag both have the sameright hand side. This is
no coincidencesincewe duplicated the assignmen for clarity. Tednically, SSAform would
place the assignmeh to a, just beforethe test i < 100, and this is possiblein C, but it
obfuscatesthe code a bit.

The assignmets within the loop still happen more than once. We can alleviate this
by adding dimensionsto the a variablesasin Fig. 26(c). Adjusting the left hand sidesof
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assignmets is easy: we just add as many extra dimensionsas there are surrounding for -
loops and index them using the iterators of those loops. That way, if one or more of the
iterators changevalue, we will index a di erent array elemen. In the examplethere is just
one surrounding loop and thus we add one dimensionindexedwith i. The only tricky part
is if the iterators take negative valuesin which casewe can add a constart sud that we
are sure that the indexation will be non-negatiwe, but this doesnot occur in our example.
If the loop bounds are linear, then we can useinteger programming techniquesto nd the
minimum valuesof the iterators and usethosevaluesto determinethe required constarts.

Adjusting the right hand sidesin generalis much trickier, but becausethe variablesare
scalarsand the program is in SSA form, we are in luck. We can discern three di erent
cases.The rst caseis asvariable as in the assignmenh to a,. as is assignedn the previous
iteration of the i -loop, and thuswe addi - 1 asindexation. The next caseis that of az in
the assignmen to as. The assignmehto az happensin the sameiteration of the i -loop, so
we just index with i . The third caseis that of as in the assignmeh to as. The assignmenh
happenedin the last iteration of the i -loop, which is for i equalto 99, and sowe index with
99. There are no other casedor oneloop. If there are multiple loops,that are possiblynested
and thus also multiple dimensions,we can consideread dimensionand the correspnding
indexation separately and cut it down to thesethree simple casesewery time. The only
di cult y isin generalto nd the valuesof the iterators at the last iteration of a loop, but
this can be doneusing integer programming as before.

The nal stepis to make the -functions e ective. The -functions are not e ective as
they are becauseall they say is that they selectoneof its argumerts and return it, but they
do not say which one of its argumerts they return. Howewer, under certain conditions, we
can nd conditions under which either of the argumernts are returned. We will illustrate this
in our exampleabove. The -function in the assignmeh to a, is easiestbecauset selects
between the value of a variable coming from before the loop and the value of a variable
coming from the previousiteration of the loop. It should selectthe variable from beforethe
loop in the rst iteration and the other variable otherwise, so the required condition just
chedks whether the iterator is equal to the lower bound on the iterator. This is showvn in
26(d). In the same gure, the -function in the assignmenh to as is made e ective as well.
This -function selectsbetweenvaluescoming from both branchesof the if -statemert, and
the condition determining which value to selectis of coursethe sameasthe onein the if -
statemert. This is showvn in 26(d) wherethe condition i < 50 is simply duplicated. This
canbe donewith any condition dependingonly on the iterators, becausehey do not change
value. In caseof a condition depending on other variables,thosevariablesmay changevalue
sud that ewaluating the sameexpressionmight give a di erent outcome. Or at least if we
did not have a program in DSA form, becauseif we did, the value of a variable is never
overwritten but instead written to a new variable, i.e., we can just copy the condition at
all times. The nal caseremainingis that of the -function in the assignmehto as. This
one selectsbetweenthe value of the variable beforethe loop (in caseit newer gets executed
becausethe upper bound is smaller than the lower bound) and betweenthe value coming
from the loop. Sincethe body of the loop is always executedat least once,the -function
always needsto chooseas[99] . In generalwe can put in the condition that the upper bound
of the loop should be larger than the lower bound of the loop, i.e., 99> 0, which in this case
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fori =0; i <10; i++) f
for j =0; j <10; j++)
alfififfl = (==0 ? aOf] : a3[i-1][]);
azfijil = f();
for (| =0; ] <10; j++)
ad3filf] = (=i ? alfiff] : a2[[;
g

g
a = (aga[9] ); for (j =0; <10; j++)
(a) SSAform for arrays ad[j] = a3[9][j];

forG =0; i <10; i++) f
aifil = (agasli - 1]);
a[illi] = f(i);
agli] = (ali] ;ali] );

(b) Made the -functions e ective

Figure 27: Going from SSAto DSA for arrays

clearly evaluatesto true. Note alsothat in Fig. 26(d) we crystallized the subscriptsinto the
variable namesmaking them e ectively di erent { remenber that the indicesin the static
single assignmeh form are only annotations.

As a closingremark we add that the resulting program encalesthe data o w really well.
When looking at it, it is really clear where the valuescomefrom, thanks to the selection
conditionsthat are madeexplicit. Alsothe occurrenceofi - 1 showsexplicitly that avalue
is producedin the previousiteration. Thus we are cortent.

442 Arrays

The extensiontowards arrays comesnaturally from the extensionof static singleassignmenh
to arrays. In that casewe needto do morework in making the -functions e ective because
they look at arrays as scalarsby always copying the full array and we needto make this
copying explicit. Let us go badk to the examplefrom Fig. 21(b) to illustrate this. Applying
the technique of adding dimensionsfrom Sec.4.4.1,we get the programin Fig. 27(a). This
stepis analogoudo the onein Sec.4.4.1exactly becausave regardthe arrays asscalars. The
next step is to make the abstraction of the -function explicit. This consistsof two parts:
introducing the conditions for selectingthe correct arrays, and adding extra loopsthat copy
the complete arrays (without the extra dimensionsof course). The result is shavn in Fig.
27(b). Only the second -function needssomeexplanation. The for -loop that replacesit
copiesall elemerts from a; exceptthe i th elemen which is taken from a, instead. Note that
wheni = j, a2[i][j] and aZ2[i][i] refer to the samearray elemer, asit should be.

When looking at the program in Fig. 27(b), we nd that we do get someinformation
becauseof the selectionconditions that are madeexplicit, but we get no information about
the data ow at the elemen level. This is a consequencef the fact that we consideredthe
arrays as scalarsthus avoiding a possibly complex analysis of the indexation, and so it is
obvious that we get no speci ¢ information about the elemen indexed by that indexation.
This is surely not the DSA form that we are aiming for. Howewer the methods from Sec.
5.2 allow to remove many of the copy operationswe addedand Iter out the information we
want. Our future work will further explorethis approad.
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for (i =01 < 107 i+4) for (i =0 i < 10; i++)
all = ;. . for =0 < 10; j++)
for (i =0; i < 10; i++) ai + =fi
afil = g(i); o

(a) Interstatement: betweentwo statemerts (b) Intra-statement: within a single statemert

Figure 28: Typesof overwriting in a program

PM A ASSA PAS SA Addlng PD SA
# Conversion Dimensions

Figure 29: Division in stepsof the corversionto dynamic single assignmen

4.5 A second metho d for dynamic single assignment conversion

Recallthat the ideaof corversionto dynamic singleassignmenis that oncea valueis written,
it can newer be overwritten afterwards. For one thing this meansthat we needto allocate
enoughmemory to cortain all the valuesproduced by the program, or in other words we
needto expandthe arrays in the program. Another thing is that somevalueswill have to
be mapped to another memorylocation sowe needto adjust the indexation of the arrays as
well accordingto this new mapping. Theseare basically the two problemswe needto sole.

If we look at a program in multiple assignmenh form, we can distinguish two kinds of
overwriting: betweentwo statemerts and within a single statemert. We respectively call
theseinterstatemert and intra-statemert overwriting. Examplesof both are given in Fig.
28. In Fig. 28(a) there are two statemerts that write to the samearray a, so they can
possibly overwrite ead other. A closerlook tells us that they both write to elemens 0
through 9 of a and sothe secondstatemen overwrites valueswritten by the rst statemert
and hencewe have multiple assignmen If we look at the two statemerts separately no
overwriting happens. This is called interstatemert overwriting.

In Fig. 28(b) howewer, one can seethat there is only a single statemen that writes to a.
Sincethis statemern is in a loop, it is executedmultiple times for di erent valuesofi and
j . It is easyto seethat this statemert overwrites valuesit haswritten itself, e.g, a[ 1] is
written wheni= 0andj= 1 aswell aswheni= 1andj= 0. Note that not all elemens of
a are necessarilywritten more than once,or in generalwritten the samenumber of times as
the other elemetts, e.g, a[ 0] is only written oncewhile a[ 4] is written 5 times. This type of
overwriting is calledintra-statemert overwriting. Of coursewe can also have a conbination
of interstatemert and intra-statemert overwriting.

The idea of the proposedconversionto dynamic single assignmen form is to solve the
two kinds of overwriting in two separatesubsteps. This is depictedin Fig. 29. The input
to the conversionis a program in multiple assignmeh form: Py, o. The rst substepof the
cornversionis called the array static single assignmeh corversionor ASSA corversion. This
corversionis discussedn Sec. 4.5.1. After this corversionthere is textually only a single
assignmeh to ead array in the program and the resulting program is logically said to be
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for (x = 0; x < 640; x++)
for (y = 0; y < 480; y++)
imyllx] =inkx, vy); // S1
for (I =10; i < 310; i++)

im[240][2 * i =0; // S2 W H NN EEE NN
for (x = 0; x < 640; x++) T T
for (y =0; y <480; y++) N 7
out(x, vy, im[y][x]); // S3 u RN} ‘
i . |
(a) The image processingC code . T | .

(b) Schematic e ect of the C code
Figure 30: Drawing a dotted line on an image

in \array static single assignmeft’ form: Passa. After this corversionthe secondsubstep
takesplaceto get to the full dynamic singleassignmeh form: Ppsa. This substepis called
adding dimensionsand the reasonfor this, amongothers, is explainedin Sec.4.5.2.

The resulting program from this conversionwill not be the sameasthe programresulting
from Feautrier's corversion as presetted in Sec. 4.3. In Sec. 5 it is shown that this is no
problem in the context of DTSE. Sothe ideais to split up the conversionin two substeps
and thesesubstepsis elaborated in the following sections.

45.1 Array static single assignment

In this sectionwe descrile a way to transform a program to array static single assignmet
but without doing a full data ow analysis. A program s in array static single assignmen
form when there is only onetextual assignmen to ead array in the program, analogously
to static single assignmeh form. Adjusting all write statemeris to comply is easy we only
needto renamethe array in ead left hand side to a unique name. The problem is that
the read statemerts needto be adjusted as well, and this can be a complex matter sincea
read statemert could read array elemens written by multiple statemens. Howewer when
there is a single write statemert whosevaluesread the read statemert { i.e., it overwrites
all valueswritten by other write statemerns { then the read statemert is easily adjusted by
just changing the name of the array. This obsenation is the basisof the method proposed
in this section.

We will illustrate the ideawith the simple exampleof Fig. 30(a). This pieceof code gets
an imagefrom input, draws a dotted line on it, and outputs the result. The e ect is showvn
schematically in Fig. 30(b). Now supposewe would try to determinethe sourcefunction for
S3 aspreserted in Sec.4.3.1. This would look as follows

S3Ix;y)! ify=240"x 20" x 618" xmod 2= 0then SAx 2)
elseS1(x;y)
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As one can see, this sourcefunction encales how the resulting image is composedof the
original image and the dotted line addedto it. In generalif more operations happen on the
image,like drawing rectangleson it or somemorelines, the sourcefunction will still describe
how it all composesnto oneimage,but obviously getsmore and more complex. Unlessthere
happensto be an operation that overwrites the complete picture sud that composition is
basedon the data producedby that operation and anything following it, but not what was
overwritten. Sowhat we are goingto do is make surethat every statemern overwrites what
the statemert beforethat wrote.

In caseof our examplewe want to expand the statemert S2that draws the line with
extra assignmets sud that that statemen producesthe completeimage, thus shadaving
all of statement S1 Sincewe do not want to changethe imagethat we produce, we let the
assignmets just assignwhat was already there, i.e., we just add copy operations. These
copy operationsdo not do anything, but aswe will seeit will simplify things whenthey are
there. S2only writes a dotted line. To make it write the whole image, we needto add three
kinds of copy operations, asshown in Fig. 31(a).

We needto Il the spacesbetweenthe dots. So instead of only writing ewvery two
elemerts, we write the dots interspersedwith copies. Theseare the blue pixelsin Fig.
31(a).

We needto add copy operations sud that the line extendsover the complete width
of the image. Sowe are padding the line on the sideswith copies. Theseare the red
pixelsin Fig. 31(a).

We needto add copy operations sud that not just the one horizontal line is written,
but eat horizontal line in the image sud that we end up writing the wholeimage.

The changesto the program requiredto do thesestepssubsequetly are shavn respect-
ively in gures 31(b), 31(c) and 31(d). In Fig. 31(d), the S2S4 combination overwrites all
valueswritten by S1, thus S3canonly readvaluesproducedby the S2-S4conbination. Note
alsothat by construction, S2 and S4 do not overwrite ead others values. Also both their
left hand sidesare equal sowe can regard the condition as a selectionbetweenthe di erent
right hand sidesand regard the S2-S4 combination as one write statemen. Once we have
the code in Fig. 31(d) it is a trivial step towards array static single assignmen form. We
renamethe left hand sidesof S1and the S2S4combination sud that they aredi erent, and
since S4 only copieselemeits written by S1, and S3 only readselemerts written by S2S4
adjusting the right hand sidesis a pieceof cake. The result is shovn in gure 32. Thus
by adding copy operationswe are able to substartially simplify the transformation to array
static singleassignmen form.

We can distinguish two kinds of transformations for adding copy operations:

changing the indexation/lo op structure. We needto changethe indexation when
we add copiesto Il the gaps betweenthe dots. To do so, we needto make the
statemernt write ead elemen and not just every two elemens. To do this, we change
the indexation sud that all pixelsarevisited, and usea conditioni %2 == 0to select
betweenwriting the dots and copying the old pixel values. This is shavn in Fig. 31(b).
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for (x = 0; x < 640; x++)
for (y =0; y < 480; y++)
imyllx] =in(x, vy); // S1
for (i =20; i < 619; i++)
if (i %2 =0)
im[240][i] =0; // S2
else
im[240][i] = im[240]]i];
for (x = 0; x < 640; x++)
for (y = 0; y < 480; y++)
out(x, vy, Im[y][x]); /I S3

IS4

(a) The 3 typesof copiesto add

for (x = 0; x < 640; x++)
for (y =0; y < 480; y++)
imyllx] =inkx, vy); // S1
for (i =0; i < 640; i++)
if (i %2 =0 &&i >=20
&&i < 619)
im[240][i] =0; // S2
else
im[240][i] = im[240][i];
for (x = 0; x < 640; x++)
for (y =0; y < 480; y++)
out(x, vy, im[y][x]); Il S3

(c) Extending the line to the picture width

IS4

(b) Adding the gapsbetweendots

for (x =0; x < 640; x++)
for (y =0; y < 480; y++)
imly]x] =in(x, y); // S1
for (i =0; i < 640; i++)
for (j =0; j < 480; j++)
if (i %2 =0 &&i >=20
&&i < 619 && | == 240)
im(j][i] =0; /Il S2
else
im{li] = im{f;
for (x =0; x < 640; x++)
for (y =0; y < 480; y++)
out(x, vy, im[y][x]); Il S3

(d) Extending to whole picture

IS4

Figure 31: Adding copy operationsto make ead composition step explicit

When we add copy operationsto get up to writing the wholeimage,we needto change
both the loop structure and the indexation. Sincewe want to write the complete,two-
dimensionalimageinstead of just the one-dimensionaline, we needtwo loopsinstead
of just one. Thus we add the j -loop asin Fig. 31(d). Also we needto changethe
indexation sud that we can write ead j th line instead of just the 240th.

Changing/determining

the loop bounds and the selection conditions.

When

we extend the line to the whole width of the image, we only needto change the
loop bounds, as showvn in gure 31(c). Of coursewe also needto add extra selection
conditions that just accour for the old loop bounds.
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for (x = 0; x < 640; x++)
for (y =0; y < 480; y++)
im1[y][x] in(x, y); /I S1
for (i =0; i < 640; i++)
for | =0; ] <480; j++)
if (i %2 =0 &&i >=20
&&i < 619 &&] == 240)

im2[j][i] =0; /] S2
else
im2[j][i] = im1[j][i]; Il S4

for (x =0; x < 640; x++)
for (y = 0; y < 480; y++)
out(x, vy, Im2[y][x]); Il S3

Figure 32: The result of converting to array static singleassignmen

Also whenwe add an extra loop, we needto determinethe boundsfor this new loop.
Theseboundsdependin this caseon the height of the imagesincestatemert S1writes
the whole height of the image.

The crucial obsenation is that we can rst do all changesto the indexation/lo op structure,
and then determinethe loop boundsand selectionconditions by taking the old loop bounds
and the part of the array that the previous statemert writes into account. The indexation
and loop structure determinewhat could be written, while the loop boundsdeterminewhat
part of that is actually written and the selectionconditions determinewhat is new and what
is copied. In our casewe changethe indexation and the loop structure to allow writing ead
pixel of a two-dimensionalimage instead of just every two pixels on a single line. Then
we determine the loop bounds sud that only the imageis written within its bounds, and
determinethe selectioncondition to Iter out the dotted line.

In the remainder of this sectionwe will go into more detail about how to do thesetwo
stepssystematically We do this for the examplein Fig. 33(a) which will shav usthe di erent
issuesin performing this transformation step. This exampleis basedon the examplefrom
Fig. 30(a). Figure 33(b) shavsa schematicview of the array elemeits written in the program
for i = 4. For other valuesof i, the dotted line would di er in its y coordinate. We model
the indexation of both statemerts asfollows:

C# " 1 0# "O#

| . _

k - 0 1 (J!k)+ 0 _Al {1+Cl

for{s 2 f(j;k)jO j <2170 k< 1%
Cas1t_ 2" BT

+

i+ 3 - 0 (I)+ 3+ _AZ {2+CZ

forf 2 f()j1 1< 99

Note that we put the part of the indexation depending on i with the constart part of the
indexation. We do this sincewe want to do the overwriting for ead iteration of the i -loop,
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for (i =0; i <9; i++) f 14
for (j =0; ) <21; j++)
for (k = 0; k < 15; k++)

a[jlk] =... Il S1 7
for (I =1; 1 <9; |++)
a2 * 1 +1)i +3] =..; [/l S2
g
(a) C program 0 3 17 20 X

(b) Schematic view fori = 4

Figure 33: A modi ed versionof Fig. 30(a) wherethe dotted line \moves"

and in ead iteration of that loop i is a constart. Sincethe i -loop is the only loop the two
statemens have in common,this meansthat in a giveniteration of that loop, S2 overwrites
all the array elemens that S1 wrote in the sameiteration. For i equalto 4, the original
situation is shown in Fig. 33(b). The blue dots are written by S1 and the red dots are
written by S2 Wewant to adapt S2sud that the red dots completelyoverlap the blue ones.
The simplest way to add copy operations to the secondstatemert sud that all array
elemens written by the rst statemert for a certain value of i are copiedto themsehes,is
asfollows:
" 2I+1+j°x°#"210 10# : "1#
i+3+Kk 3%y - 001 3 1 GISKDEYY+ o1 = A g
for {8 2 f(j%kex%y9)j1 1<97j0=k=xO=y%= 0Og [
27 f(1;%Kex%y9) jlI=020 j%°%< 2170 KkP< 1572 x%=17ry%= g

The iteration domain now consistsof two parts. For the rst part ead of the addediterators
is zero,and the old indexation remains,sowe still write the new values(the dotted line) to
the image. The secondpart has everything relevant to the old indexation setto zero, and
appropriate valuesfor the addediterators. We addedj ® and k° with the sameboundsasthe
j and k loop of statemert S1, and we addedx®and y°to compensatefor a di erence in the
constart term betweenthe indexations (counting i again as a constart).

Howeer this is overkill sincewe made a 5-dimensionalloop nest out of a single loop.
And we know from our experiencewith the code from Fig. 32that a 2-dimensionalloop nest
ough to besucient. Let uslook at the newindexation in a di erent way:

" # " # " # " # " # " # " #
20+ 1+j° %O 2 0

i+ 3+ k% 3x%+y° = o *!

s O 1

0 1
0 0
+ k + X +y 1 + 31

0 1 3
5 #
Incrementing | with 1 changesthe indexation by 0 i.e., we go 2 pixels two the right,

and 0 pixels up or down. This is why we get a dotted line in the image. Incremerting j°
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#
by 1 changesthe indexation by é , I.e., we go 1 pixel two the right, and O pixels up or
down. But insteadof incremerting j °by one,we can achieve the samee ect by incremerting

| by % Howewer we want our iterators to be integers( oating point math is not necessarily
accurate), soto adieve the possibility to incremert by, % we substitute | by a new iterator

by incremerting 1°by 1, sowe
"

required for the original

1= 2 |. Then we can get a changein indexation of é
2
0
indexation by incremerting 1°by 2. The resulting indexation is this:
" 1°+1 x° i "1# o’ " 1# " 0# " 1 i
— 10 0 0 0
43+ K0 04y g TKg X g Y gy

no longer needj°to do this. We can still do the change of

Of coursewe still needto determinethe boundsfor the |%loop accordinglyto take this change
into accourn, but we do that at the end. "oy

# 1 "#
0o . , 1
1 s not a multiple of 0 Sowe have
no choicebut to keepk® as an iterator. " 4

Incremerting k®by 1 resultsin a changein indexation of 0 . This cannot be achieved

by any changein 1°for the simple reasonthat

Next an increaseof 1 in x° results in a change of indexation of :1)) . This can be

achieved by incremerting 1° by -1 and ipcremerting k° by.-3. We can nd thjs by writing
, N 1 o . 1 _ 1 0

5 asa linear conmbination of 0 and 1 0 € 3 = 1 0 3 1

which can be easily determined by a Gaussianelimination [Gar66]. Sincetheseincremerns

are integers, it is possibleto do the changein indexation by \incrementing" both 1°and k°

sowe do not needx® for this. Leaving it out givesthis:

0+ 1 i "1# "0# " O# " 1 i
— 10 0 0
i+ 3+ K0+ y° = 0 Tty 17 3+
#
Finally an incremert of 1 in y° changesthe indexation by 01 , which is a linear
"1 "O# " O# "1# "O#
conbination of 0 and 1 ie., 1 = 0 0 1 1 Thus we do not needy?®
either to make sudh a changeand leaving it out resultsin:
" 0+ 1 i "1# "O# " 1 i
— 10 0
i+3+k0 | o * k 17 3+

As we seenow, we get exactly two iterators, which agreeswith Fig. 32.
The one thing left to do is determine the loop bounds, or equivalertly the iteration
domain. The rst part of the iteration domainwhich doesthe assignmets that S2originally
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did, is easiest. The original iterator of that loop is still preser, be it that it is scaledby a
factoor 2. We compensatethis by taking the old iteration domainf(l) j1 |< 9g, lling in
|

| = 3, restricting 1°to even valuesand adding the remaining iterators we found above and

setting theseto 0. The rst part of the iteration domain then becomes:
1 %= f(1%k%j2 19< 187 19mod 2= 0~ k°= Og

The secondpart of the iteration domain needsto copy all elemerts written by statemen
S1, for a given value of i. For such a value of i, S1is execujedfor (j;k) 2 f(j;k) jO ] <

217 0 k < 15. Giventhat the indexation of S1is Jk

by Slasthe imageof a polyhedron(j;k) 2 f(j;k) jO j <2170 k< 15 through an
ane function (i;j) 7! (i; ), which in this caseis the idertit y function, sothe array elemens
written by Slis

, we nd the elemens written

W =1f(x;y)jO x<2170 y< 1y

Howewver we only want to copy elemens not written by S2 sowe needto subtract
Wo=1f(X;y)j3 x<192xmod2=1"y=1i+ 3g

giving

WinW,=f(x;y)jO x<2170 y<15":(3 x<192xmod2=1"y=i+ 3)g

1°+ 1
i+ 3+ k0
givena certain value of i { for which elemerts in W, nW, are written by applying the inverse
indexation of S2' to W, nW,. This is doneby lling in I°+ 1 for x andi + 3+ k°for y in
the conditionson x andy in Wy, nW,, resulting in conditionsin 1°and k®

Giventhe indexation of S2', we can determinethe valuesfor |°and k°{ again

1% F(1I%k%j0 1%1< 2170 i+3+k°< 15 : (2 1°< 18" (1° 1) mod 2= 1"k°= 0O)g
The completeiteration domain of S2' is then
19=127 1% f(1%k9)jo 1°+1<2170 i+ 3+k’<1xg

Going bad to a C program, givesthe program in Fig. 34(a). After bumping the | and k
loop sud that their lower bounds are 0, and adding an index to a, we get the program in
Fig. 34(b). In this versionit is clear that we copy the whole image, exceptfor the dotted
line.

4.5.2 Adding dimensions

The secondsubstepin the conversionof Fig. 30 is supposedto resole the intra-statemert
overwriting. For reasonsthat will becomeapparer later on, this step is called adding
dimensions. The intention of this stepis to get to the full dynamic single assignmen form.
Sincein the previoussubstepwe already solved interstatemert overwriting, we only needto
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for (i =0 i <8 i++) f o
for U%Fk]: 0; k < 15; k++) for (k _ 0 K < '15_ k++)
a = .. : L
for (I =-1; I <211 |++) for (alll[]l[kc])' I <“£1' [++)
for (k=-i-3; k<15-i-3; k++) for (k=0" k<15 I,<++)
if (2<=l &&I<18 && i (3<’=| 88 1<19 &&
(F-1)%2=1  && k=0) 19%2=1 && k=i+3)

a[|+1][|+3+k] = .. az[l][k] ° -
else _ clos
a[lgﬁlfiﬁﬁ:glk]; ) az[lllk] = a1[lj[k];

b) A cleanedup version
(a) The ASSA versionaswe nd it (b) P

Figure 34: Completing corversionto array static singleassignmen

for (i =0; i <10; i++)
for ( =0; ) <10; j++)
ai *10+j =..

Figure 35: An examplethat is DSA when loop bounds are taken into accourt and is not
otherwise

solweintra-statemert overwriting, i.e., overwriting within the samestatemen. In this section
we rst derive a condition sud that if that condition is met by the indexation of the left
hand side of an assignmet the statemert doesnot overwrite any of its values. Though this
condition is not necessarywe still transform the statemert to meetthis condition becauset
is a simple condition to ched for and to satisfy. After deriving the condition, we shov how
to make a statemert meetthat condition.

Initially , we do not take the boundsof the for -loopsinto account. This essetially means
that the boundsare in nite sothe iterators can take on any value. Or phrasedin a more
formal way, if the write statemert W we consideris surroundedby n for -loops, the set of
possible(n-dimensional) iteration vectors{ is Z". Note that if we would take the bounds
of the loopsinto accoun, that set would be a polytope. Also the condition for having no
intra-statemert overwriting in the casewe considerhereis strongerthan in the casewe do
take the loop boundsinto accourt. The examplein Fig. 35 shaws this. If we keepthe loop
bounds, it is clearthat this pieceof code doesnot do any overwriting: it writes elemens 0
through 99 once. Howewer if we throw away the loop bounds,i.e., make them in nite, it is
easyto seethat e.g, fori = Oandj = 10we write the sameelemen asfori = 1andj = 0.
This meansthat by any criterion taking the loop boundsinto accoun, a pieceof code may
not cortain overwriting, while by any criterion that doesnot, the samepiece of code may
do overwriting. This is soin generalsinceby making the loop boundsin nite, we still write
the elemerts we wrote to in the original program, but alsomany more. Sothe set of writes
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for i =0; i <10; i++)
for ( =0; ) <10; j++)
for (k =0; k < 10; k++)
for (I =0; | <10; I++)
ali +K[i -j +1)[ +k- 2] =

Figure 36: An ASSA examplewhich we will transfrom to DSA

in the original programis a subsetof the set we considerby making the boundsin nite and
hencewe will always nd at least as much overwriting in the subsetwe considerhere asin
the original program. Howe\er this is not a problem in our transformation, the only thing
that can happenis that we still transform a program that is already in DSA form.

Sowe look at a single write statemert surroundedby n for -loops, thus with iteration
domain Z", together with a de nition mapping describing the indexation. This mapping
is a function that mapsa vector consistingof the valuesof the iterators of the surrounding
for -loopsonto a vector cortaining the valuesusedfor indexation the array involved. If the
array involved is m-dimensional,this will be a mappingw from Z" to Z™ sincewe needm
indexation expressions.We only considera ne indexation, which meanswe can descrilke f
asfollows:

w:Z"! Z™ A7 A f+ ¢

Herefis the iteration vector cortaining the variablesrepreseiing the iterators, Aisanm n
matrix and c is a vector of length m.

Let us clarify this de nition with the examplein Fig. 36. There are 4 for -loopsaround
the write statemert, son is 4. There are three indexation expressions,som is 3. The
mapping w for the write statemert then becomes:

2i3 2i3 > 2i 3 3 2 3

! ! 1.0 10 2 sk 0
f:z% Z3:§Lz7!A§Lz+ezﬁl 100 EL2+ £=9i ji+9 18
01 10 "7 i +k 2

The su cien t condition can be formulated as follows. Supposestatement W doeswrite
to the sameelemen for two di erent iteration vectors{; and{ with {, 6 {,. We write:

AfH+e=A HL+e, A & H)=0, rank(A)<n

As{, LHisnot0,A (f ) isalinear combination of the n columnsof A with non-zero
coe cien ts and hencethosen columnsare linearly dependert and sothe rank of A is smaller
than n. Soif there is intra-statemert overwriting, matrix A usedfor indexation must have
a lower rank than the number of surrounding for -loops. Rephrasinggivesus the condition
we are looking for:
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Prop osition (Su cien t condition for absenceof intra-statemert overwriting)

Given an assignmeh W with Z" as iteration domain and de nition mapping
f.z"" Z"™ 47 A {+c

There is no intra-statemert overwriting if matrix A usedfor indexation has a rank
equalto the number of surrounding for -loops.

It is interestingto note that the sameresult can be obtained by reasoningabout the number
of solutions to a system of equations. Consider a certain elemen of the array the write
statemert writes to. Let us indicate this elemen with vector x. We can nd the valuesfor
the n iterators {§ for which the write statemert writes to this elemen by solving the following
systemof equations:

Af+e=x, A{=x%x ¢

Remenber from high-sdool that the number of solutions to this systemcan easily be de-
termined as follows (A has dimensionsm n and A j (x €) represems the augmered
matrix):

A hasrank n

{ Aj(* €) hasrank n: thereis exactly 1 solution
{ Aj(* ¢ hasrank n+ 1: thereis no solution

A hasrankd< n

{ Aj(x €) hasrank d: there arein nitely many solutions
{ Aj(¢ €) hasrank d+ 1: thereis no solution

We can conclude seeral things from this. First if the rank of A j (¥ €) is larger than
the rank of A (which meansx € is outside the spacespannedby the columnsof A), then
there is no solution. This meansthat the elemen indicated by x € is simply never written
by the statemert. Otherwiseif the rank of A j (x €) and A are the same,then there are
solutions and hencethe array elemen is written by the write statemert. If matrix A has
rank n, there is only one solution, sothe array elemen is written only onceand there is no
intra-statemert overwriting for that memory elemen. If however the rank of A is smaller
than n, there are in nitely many solutions, sothe array elemen is written in nitely many
times and sofor that array elemen we do have intra-statemert overwriting.

Note that the casewhen there is no solution is not of interest to us sincewe can always
nd ax €sud that the rank of A j (* €) is the sameasthe rank of A (hamely when
¥ € is a linear combination of the columnsof A). Soif the rank of A is n, then either
an elemen of the array is newer written, or it is written just once,soin this casethere is
no intra-statemert overwriting. If howewer the rank of A is smallerthan n, there are array
elemerts that are either never written or written an in nite  number of times. Sincewe can
always nd anelemen that is actually written, that elemen must then be written anin nite
number of times and hencethere is intra-statemert overwriting.
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The condition we have just derived only holds in the casewhere all loop bounds are
in nite. In casewe do take the loop boundsinto accoun, if the rank of A is the num-
ber of surrounding for -loops then there is no intra-statemert overwriting, but when the
rank is smaller it could be that there is no intra-statemert overwriting. Howewer, for our
purposeswe will try to meetthis condition even if it is not necessary An assignmen like
a[i * 10 +j] = ... inthe exampleabovelooksalot likealinearization of a 2-dimensional
array and then we will want to make it 2-dimensionalanyway, thus meeting the su cien t
condition we derived above. A concretereasonfor doing this is that the inversemapping
of (i;j) 7' i 10+ j { taking into accoun the loop bounds of the example above { is
a 7! (ba=10c;a mod 10) and it cortains modulo and o or functions that are much harder to
manipulate than simple linear mappings. The inversemapping is neededin someanalyses
within DTSE and theseare simpli ed if the mapping is easily invertible, i.e., when matrix
A is of rank n. If matrix A is also square,the inversemapping is not only linear but also
simply determined by A ! which is simple to calculate. Soif we can make A squareand
non-singular,this would be the ideal situation.

The next questionto answer is how to make the program meetthe su cien t condition. If
we start with an assignmeh whosede nition mapping hasa matrix with rank smallerthan
n, we obsene that if we add rows to matrix A, we can make it of rank n. SupposeA was
of rank k, then it is enoughto add the correctn  k rows to get a matrix of rank n. The
matrix will have m+ n  k rows (and still n columns) and sincethe matrix A represeis
the indexation the write statemert uses,this meanswe now write to an array of dimension
m+ n Kk instead of dimensionm. Sothis meanswe have added dimensionsto the array,
and hencethe name of this substep. One thing to note is that ead row we add to A hasto
be linearly independert of the initial rows of A and the other rows we add, adding linearly
dependert rows is useless A secondthing to note is that there is an in nite number of sets
of rowsthat we canadd to A to makeit rank n. Any setof rowsthat spansthe complemen
of the spacespannedby the rows of A (which is also of dimensionm + n k) will do, and
there are in nitely many of these. Sinceit is not clear at this point whether one choiceis
better than another, we will concernrate on how to nd solutionsrather than which oneto
choose.

In order to nd the rows we needto be addedto A (and hencethe expressionswith
which to index the dimensionswe add to the array) we proposea method basedon Gaussian
elimination. One thing we can concludefrom the elimination is the rank of A, but it will
alsoallow usto nd the solution we are looking for. We show this for an exampleand then
generalizeit. Supposewe have the piece of code in Fig. 36 with the matrix A used for

indexation repeatedhere: 2 3
1 0 10

A=%1 10094
0O 1 10

We are now applying Gaussianelimination with pivoting to A. The indexation expres-
sions are indicated with (a) through (c). The pivots and the correspnding iterator and
expressionindicator are encircled. The selectionof the pivots is arbitrary here, but it will
determine the solution found. Of coursethe pivot can't be 0. The pivot is rst moved so
that we get an upper triangular matrix in the end. Then the row is subtracted from the
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rows below to make the ertries below the pivot 0. This is the known algorithm for Gaussian
elimination.

2 2
2 i 2 3
@ "1 0 10 M| [1] 100
A|=(b)9100§§ (a)90110%§
© 01 10 %] © 1 010
#

2 321 2 32j3
M “-11 00 : (0 "1 0 10
(a)20110§§! (c)2010%§§
©] o 1[go *C @ 0 110 %

#
(b)2-101032j3
(c)20110%§’.‘z:A0|0
(@ 0 000 :

At this point in the algorithm, we notice that all that is left are rows consisting of only
zerosand so we cannot pick another non-zeropivot and hencethe algorithm stops. As
there are 2 non-zerorows, we know the rank of matrix A is only 2. Since there are 4
surroundingfor -loops,and henceA had 4 columns,the rank of A shouldbe made4 to meet
the criterion derived earlier on in this section. We can do this by adding rowsto A that are
linearly independernt of the existing rowsin A. This is equivalert to saying that the rows we
add should be linearly independert of the rows of A%that results after applying Gaussian
elimination [Gar66], and this is easyto do sinceACis in upper triangular form. All we need
to dois add 2 rows with all zerosexceptfor the 2x2 identit y matrix in the rightmost columns
of those rows: 2 3

=
o

O O oo
o
R OR R
o

28
o] Bk
|
0 01 !

Supposethat we would always chooseto add these simple rows. Now remenber that the
number of columnsof A is n and the rank of A is k, sowe needto add n  k rows. After
applying Gaussianelimination, A°looks like this:

AOO |0:

#
AO= U « Bk (n 1
Om 1y k Om 1 o K

Here Uy « is an upper triangular matrix with k rows and columns. By (, k) is any matrix
with k rows and n  k columns. 0, , refersto a matrix with m rows and n columns
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for (i =0; i <10; i++)
for  =0; ) <10; j++)
for (k =0; k < 10; k++)
for (I =0; k <10; I++)
ali + K[ -j +1]7 + k- 2]/ = ..

Figure 37: Program of Fig. 36 after adding dimensions

containing only zeros. Note that we abusethe notation a bit by giving every matrix its
dimensionsas subscripts. Adding rows like we did above resultsin:

2 3
U « Bk (n 1

A= § Om ¥ k Om w (n K
Onyx Tin mw

This matrix hasn+ m k rows assaid earlier on in this section. In our examplethe matrix
now has4+ 3 2= 5rows. Again the rows we addedto A° can also be addedto A to
make A of rank n. Keepingin mind that the Gaussianelimination swapped the columns
(so we usethe original | instead of the | © after the elimination), we get A%%o be the new

indexation: 2 3
1 10 2 i 3
1 1 00 .
A =60 1 1 0 § sz
1 0 0O |
0O 0 01

Matrix A%fs of rank 4 too, soif we usethis matrix for indexation, there is no intra-statemert
overwriting. The accordingprogram now looks like Fig. 37. As one can seethe new index
expressionsare simply iterators. This is of coursea consequencef our choiceto add rows
to A with all zerosexcepta singlel. There are lots of other choiceshowewer. For onething
insteadofusingl (m k) ( k) in constructing A% we coulduseany non-singular(n k) (n k)
matrix. Another thing is that we can add any linear conbination of the original rows in A
to the newly added rows (this is the inverseof Gaussianelimination actually, so applying
the elimination againwill subtract the linear conbinations we added).

Besidesthat howewer there is another freedomwe have in choosingthe nal indexation.
Since the initial indexation possibly cortains expressionsthat are linearly dependert on
the remaining ones,we can actually leave those indexation expressionsout as well as the
correspnding dimension of the array. This is so becausewhen we choose the value of
the linearly independert indexation expressionsthen the value of the linearly depender
onesare known and xed and henceonly a single elemen in the dimensionsof the linearly
dependen indexation expressionss used. Howewer, supposethat there are k independen
rows amongthe m rows of A, then we cannotjust leave out any m k rows becausewe have
to make surethe remaining onesare linearly independer. The way to ensurethis is to leave
the expressionut that the Gaussianelimination reducedto rows of only zeroand then we
know the remaining onesare linearly independen. Although not all choicesare always valid,
there are se\eral choices,e.g, in the exampleabove any of three original index expressions
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is acceptableto leave out. The thing to remenber is that there is lots of freedomin choosing
the expressiondo add and maybe it is possibleto usethis to our advantage.

In our example above we notice that the rst indexation expressioni + k is linearly
dependen on the secondand the third { respectively beingi j+ l1andj+k 2{ andthe
constart 1. Sothe rst expressioncan be written asa linear conbination of the other two
and 1, namely:

i+k=1(( j+1)+1 (+k 2)+11

The constart 1 is included in the linear conbination to catch a di erence in constart term
which does not make a di erence in the rest of the story. Supposewe would choosethe
valuesofi, j, k and | to besothat i | equalsa certain x andj + k equalsa certain y.
There are seweral valuesof i, j, k and | that produce the samex andy, e.g, increasingi
andj by 1 and decreasingk by onewill not changethe valuesof x andy sincethe increases
and decreasewvill cancelead other out. Also changingl hasno e ect. Howewer sincei |
is linearly depender of the other indexation expressionsit can be written in terms of those
indexation expressiononly, or { sincex and y represem those indexation expressiony in
terms of x and y only, namely:
i+k=x+y+1

The point is that if we know the value of the expressionsusedfor indexation of the second
and third dimension,no matter what the valuesofi, j, k and | are, we also know the value
of the expressionusedfor indexation of the rst dimension. Sowe could sa that in the rst
dimensiononly one elemert is indexed sincewe needto changethe indexation of the other
dimensionsto changethe indexation of the rst.

For our examplethis meanswe can leave out the rst indexation expressiongiving a new
indexation represemed by A%

21 100%%;°3

011025%
0000y —
AI‘§1ooo K

00 01 |

Soin generalif we leave out the m  k expressionghat are corverted to zerorows by the
Gaussianelimination, then the result is a matrix A°®ith dimensions(n+ m k) (m
k)) n=n nwhichissquare.Remenber that this is ideal sincenow the inversemapping
of the indexation is simply given by the inverseof A%% The inversemapping is important
becauseit tells us, given a certain memory elemen, for which value of the iterators the
elemen in questionis written.

An issuethat wascompletelyleft out up to now is what to do about the read operations.
If we add and remove dimensionsfrom arrays and changethe write operations accordingly
the read operations should be adjusted accordinglytoo. For this we usedata ow analysis,
e.g, Feautrier's [Fea9]. However now we have a simpli ed casebecausethe programis in
array static single assignmeh form sud that the analysisonly needsto considerone write
statemert. When that is the case,the largest portion of the work can be skipped because
we do not have to conbine the sourcefunctions for the di erent assignmets [Kie02].
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for (i =0; i <9; i++)
for | =0; ] <9; j++)

for i =0; I <9; i++) if ( ==c[i] &&cond(c[i]))
if  (cond(c[i])) afjj =i * i
alcfif =i *1i else
(a) Data-dependen code afil = all]

(b) Made manifest by adding copies

Figure 38: Handling data-dependert conditions and indexation by adding copy operations

45.3 Discussion

We presetted a two-step method to do dynamic single assignmeh corversion. The rst
step removesinterstatemert overwriting, i.e., overwriting betweentwo di erent statemerts.
The resulting program is said to be in array static singleassignmeh form. The secondstep
transformsthis programto full dynamic singleassignmen form by removing intra-statemert
overwriting. The novel part liesin the rst stepwherewe add copy operationsto the program
to simplify the data o w andthusto simplify the transformation. By adding copy operations
to a statemen to \overwrite" what a previous statemert wrote, we eliminate the possibly
complexinteractions asfar asdata ow is concernedbetweenthe statemens. Sowe cando
a more e cien t transformation at the cost of extra copy operations. This is not much of a
problem becausewe can afterwards remove those copy operations by doing advanced copy
propagation which is descriked in Sec.5.2.

A secondadvantage of our approad of adding copy operations is that we can extend
this technique to handling data-dependert conditions or indexation. This is illustrated in
Fig. 38. The data-dependent condition as well as the data-dependert condition are both
transformed in a condition that decideswhat to assignto afj] which is indexed with an
ane expressionof iterators only. These can possibly be removed by an extension of the
technigue discussedn Sec.5.2.
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int c[19];
for (i =0; i <10; i++)
for ( =0; ) <10; j++)
ci +jl =cfi +j +all * b

Figure 39: When transformedto DSA, Cwill be about 5 times aslarge

5 To DSA or not to DSA?

In the previous sectionswe have beendiscussinghow the transformation to dynamic single
assignmeh can be automated in the cortext of DTSE. Of coursewe do this becausewe
hope that the transformation will have a positive e ect on the result of DTSE. The rst
e ect is already discussedn Sec.2.4. Putting a programin dynamic singleassignmeh form
increasedhe explicit freedomfor optimizations on the program and speedsup DTSE. These
two parts are essetial for DTSE to work.

Another e ect howeer is that memory usageof a programin dynamic singleassignmen
form is usually higherthan the original programin multiple assignmenform. This is because
in generala variable or an elemen of an array cortains morethan onevalue during execution
of the program, or in other words there is often more than one assignmeh to ead array
elemen and since we cannot allow this in dynamic single assignmeh form, we have to
allocate an array elemen for every dynamically executedwrite statemert. Let us look at
the examplein Fig. 39 to make this clear: This program represefs the multiplication of
two polynomials. The array ¢ has 19 elemens. Howewer the assignmen to c is executed
100times, or in other words there are 100 dynamic instancesof the assignmehto c. Since
ead instance of the write statemert should write to a di erent elemen, this meansthat c
should cortain at least 100 elemens which it doesnot. The solution to this is to increase
the sizeof the array. This is what is donein Sec. 4.5.2by adding dimensionsto the array.
Note that in theory 100 elemens should su ce in our example,in practice it will often
be more, e.g, becausearrays needto be rectangular and the neededspaceis triangular,
so we needto allocate a bounding box. For the example above the new memory usageis
well within acceptablebounds, but for real applications, especially multimedia applications
where huge amourts of data are processedusing complex algorithms, this can becomea
problem becausememory usagealmost literally blows up. This would meanthat although
we can do many optimizations, the ewvertual optimized program would be impossibleto
executebecauseof memory limitations of computers. This is however not true sinceDTSE
cortains an optimization that takescare of this excessie memory usage.ln a senseit is the
inverseof the dynamic single assignmen transformation. How this is donewill be discussed
in Sec. 5.1. For now it is enoughto remenber that a step is provided in DTSE to solwe
the problem of increasedmemory requiremerts dueto dynamic singleassignmeh This step
is necessaryindependerily of the way we transform to dynamic single assignmeh because
highly increasedmemory useis an inherert property of dynamic single assignmen form.

The problem of high memory requiremerts can be much more than the theoretical min-
imum becausethe method we described in Sec. 4.5 adds copy operations to the program
and sinceead copy operation is a conbination of a read and write operation, the number
of write operations will increasebecauseof this. This meansthat we needto allocate even
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more memory to accommalate this. Howewer increasedmemory requiremens are not the
only problem causedby those extra copy operations. For onething there are more memory
accesseso both program execution and power consumptionwill increase. Also the extra
copy operations may hamper the optimizations DTSE tries to do, unlesswe would adapt
it to take the copy operationsin accoun. For all thesereasonsthe extra copy operations
should be removed as much as possible.

A way to remove copy operationsis to usedata ow transformations. In essenceany
transformation that removesthe copy operationsis a data o w transformation sincethe data
ow is changed(for onething the number of operationsis changed,soit cannot be that all
operations are still there and the same). We will discussdata ow transformationsin Sec.
5.2. Note that data ow transformations are not limited to removing copy operations, as
will be clear from the discussionin Sec.5.2. Though this is presen in the DTSE script for
other reasonsijt is essetial if we useour newtechniqueto do the dynamic singleassignmen
cornversionby adding copy operations. In a sensewe usethesedata ow transformationsto
transform the dynamic singleassignmen form that is easierto constructto a dynamic single
assignmen form that is preferable.

5.1 Inplace mapping

The DSA form of a program accommalates a memory elemen for ead value producedin
the execution of that program. Howewer not all of thesevaluesare live at the sametime,
and in principle we needto allocate at eat time only the number of valuesthat arelive. Or,
sincevaluesare stored in array elemens, we only needto allocate as much memory as the
number of array elemerts that are live simultaneously This can be accomplishedby storing
valueswhoselivenessdoes not overlap in the samememory location. Sowe want to nd a
function f (v) that mapsa value v to a memory location sud that f (v,) 6 f (v2) wheneer
the livenessof v; and v, overlaps.

Theoretically, the minimum overall storagesizeis achieved by allocating new valuesto
memory elemens containing dead valueswheneer possible. Memory sizewould then only
be increasedif we needto allocate another value and no memory elemet is free to storeit
in. Howewer this can lead to a very complexfunction f becausethe livenessof the values
can be quite complex. That is why we prefer a suboptimal solution, but one with a very
simple function f . Often this function is constrainedto only cortain modulo functions, e.g,
f(vi) = i mod n asin [DGCDM96]. The number n then indicates the memory use. Note
that we also assumewe can order the values. In [DGCDM?96] this is taken to be the order
of the array the valuesare stored in for somelinearization of the array.

Weillustrate this on the simpleexamplein Fig. 40(a). This program calculatesthe value
of an elemen of array a using the two previousarray elemeis. After that, one of the two
previous array elemerts is no longer needed,namely afi-2] and soits place can be taken
by the new value, i.e.,af[i] . This can be achieved by applying a modulo function to the
indexation of array a (so the indexation is taken as an ordering for the values), asin Fig.
40(b). The neededarray sizeis then only 2, which is the minimum acdievable. For further
details we refer to [DGCDM96], or for a slightly di erent approad to [TBJCO02].
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a[0] = 0; a[0] = 0;
a[l] =1, a[l] =1,
for (i =2; i <100; i++) for (i =2; i <100; i++)
ali] = afi-1] + afi-2]; ali%e2] = a[(i-1)%2] + a[(i-2)%2];
(a) Beforearray compaction (DSA program) (b) After array compaction (multiple assignmei
program)

Figure 40: Example program

5.2 Data o w transformations

The data ow transformations that we discusshere are the onesrelated to the removal of
copy operationsfrom a C program. There are two possiblereasonswhy a copy operation is
not necessaryand can be removed. The rst reasonis that when we read the copieddata,
we could aswell read the original data and save us the copies. The secondreasonis because
the copied data is newer read so we can save us those copiestoo. As we will see,we can
sometimessolve both in one shot.

The generalidea of removing copiesis to read the original data rather than the copy. If
we replaceewery read operation that readsthe copy with a read operation that readsthe
original, then the copy is no longer neededand we can remove it. The fact that we remove
the copy operations immediately takes care of the copiesthat were never usedbecauseall
copy operationsareremovedin the end. Howe\er for this we needto be ableto remove every
read operation that readsfrom the copy, and this is not always possible.

In the remainder of this sectionwe explain the method of advancedcopy propagation
which removesthe unnecessarycopy operations. We will do this by example. For a more
detailed exposition of the matter, we referto [VJB* 02 VIB* 03].

The example we look at is shovn in Fig. 41(a). This program runs over the array
swapping two subsequen elemerts, using a variable temp to do the swap. The dynamic
single assignmen version of the program is shavn in Fig. 41(b). We will work on that
versionbecauset simpli es the transformation a great deal, aswe will seeaswe go along.

The program cortains a number of copy operations. Let us pick the S1-S2 conbination
rst. Both statemerns can be regardedasa singleassignmen to tmpl[i] sincethe condition
that selectsbetweeneither statemernt really just selectswhat is assignednot what is assigned
to. Though it is perfectly valid to regard them as separate,it savesus somework if we do
not becausethen we can propagateboth in onebreath, solet us do so. The only statemen
reading from array tmp is S4 Thus we can replaceits referencetmp[i] by the right hand
side of the assignmeis to tmp[i] , taking the condition of the if -statemert into accourt.
The result is shavn in Fig. 42(a) where statemert S4was split up in S7and S8to accour
for the condition. In a sense,we can sa that the condition moved from the write to to
read. Now every referenceto tmp hasdisappearedand thusit can be removed asit hasjust
becomedeadcode. This is shavn in Fig. 42(b).

That was pretty easy So let us pick another copy statemen, say S3 S3writes to al
which is read by S5only. But this time S3writes al[i] and S5readsallk] , sowe need
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for (i =0; i <99; i++) f
tmp = a[i];
afij =a[i +1j;
afi + 1] = tmp;

g

for (k = 0; k < 100; k++)
output(alk]);

(a) Example program

for (i =0; i <99; i++) f

Figure 41: A program with copy operations

for (i =0; i <99; i++) f
if (i ==0)
tmp[i] = a]i]; Il
else tmp[i] = a2]i]; /l
alfifi =afi + 1] Il
if (i ==0)
azli + 1] = afi ; Il
else az[i + 1] =a2[i] ; /l
g
for (k = 0; k < 100; k++)
if (k <99)
output(allk]); Il
else output(a2[k]); /l

(a) Propagated S1and S2to S4

S1
S2
S3

S7
S8

S5
S6

if (i ==0)
tmp[i] = a]i]; Il
else tmp[i] = az2[i]; /I
alli] =a[i + 1] Il
azli + 1] = tmpli]; I
g
for (k = 0; k <100; k++)
if (k <99)
output(allk]); /l
else output(a2[K]); /l
(b) DSA version
for (i =0; i <99; i++) f
all] =afli +1];
if (i ==0)
azli + 1] = ali] ;
else a2[i + 1] = a2[i] ;
g
for (k = 0; k <100; k++)
if (k <99)
output(allk]);
else output(a2[K]);

(b) Removed S1and S2

Figure 42: Propagation of S1and S2

to match the indexation. Clearly, they refer to the samearray elemen wheni = k. Sowe
substitute this for i in the right hand side of S3to get alk + 1] which is what would be
assignedo al[k] andthuswe replacethe referenceto allk] by alk + 1]. This is shavn in
gure 43(a). As sud all referencedo al have died and we canremove the uselessassignmenh

S3to al. The result of this is depictedin Fig. 43(b).

We are doing well. The next copy statemert on the to-do list is the S7-S8 combination.
These write to a2, which is referencedby both S8 and S6 Of thesetwo, S8 looks a bit
threatening sinceit both readsand writes to the samearray, sowe rst propagateto S6& S6
+ 1], sowe needto match up the indexation again. It is
+ 1] referencethe samearray elemen wheni = k - 1.

readsa2[k] , while S8writes a2]i

easyto ched that a2[k] and a2]i
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for i =0; 1 <99; i++) f S o
all] =ai + 1 /I S3 forif ('(i =0 0') <99 ) T
if (i ==0) . )
. e azli + 1] = afi] ; Il S7
azli + 1] = a[i] ; Il S7 . = .
else a2li +1] = a2l : // S8 ] else a2[i + 1] = a2[i] ; // S8
g - 0 )
for (k = 0; k < 100; k++) for. (k=0 k<100; ki+)
. if (k <99)
it (k < 99) output( alk + 1]); /I S5
output( afk =+ 1J); S5 dise output(a2lk)): I S6
else output(a2[k]): Il se P !
(b) Removed S3
(a) Propagated S3to S5
Figure 43: Propagation of S3
for i =0; 1 <99; i++) f for (i =0; i <99; i++) f
if (i ==0) if (i ==0)
azli + 1] = afi ; Il S7 azli + 1] = afi ; Il S7
else az2[i + 1] =a2[i] ; /| S8 else a2[i + 1] = a2[i] ; // S8
g g
for (k = 0; k < 100; k++) for (k = 0; k < 100; k++)
if (k <99) if (k <99)
output( alk + 1]); Il S5 output( alk + 1]); /I S5
else output( a2[k - 1]); /I S6 else output( a2k - 2]); /I S6
(a) Propagated S8to S6 (b) Propagated S8to S6again

Figure 44: And trouble strikes...

Note that S6is only executedwhenk is 9%, and sowe read a value written by S8and not
S7 Filling i = k - 1in in the right hand side of S8 and substituting the result for a2[k]
in S6give gure 44(a).

Sowhat did we adciieve by this? S6still readsan elemen of a2, and this elemet is still
written by S8 The di erence is that S8 now no longer needsto write a[99], soit is dead
code for oneiteration of the i -loop. One down, 98to go. Just for fun, let us propagateS8to
S6againand seewhat happens. Turns out what happensis that a2[k - 1] is replacedwith
a2k - 2], asin gure 44(b). It is not dicult to seewherethis is going; the indexation
will be decremetted by 1 until it becomesl in which caseit is S7 that writes a2[1] sud
that we can replacethe read from a2 with a read from a[0] . This is shawvn in Fig. 45(a).
At this point all of statemeris S7 and S8 have becomedead code and hencewe surgically
remove it resulting in Fig. 45(b).

5Sowe can replacek by 99, but that destroys the obvious corresppndencebetweenthe left hand sidesof
S5and S6
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for (i =0; i <99; i++) f
if (i ==98)
az2li + 1] = al0]; /I S7

else a2[i + 1] = a2[i] ; // S8 for (k =0; k < 100; k++)

if (k < 99)

g .
_ A . output( alk + 1]); // S5
for (k = 0; k < 100; k++) .
if (k < 99) else output( ), /I S6
output( alk + 1]); // S5
else output( ); Il S6 (b) Removed S8

(a) Recursiwely propagated S8to S5

Figure 45: And now we canwrap it up...

All that is left now are the non-copy statemerts. This program still outputs the same
values, but saves many a memory access.Also the data ow has becomeclear. The nal
program shows that the e ect of the programis to shift the array elemen down a notch and
put the rst elemen in the last place,and output the elemerts in this new order. This may
not have beenapparert from the original program.

More details about the general,automated method to do copy propagation can be found
in [VIB*02 VJB*03].

5.3 Discussion

This sectiondiscussedwo important issuesconcerningdynamic single assignmenh cornver-
sion. The rst isintrinsic to dynamic singleassignmety namelythe fact that array sizescan
grow considerably The seconds a consequencef our choiceof corversionto dynamic single
assignmeh by adding extra copy operations. We discussedthat this is not a problem be-
causethe DTSE script cortains two stepsthat tackle theseissues.Firstly array compaction
succeedsn compressingarray to a smallersizethan the original arrays even whenthe initial

conversionto dynamic single assignmeh form createsvery large arrays. Secondlyadvanced
copy propagation removesextraneouscopy operations, but can alsoremove the copy oper-
ations we added in our dynamic single assignmeh corversion, additionally allowing us to
keepsomecopy operationsin favor of program simplicity. Thus we canturn theseapparen

disadvantagesin our advantage.
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6 Conclusion

This report presens our work on cornversionof a programto dynamic singleassignmenform.
We argumerted that this corversionis an essetial preparatory step for a methodology that
globally optimizes memory use becauseit makes transformations both simpler and more
powerfull though remaining simple.

We described the existing work on dynamic singleassignmeh conversionand how it is not
satisfactory for our purposessincethey are not generally applicable and not very scalable.
The major cortribution of our work is the developmer of a method that overcomeghesetwo
shortcomings. This is achieved by adding copy operationsto the programwhich simpli es the
data o w considerablyif donewell. This allowsusto do a simpler dynamic singleassignmen
conversionthat hasthe potential of beingfaster, beingmore generaland allowing a trade-o
of complexity of transformation and complexity of the resulting programagainstthe overhead
of addition of somecopy operations. We have described two sud methodsin this documen,
where the one starting from static single assignmen is expectedto be more generalbut it
is more brute-forcein its addition of copy operations. In our future work we will implemert
the brute-force approad and we will investigate how we can integrate the other method in
it to prevent us from adding easily avoidable copy operations.

The methods in this report still focus on the type of programsthat existing dynamic
single assignmen corversion methods can handle already Future work will alsoinvestigate
deeper how we can adapt our method to a more generaltype of programs.
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struct vectorlO

int length;

int elements[10];
myVector;

myVector.length = 5;

for (i =0; i <5 i++)
myVector.elements[i] =

0;

Figure 46: A struct represeting a vector of length 10

A Overview of unhandled constructs

In Sec.4 we discussedscalars,arrays, for -loops,a ne indexation and a ne condition n the
corntext of dynamic singleassignmet Herewe describe someother programming constructs
and how they can be handledin a dynamic single assignmeh corversion.

struct s Structured typesin C exist of multiple variablesof possibledi erent typesgrouped
together. Sincein the absenceof pointers, any programusingstruct scanbe rewritten
to a program without struct s by splitting the struct into its members and since
mostly the variablesin the struct s are assignedseparately we consideread variable
in the struct as a separatememory elemen. Of courseif the struct 's menbers
are composeddata structures like arrays or struct s, then we also have to recursiwely
considerthe di erent parts of those as separatememory elemens. This consideration
is what determinesthe pieceof code in Fig. 46 to be in dynamic single assignmen
form: Howewer sinceit is possibleto rewrite the code without struct s, and because
this possibly even allows better optimization becausethe grouping of the data is no
longer required, we can assumethat the code we look at for corversionto dynamic
singleassignmen form doesnot cortain any struct s.

unions unions are very much like struct s, exceptthat the members of a union sharethe
samememory space. This meansthat we can no longer split the union up in di erent
memory elemerts. However mostly we can replacethe union with a struct so that
the functionality of a program does not change although memory use will increase.
Once we have only struct s, we can split them up as beforeand then we can rewrite
the program without struct s or unions. This meansthat we can again assumethat
in the input programto our corversionto dynamic singleassignmen form, no unions
are presei.

There are however caseswhere we cannot simply replacea union with a struct , but
thesedepend on how the compiler arrangesthe elds within memory and on platform-
dependen represemations like little-endian and big-endianbyte ordering and hencewe
assumethe programmerdid not usethis kind of code or at leastrewrote it in another
way.
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int  b[10]; int a[10], b[10]; int a[10], b[10];
for (i=0; i<10; i++) f for (i=0; i<10; i++) f for (i=0; i<10; i++)
int a = f(i); alil = f(i); ali] = f(i);

blil = g(a); b[il = g(alil); for (i=0; i<10; i++)
9 g bl = g(@lil);
(a) With a loop-local variable (b) Changingit to an array (c) Now we can split the
loop

Figure 47: Loop-local variablesprevert loop splitting

while -loops while loopsare very di erent from for -loops becausethey often do not have
an (explicit) iterator, and the condition is often data-dependert sud that the number
of iterations is not known in advance. For the exact analysesDTSE wants to do, this
is a full-size problem. Howewer often it is possibleto introduce an explicit iterator,
and nd someupper bound on the number of iterations. This upper bound usually
dependson the structure of the data that is being processede.g, the length of the
array being processed.In any casewe are often forced to approximate in someway
whenit comesto while -loops.

Other approatestowards while -loops add a dynamic medanism to the program to
accourn for the di erence of the actual number of iterations of the while -loops, e.g.,
see[LG95, GCI95 RP95. Howewer thesedynamic medanism do not lend themsehes
to static analysis,and are hencenot very usefulin the context of DTSE. So handling
while -loopsremainsa sizeableproblem in the context of DTSE.

Local variables Variables can be local to a function or in generalto any block of code.
Every time the function or the block of code is executed,a newinstanceof the variable
is made. Is the code in dynamic single assignmeh form when within sud a function
or block, only a single assignmeh happensto the local variable? The answer to this
guestion is not as simple as yesor no. That is why we will rephrasethe question:
are sud local variables wanted in the pruned program or not. The answer to this
is that they are not. Take for examplethe code in Fig. 47(a). Although this form
could be regardedas dynamic single assignmeh it doesnot give us the freedomfor
transformationswe might want. It is for examplenot possibleto split the loop abovein
two loopsead cortaining onestatemert from the previousprogram. Supposehowever
that we transform the variable a to a global variable and then expanda to an array so
that we get a dynamic singleassignmen form. The result is shovn in Fig. 47(b). Now
we can split the loop asin Fig. 47(c). Note that we introduce an array this way that
cannot be removed unlessthe loops are mergedagain. Howeer if the splitting allows
us to collapseother, larger arrays into a single scalar variable (e.g, by the inverseof
the program above) then this may be well worth the extra array.

Solocal variablesshould be transformedto global variablesto give full transformation
freedom. This is true for both local variablesin blocks and in functions. However when
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only freedomis desiredfor interprocedural code transformations, it is su cient that
all variableslocal to a block are at least moved to the scope of the function it is in.

Global variables Global variables,asdiscussedn the previouspoint, are exactly what we
want, though sometimesthe complexity of putting global variablesin dynamic single
assignmeh form can be tricky since method calls tend to be more chaotic than the
body of thosemethodsthemsehes. E.g., recursive functions are much harderto analyze
than e.g.,for -loops. If we only needdynamic single assignmen within a function, it's
sucient to copy the state of the global variable to a local variable in the function,
and bad in then end, and make the local variable dynamic single assignmen

Library functions For library functions, the sourcecode is often not available. However
since we do transformations at the sourcelevel, this posesa problem. That is why
often library functions are not considered,which meansin our casethey belongin
layer 3. Soit doesnot matter whether the library function internally is in dynamic
single assignmeh form, but we do needto know what is read and what is written by
the function asa whole, or at leasta safeapproximation of that. In the worst casewe
must assumeeverything might be written and read, or might be not.

Pointers Pointers are usedto accessnemorylocationsin di erent ways than simply by the
namesof variables. This on one hand makesit a powerful programming construct but
it is alsodicult to analyzein an exactway sincea pointer can point to anything. It
is possiblehowewer through transformation to remove the largest part of the pointers
in the programswe consider. As far asthis report is concernedwe assumeall pointers
have beenremoved from the program our transformation to dynamic singleassignmen
form getsasinput.
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