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Abstract

In this report we present two new ways to transform a program
to dynamic single assignment form or DSA form. The importance
of DSA form is that all restrictions on reordering statements due
to memory reuse have been eleminated, thus allowing advanced
memory optimizations required for multimedia applications to do
a better job without a need to revert to more complex analyses.
Though methods exist to do the transformation to DSA, they are
both limited in applicabilit y and scalability. To overcometheseprob-
lems we developed two methods to do this conversion and for both
the essential di�erence with existing methods is that we add copy
operations to simplify the data 
o w, thus simplifying the DSA con-
version considerably. However we cannot just add copy operations
becausethat defeats the purposeof optimizing the memory use of
a program. To solve this problem we present an advanced copy
propagation method that removescopy operations such that we can
obtain the DSA form of the program that we aim for. An added
advantage of this method is that we can remove copy operations
selectively, thus leaving somein in favor of lower complexity of the
resulting program.



Con ten ts

1 In tro duction 1

2 Motiv ation 2
2.1 Context : why is there a problem?. . . . . . . . . . . . . . . . . . . . . . . . 2
2.2 A solution: Data Transferand StorageExploration . . . . . . . . . . . . . . 3
2.3 Dynamic singleassignment . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.4 The why of pruning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.4.1 Increasethe explicit freedomfor optimizations . . . . . . . . . . . . . 11
2.4.2 Speedup DTSE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.5 Why automate pruning? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3 Preliminaries 18

4 Dynamic single assignmen t 21
4.1 Reprisede�nition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
4.2 Static singleassignment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

4.2.1 Principles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
4.2.2 Extension for arrays . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4.3 Feautrier's method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
4.3.1 The method itself . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
4.3.2 Improvements to the method . . . . . . . . . . . . . . . . . . . . . . 29
4.3.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4.4 Extension static singleassignment to dynamic singleassignment . . . . . . . 30
4.4.1 Scalars. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
4.4.2 Arrays . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.5 A secondmethod for dynamic singleassignment conversion . . . . . . . . . . 34
4.5.1 Array static singleassignment . . . . . . . . . . . . . . . . . . . . . . 35
4.5.2 Adding dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
4.5.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

5 To DSA or not to DSA? 50
5.1 Inplace mapping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
5.2 Data 
o w transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
5.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

6 Conclusion 56

A Overview of unhandled constructs 57

i



1 In tro duction

In this report wepresent our basicmethodsthat allow usto developan automatedconversion
of a program into a dynamic singleassignment (DSA) form. Conversionto singleassignment
is a well-studied topic in the context of compiler technology. The reasonwe needDSA is
that it is able to deal in a preciseway with programsthat manipulate array elements. We
needto deal with this kind of programsbecauseconversion to DSA is actually one of the
enablingpreprocessingstepsof DTSE. DTSE is a methodology for optimizing data-intensive
programsfor power e�ciency . Multimedia applications are a typical examplewhereDTSE
hasproven its bene�ts.

This report has several purposes. First we provide somebackground in DTSE and its
application domain, we explain the role of DSA conversionin this context, and we motivate
why the automation of DSA conversion is desired. Then we discussexisting basic forms of
single assignment. An important aspect is their treatment of arrays. We also discussthe
method of Feautrier for DSA conversionand its shortcomingswhenbeingusedin the context
of DTSE. We sketch two ways for feasibleDSA conversion. Our �rst proposalis an extension
of the static singleassignment form. The secondproposal is basedon the observation that
there are two kinds of overwriting of memory elements and removesthem in two subsequent
steps.

Finally we present our ideasfor someform of copy propagation in the context of arrays.
This method is of interest here becauseit is able to remove redundant copiesof array ele-
ments. If we know that they can be removed (in an automatic way), we can allow them to
be introducedduring DSA conversionand that is exactly the casein our proposals.

The main contribution of this report arethe proposalsfor feasibleDSA conversionand the
advancedcopy propagationfor arrays. Theseapproachesareexplainedin terms of examples.
The detailed elaborations are not the subject of this report.

The report is structured as follows. Section2 provides somebackground on DTSE, the
role of DSA within DTSE, and the motivation for an automatic conversion. We discusssome
preliminary material in Sec. 3. Singleassignment is discussedin Sec. 4, together with our
two proposalsfor automating DSA conversion. The advancedcopy propagation for arrays is
the subject of Sec.5.
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2 Motiv ation

In this section we argue that power consumption and heat dissipation of memoriesis an
important problem in the context of data-intensive applications. The Data Transfer and
StorageExploration (DTSE) methodology aims at optimizing the power consumption by
transforming the program into onewith a better memory use. One of the enablingstepsfor
DTSE is the conversionto dynamic singleassignment (DSA). Converting a program to DSA
makes the data 
o w of the program explicit; every memory element is written (produced)
only once during the execution of the program and statements that read (consume) the
valuesof thosememory elements can be linked with the singleproducer of thosevalues. We
alsoelaborate on reasonswhy DSA conversionand pruning are e�ectiv e for DTSE and why
automation is desired.

This sectionis structured asfollows; Sec.2.1explainswhy power consumptionof memor-
ies is becominga more and more important issue.The memory useof programscan be op-
timized for lower power consumptionby the Data Transferand StorageExploration (DTSE)
methodology, which is brie
y sketched in Sec.2.2. Section2.3de�nes dynamic singleassign-
ment (DSA) and explainsthat the role of DSA in the context of DTSE is to make the data

o w in the program explicit. Someof the reasonsto have the pruning step are explainedin
Sec.2.4 and the motivation for automating it is given in Sec.2.5.

2.1 Con text : why is there a problem?

We live in a world nowadays wherethe Internet starts to play a central role. The Internet is
ever-expandingand the amount of data that travels the earth becomeshuge. All this data
will be usedand processedin due time. This hasa number of consequences.

Let us start at the server machine that getsa requestfor certain data from another ma-
chine. As serversbecomemore intelligent, their job is not only to sendthe data. Sometimes
processingis needed.A simpleexampleof this is a webserver that keepsthe pagesit o�ers in
a compressed�le that needsto be decompressedbeforesending.Web serversalsocompress
web pagesbeforesendingto reducebandwidth. Another exampleis a web server that keeps
its data in a databaseand when a web page is requestedit needsto generateit from the
database.Even the useof secure,encrypted connectionsrequiresa lot of processingon the
server side.

The next step is getting the data over the network to another machine. The data passes
by a number of routers that know which way to sendthe data to get it to its destination.
Thoseroutershaveto acceptloadsof data and sendit further in the correctdirection. To �nd
the correct direction, routers keepbig tables that are growing asthe Internet is growing and
they needto do lookups in those tables. E�cien t accessis important. Also routers become
smarter too in the sensethat they do not just sendthe data anymore but alsointerpret part
of the data to work more e�cien tly, but this requirescomplexercalculationsand a lot more
data accesses.

Once the data has reached its destination, it has to be processed.A large part of the
data that travels the Internet thesedays is multimedia. Video, sound,gamesand animated
pictures, the possibilities are endless.But as technology evolves,algorithms that usethese
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Figure 1: Power usagein a few examplesystems[CV00]

data becomecomplexerand the amount of data processedis growing larger.
Peopledo not only want to accessthe huge data pile, they also want to accessit from

anywhere on earth (and soon in spacetoo?). That is why the hand-held devicesbecome
so very popular (it is even said that one day general-purposecomputers will be replaced
by those small dedicated devices). These hand-held deviceslike (WAP-)GSMs, portable
mp3-players,portable cd-playersand soon arealmost without exceptionembeddedsystems.
Those hand-held devicesalso typically work on batteries, and this is where the problem
comesinto the picture.

When we look at the systemsusedto processtheseloadsof data, we seethat a big part
of the power consumption is due to memory (or at least in the digital part of the system).
In Fig. 1, we seethe power consumption of a few systemsdivided over the di�eren t parts
of the system. As we can seein Fig. 1(a), in a processorwith lots of cachesalmost half of
the power consumption is due to the memory. In Fig. 1(b) it is even worse: almost three
quarters of the power consumption lies with memories,where the power consumption in
external memoriesis reported as I/O. This is a problem becausethe power consumptionof
memoriesincreaseswith the frequencyof the memory accessesand sincewe want to process
more and more data at a higher speed,we soon usetoo much power. This is a problem for
portable devicesthat work on batteries but also for other systemswhere for exampleheat
dissipation is an issue.

Sinceit is not possibleto increasethe power e�ciency of memoriesasmuch aswe want or
need,and sincethe problem of power usageand heat dissipation seemsonly to increase,we
needa solution to decreasethe power usageof the memoriesin another way than optimizing
the hardware only.

2.2 A solution: Data Transfer and Storage Exploration

A possiblemethodology to overcomethe problemof high power consumption,is Data Trans-
fer and StorageExploration or DTSE [CWD+ 98]. DTSE has as input a C program and as
output a transformedC programand a memoryhierarchy to gowith it. The aim is to reduce
the power consumptionof the memories.

DTSE consistsof several orthogonal steps. This meansthat each step can in principle

3



be done independently of the following ones. As such it is possibleto focus on that one
single step without having to worry about the subsequent steps. The major advantage of
this is that it allows to work on one singlestep and spend all of one'se�ort on elaborating
or automating it without the complexity of managingthe whole methodology.

The DTSE methodology is explainedin detail in [CWD+ 98]. A short summary is given
here. DTSE has 3 main phases:(1) the pruning phasepreprocessesthe program to enable
the actual optimization phase,(2) the DTSE methodology that optimizes the preprocessed
programfor power consumptionand derivesan accompanying memoryhierarchy and layout,
(3) depruning and addressoptimization to remove the overheadintroduced by DTSE. We
give more detail about the pruning step, becausethe focus of this paper is dynamic single
assignment which is part of that step.

1. Pruning
The goal of this step is to make DTSE possibleon the program given as input. The
generalidea is to remove certain constructs (e.g., pointers) and introduceextra prop-
erties (e.g., dynamic singleassignment). The di�eren t sub-stepsare described in more
detail.

(a) Division in layers
The original program is rewritten into 3 layers. The layers are as follows:

Layer 1 This layer contains the top-level process
o w. It is irrelevant for DTSE
becauseit just determineswhat is called in layer 2 and in which order. The
division is such that no signi�cant optimization is possiblebetweenthe dif-
ferent calls to layer 2 so the calls can be handledseparately.

Layer 2 This layer primarily contains loopsand indexedarrays. This is the part
that DTSE tries to optimize. We try to keep layer 2 free of all constructs
that are irrelevant to DTSE so that DTSE neednot bother with it. Since
the useof loops and arrays leadsto the largest memory use,DTSE focuses
on exactly that.

Layer 3 This layer contains arithmetic operations, logic and data-dependent op-
erations. DTSE does not need to know what the operations are that are
involved, it only needsto know what data is used (with as exception data

o w transformations). Hencewecanhide theseoperationsin a separatelayer.

So everything that can be optimized by DTSE is put in layer 2 and DTSE only
looks at this layer.

(b) Hide undesired constructs in layer 3
Someconstructs like data-dependent if s and while -loops are hidden in layer 3.
If theseconstructscannot be analyzed,DTSE cannot optimize them and there is
no needfor DTSE to do even the e�ort of just passingby it, so we hide it. First
look at a simple example. Supposewe have a pieceof code as in Fig. 2(a). The
condition (a[i] > b[i]) is data-dependent and hard to analyze. Consequently,
DTSE can only assumethat the value of either a[i] or b[i] is read, and that a
value is surely written to max. We canapproximate this by saying that both a[i]
and b[i] are read. This is on the safeside for DTSE, but it limits what DTSE
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if (a[i] > b[i])
max = a[i];

else
max = b[i];

(a) Condition is visible

max = maximum(a[i], b[i]);

(b) Condition is invisible

Figure 2: Hiding data-dependent conditions : maximum calculation

could do if it could analyzethe condition. Sowe can transform the pieceof code
in Fig. 2(a) to the code in Fig. 2(b). Here the implementation of the function
maximumis hidden in layer 3 and not visible to DTSE.

(c) Selectiv e function inlining
The classicideaof function inlining is removing the overheadof a function call by
replacing the call site with an instanceof the body of the called function. This
of coursegoes at the expenseof an increasein code size and hencepossibly a
worsecache behavior that may destroy all bene�ts of the inlining. That is why
compilersrather stick to selective inlining, often driven by userdirectives.
In the context of DTSE we want to minimize the power consumption of the
memoriesused by our program. For that, DTSE needsto do transformations
and function calls limit the freedomto do so (this freedomis called exploration
freedom). To this end, we inline functions where it has the most e�ect on the
freedomfor transformations or wheretransformations can have the largest e�ect
on the power consumption.

(d) Poin ter conversion and dynamic single assignmen t
The �rst intention in this step is to make explicit all the freedomthat is available
for transforming the givenprogram. Onemay alsoarguethat it actually increases
the freedom,but the aim is rather to relieve DTSE from searching for the implicit
freedomin the program over and over again. The secondreasonto do this step
is to make transformations easier to perform. Pointer conversion does this by
making the addressingof arrays explicit from the implicit addressingdone by
pointers. Dynamic single assignment does this by making the data 
o w explicit
and by decreasingthe number of dependenciesthat limit the transformations of
the program. Basically dynamic single assignment meansthat once a value is
written to a memory location, it is never overwritten so we can regard memory
locations as valueswhich is very convenient for transformations. Dynamic single
assignment is the focusof this report and is discussedin detail later on.

(e) Pruning data 
o w chains
Sometimesprograms have data 
o w chains where one link can be removed (or
rather collapsed)without limiting exploration freedomfor DTSE. A simple ex-
ample of this is shown in Fig. 3(a). The data 
o w chain consistshere of data

o wing from array a to array b through function f and then from array b to array
c through function g, and all this in a point-wise fashion. This meanswe can
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for (i = 0; i < N; i++)
b[i] = f(a[i]);

for (j = 0; j < N; j++)
c[i] = g(b[i]);

(a) A data 
o w chain

for (i = 0; i < N; i++)
c[i] = g(f(a[i]));

(b) Collapsing the chain

Figure 3: Pruning data 
o w chains

simply mergethe two loopsasin Fig. 3(b) without loosingany freedom. Herethe
temporary bu�er b is no longerneeded.The consequenceis that our program be-
comesmoreconcisesothat DTSE haslesswork to do and operatesfaster without
loosingaccuracy.

(f ) Weight based remo val
Sincewe are trying to optimize for power consumption, it has a small e�ect to
considersmall arrays or arrays that are accessedrarely becausepower consump-
tion of memoriesincreaseswith their size and the frequencyof the accesses.If
we hide these arrays from DTSE such that it does not have to take them into
account, it savesus time.

(g) Graph partitioning
This is an instanceof the good old divide&conquertechnique. Wecut our program
in smaller piecesthat can be handled much faster (and becausea program can
be represented by a data 
o w graph, this is calledgraph partitioning). Becausea
program typically takes input in the beginning and producesoutput at the end,
cutting the programin piecesalsocuts o� the data 
o w betweenthosepieces.This
meansthat we needbu�ers in betweenin the form of arrays and good candidates
for this are the arrays that occur in the program. Becauselarger arrays o�er
moreopportunit y for usefuloptimizations than smallerarrays, we only cut at the
latter.

So the generalidea of pruning is to make sureDTSE can work in optimal conditions,
i.e., it has to carry along as little unnecessaryoverheadand it gets all the freedom
it needs. Note that steps1a through 1e increasethe exploration freedomfor DTSE
or at least do not change it, while step 1f and 1g actually decreasethat freedomto
have DTSE attain better run time. Becauseof this, these last two steps should be
performedvery carefully.

2. DTSE
After the original program has been properly prepared and transformed, DTSE can
be set looseupon the transformed program. This is wherethe real optimizations and
transformations begin. The goal of this step is to arrive at a transformed program, a
memory hierarchy and a placement of the arrays in the transformed program in the
newmemoryhierarchy. We brie
y enumeratethe di�eren t stepsand we only godeeper
into a few stepsthat are relevant for us.
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for (i = 0; i < N; i++) f
b[i][0] = 0;
for (j = 0; j < M; j++)

b[i][j+1] =
b[i][j] + a[i][j];

g

(a) With explicit initialization

for (i = 0; i < N; i++) f
for (j = 0; j < M; j++)

b[i][j+1] =
(j == 0 ? 0 : b[i][j]) + a[i][j];

g

(b) With propagated initialization

Figure 4: Advancedcopy propagation applied to an example

(a) Data 
o w transformations
Data 
o w transformations are { as the namesays { transformations that change
the data 
o w of a program. So what does it mean for the data 
o w to change?
A simple way to formulate this is by saying that the algorithm itself changes
and not just the implementation. One could state that the algorithm can be
seenasthe mathematical formulation of the calculation { independent of variable
names{ while all the details of the allocation of variablesand the scheduling of
all the operations (i.e., the order in which they are executed)belong with the
implementation.
A type of data 
o w transformation that is important in the light of this report
is called advancedcopy propagation. The idea here is to remove the use of an
extra array by substituting the production of the array into the consumption.
Considerthe simple examplein Fig. 4(a) wherethe sum of the rows of a matrix
a is calculated. We have an initialization of part of b to 0. The valuesin b are
used in the inner loop and so we substitute the initialization into it to get the
program in Fig. 4(b). This way we succeedin avoiding the extra initialization
and allocation of part of b.

(b) Lo op transformations
Loop transformations try to changethe de�nitions of the loops. The aim is to
increasethe regularity this way as well as the locality of referencesuch that
the subsequent DTSE steps can take advantage of this in their optimizations.
Examplesare loop unrolling, loop mergingand loop reversal.

(c) Data reuse
In a program valuesare produced just once. However valuescan be consumed
multiple times or in other words data can be reused.So this step copiesparts of
arrays to smallerarrays that can be put in smallermemoriesthat in turn require
lesspower and are faster.

(d) Cycle budget distribution
In this step a Pareto curve is created that allows the designerto �nd the best
memoryallocation and assignment and the accordingpower consumptiongiven a
certain memory cycle budget. It allows the designerto choosethe best solution
given constraints on e.g., maximum power consumption.
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(e) Memory allo cation and assignmen t
In this step the actual layout of the memoriesis determined,such as the number
of memories,the bit width, the sizeand the number of read and write ports.

(f ) Data layout optimization
At this point in the DTSE script, we still have a program in dynamic single
assignment form. However mostly only a fraction of the values in an array is
live so we only need enoughroom to store that fraction. We call this step in-
placemapping and it is more or lessthe inverseof conversion to dynamic single
assignment.

(g) Data layout for caching
This step tries to decreasethe number of cache misses. Since previous steps
already result in a good locality of reference,the focus is on decreasingcapacity
and con
ict misses.

The thread through all thesestepsis optimizing the program for power consumption
and after all previous steps, this minimum should have been reached. However by
focusingon power consumptiononly, we introducedquite a lot of overheadin terms of
the execution of the program and this overheadis removed by the rest of the DTSE
script.

3. Depruning and address optimization
The �nal step in DTSE eliminates the major overhead introduced by DTSE itself.
One exampleof this is to undo function inlining to decreasethe code sizeagain which
is part of the depruning. Another example is addressoptimization or ADOPT that
removesthe addressingoverheadbecausefor onething DTSE introduceslots of modulo
expressionsthat are expensive to calculate. After this step so much of the overhead
disappears that as an extra to optimization for power, the program also runs faster
than before.

To summarizethe DTSE script consistsof three parts. The �rst part is called pruning
and it enablesthe actual DTSE. The secondpart is the actual DTSE that optimizes the
given program for power consumptionand derivesan accompanying memory hierarchy and
layout. The third part removesall the overheadintroducedby DTSE so that the run time
of the program improvesgreatly. Transformation to dynamic single assignment belongsin
the pruning step of DTSE.

2.3 Dynamic single assignmen t

In this section we zoom in on dynamic single assignment and explain what it meansfor a
program to be in dynamic single assignment form. We also explain the e�ect of dynamic
singleassignment conversionon a program, i.e., how conversionto dynamicsingleassignment
removes restrictions on changing the order of execution in a program. We start with the
de�nition of dynamic singleassignment form.

De�nition A program is in dynamic singleassignment form when during the executionof
the program only a singleassignment happensto each memory element.
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for (i = 0; i < 10; i++)
a = i * (i + 1) / 2;

(a) Multiple assignment code

for (i = 0; i < 10; i++)
a[i] = i * (i + 1) / 2;

(b) Dynamic single assignment code

Figure 5: Example of transformation to dynamic singleassignment

There are three elements in this de�nition. The �rst is that we have only a single
assignment. This meansthat no other assignment overwrites a value written by that single
assignment and so we can identify the producer of a value very easily. The second element
is that we want this to be true during execution. Supposewe have a singleassignment to a
variable in the program text, but this assignment is placed within a loop that is executed
say 10 times. In that casewe have 10 instancesof the assignment instead of a single one
and the code is not singleassignment. Finally the third element of the de�nition is that we
look at each memory elementseparately. It is obvious that we can look at e.g., an integer
as being one atomic memory element that is always read and written as a whole. Arrays
however consist of multiple elements and thesecan in one operation be written separately
without touching any of the other elements. Thusweregardthosearray elements asseparate
memory elements.

What makesthis de�nition interesting is the observation that an assignment to an array
usesan indexation function to select an array element. Hence for every iteration over a
statement in a loop, the element we assigna value to can vary depending on the indexation
function.

A look at an examplewill make this a bit clearer. The program in Fig. 5(a) contains
only oneassignment. This programhowever doesnot satisfy our de�nition of dynamic single
assignment. Due to the loop, the assignment to scalar variable1 a is executed10 times so
we have more than one run time assignment to a. This doesnot mean that an assignment
appearingin a loop is never in dynamic singleassignment form. Look at the program in Fig.
5(b) wherea has magically beentransformed into an array. We seethat the assignment to
array a is executed10 times too, but this time we do not write the samememory element
each time. Instead we write to 10 di�eren t elements of a and so accordingto the de�nition
above, we have dynamic singleassignment!

This settlesthe questionof what dynamic singleassignment meansat the code level. In
the remainder of this section we describe what the e�ect is of dynamic single assignment.
While storing multiple values in a variable is convenient for programmers{ why elsecall
them variables? { it is not always ideal for optimizations. The reason for this is that
multiple assignment code obfuscatesthe data 
o w. The data 
o w is concernedwith values,
but programsusevariables that can contain multiple values. Thus program optimizations
(like the onesdone by DTSE) need to unravel memory locations into the multiple values
they contain. This way, they can ensurethat the 
o w of values(or data 
o w) remains the
same,even though the placement of thesevaluesin memorychanges.This disambiguation of
valuescan be doneby transforming the program to dynamic singleassignment which allows

1As opposedto array variable
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t = f1(x);
a = f2(t);
t = g1(y);
b = g2(t);

(a) Code 1

t = f1(x);
t = g1(y);
a = f2(t);
b = g2(t);

(b) Code 2

t1 = f1(x);
a = f2(t1);
t2 = g1(y);
b = g2(t2);

(c) DSA code 1

t1 = f1(x);
t2 = g1(y);
a = f2(t2);
b = g2(t2);

(d) DSA code 2

t1 = f1(x);
t2 = g1(y);
a = f2(t1);
b = g2(t2);

(e) DSA code 3

Figure 6: Two similar examples

f1

f2

g1

g2

t

x y

a b

(a) Sharedbus

f1

f2

g1

g2

t1 t2

x y

a b

(b) Separatebus code 1

f1

f2

g1

g2

t1
t2

x y

a b

(c) Separatebus code 2

Figure 7: The advantage of dynamic singleassignment

only a single value to be contained in a memory element, thus eliminating any ambiguity
and making the data 
o w explicit: there is oneassignment instancethat producesa valueso
there is a unique assignment instancethat writes the samearray element as the statement
instancethat readsthat array element.

We illustrate this with a simple example. The example in Fig. 6(a) is clearly not in
dynamic singleassignment form sincethere are two assignments to t . Here f1 , f2 , g1 and
g2 represent any calculation with no sidee�ects. We can thus represent them asblack boxes
with one input and one output. E.g., f1 is a black box with as input the value of x and
which outputs the result to t . We canrepresent both x and t asdata buses,and calculations
can get their valuesfrom those busesand put their results on other buses. For Fig. 6(a),
this representation as black boxesand data lines is illustrated in Fig. 7(a).

At the end of this program a has the value f2(f1(x)) and b has the value g2(g1(y)) .
If we now try to reorder the computations, we might get somethinglike Fig. 6(b). This is
a valid C program, but it no longer computesthe samevalues. Taking a closerlook, we see
that a endsup with f2(g1(y)) in it and b with g2(g1(y)) . So what went wrong with the
transformation? Well, in this casehave two distinct calculations. They are however coupled
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becausewe sharethe memory location of t in the two calculations. We can look at f1 , f2 ,
g1 and g2 ascomputation nodesand at the variablesx, y, a, b and t asdata buseswheret
is a sharedbus. So the �rst program above is represented as in Fig. 7(a). Here we seethat
the output of f1 and g1 is put on the sharedbus t . Sincewe sharethe bus, we have to take
into account a certain bus protocol to have everything go accordingto plan. In this casethis
meansthat if we put a value on the bus, we needto take it o� beforewe put another value
on it becauseotherwisethe �rst value will be lost. Conclusionis that bus sharing, or { in
the non-abstract case{ memory location sharing, constrainsthe order in which we can do
our computations becauseof this bus protocol.

In the exampleabove we broke the protocol by putting g1(y) on the bus beforef1(x)
was taken o� the bus. The solution to this is very simple: do not share the bus! This is
depicted in Fig. 7(b) wherebus t is split into two separatebusest1 and t2 . The program
that goeswith this situation is show in Fig. 6(c). This program is now in dynamic single
assignment form. For the version in Fig. 6(b) the bus structure is as in Fig. 7(c), with
the code shown in Fig. 6(d). The bus structure makes it very clear that the reordering of
statements in Fig. 6(b) changesthe valuesa and b end up with.

If we now do the samereorderingasbeforefor the dynamic singleassignment versionin
Fig. 6(c), we get the program in Fig. 6(e). After executionof this code fragment, a contains
f2(f1(x)) and b contains g2(g1(y)) , just as it should be. We have split the sharedbus in
two non-sharedbusesthat can work in parallel. Sincethis way no bus protocol needsto be
taken in account, we get a lot more freedom. And in caseof full dynamic singleassignment
we have no bus protocol at all so we have all the freedomwe can get.

Although this examplewas about scalar variables, it applies to arrays as well. We can
look at arrays as an array of buseswhereeach bus in the array represents a singleelement
of the array. Sharing of this array of buseshappens for each bus in the array separately.
Although wecanlook at bussplitting at the level of the wholearray, it is much moreaccurate
to do this at the level of the separatebusesin the array. Or in other words we have to look
at the array at the element level to do the maximum value disambiguation possibleand to
thus remove all limitations on statement reorderingdue to memory reuse.

2.4 The why of pruning

In Sec.2.2 we stated that DTSE needspruning becauseit actually `enablesDTSE'. Herewe
elaborate on this statement somemore with focuson dynamic singleassignment. In general
the aim of pruning is twofold: increasingthe explicit freedomfor optimizations { discussed
in Sec.2.4.1{ and speedingup transformations { discussedin Sec.2.4.2.

2.4.1 Increase the explicit freedom for optimizations

In this sectionwe arguethat there is an interaction betweenthe way valuesare allocated to
memoryand the executionorder of the di�eren t instancesof statements. On the onehand, if
we want to optimize the memory allocation, it is possiblynecessaryto changethe execution
order. But on the other hand, if we want to changethe executionorder, it may be necessary
to changethe data allocation aswell. As it turns out, any valid changein executionorder in
a program { even if it requiresa changein data allocation { is valid for the dynamic single
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assignment version of the program without any change in data allocation. This allows to
concentrate on changing the execution order without having to worry about retaining the
data 
o w of the program. This is perceived asexplicit freedomfor reorderingoptimizations
that typically do not changethe data allocation to make the reorderingpossible.

In the remainderof the sectionwe �rst explain what the data 
o w of a program is, and
how the addition of a speci�cation of the executionorder and the data allocation makesfor
a completeexecutableprogram. Then we show that dynamic singleassignment is sometimes
neededto change the data allocation su�cien tly for optimization to be able to attain an
optimal solution.

We can consideran instanceof a statement asan operation that hasa number of values
as arguments and producesnew values calculated from its arguments. The arguments of
such a statement instance are either produced by other statement instancesor given as
input to the program. The latter are thus not produced by any statement instancewithin
the program. Likewise the values produced by statement instancesare either passedon
as arguments to other statement instancesor belong to the output of the program. The
description of all statement instancestogether with the information about how the values
are passedon betweenstatement instances,is called the data 
o w of a program. Although
it is a complete description of the way the results are computed, it abstracts two aspects
of a program that are necessaryto be able to executethe calculation on (most) processors.
Firstly the order of execution of the di�eren t statement instancesis important sincemost
processorsrequire that you specify a sequential order. Secondlythere is the allocation of
the di�eren t valuesto memory sincemost processorshave no notion of a value, but they do
have a notion of memory locations.

Allocating values to memoriesboils down to having statement instancesstore values
in certain memory locations and having other statement instancesretrieve the value from
thosememory locations. It is not necessarythat each value is allocated to di�eren t memory
locations becausea value can be overwritten when it is no longer needed,i.e., when all
statement instancesthat use the value as an argument have retrieved the value from the
memory location. We say that a value is live betweenthe time it is producedby a statement
instance and the time it is consumedby all statement instancesthat have the value as
argument. So we cannot allocate two valuesto the samememory locations if they are live
simultaneously. Becauseof this and the fact that the order of executionclearly determines
when a value is live, there is an interaction between the order of execution and the data
allocation.

Let us look at the pieceof code in Fig. 8(a). S1 producesa value that is immediately
consumedby S2 in the sameiteration of the loop. Afterwards the value is no longer used
and hencethe value is live only for a very short time. The next value produced by S1 is
produced in the following iteration and is only live in that iteration. We can say that the
value is private to the iteration in which it is produced; it is not sharedbetweeniterations.
Hencethe livenessof all thesevaluesdo not overlap and we can usea single,simplevariable
to store the values.

Supposethat we needto split the loop to be able to do someoptimization. There are two
statements in this loop, and so we want to place each in its own loop so that all instances
of S1 are executedbefore all instancesof S2. If we would just do this { disregarding the
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for (i = 0; i < N; i++) f
b = f(a[i]); // S1
c[i] = g(b); // S2

g

(a) An example

for (i = 0; i < N; i++)
b = f(a[i]); // S1

for (i = 0; i < N; i++)
c[i] = g(b); // S2

(b) Invalid loop split

for (i = 0; i < N; i++) f
b[i] = f(a[i]); // S1
c[i] = g(b[i]); // S2

g

(c) Changedallocation

for (i = 0; i < N; i++)
b[i] = f(a[i]); // S1

for (i = 0; i < N; i++)
c[i] = g(b[i]); // S2

(d) Valid loop split

Figure 8: An exampleto illustrate the interaction betweenexecutionorder and data alloca-
tion

questionwhether this changesthe valuesthat end up in array c or not { we get the program
in Fig. 8(b). It is easy to seethat this program is no longer equivalent to the original
program in the sensethat the valuesstored in array c after executing the code fragments
are not the samefor both fragments. The reasonfor this is that we extendedthe liveness
of all valuesand had those livenessesoverlap, but still we useda singlevariable for storing
those values. At the beginning of the secondloop, all valuesproducedby S1 are live since
nonehave beenconsumedyet by S2. Hencewe needto allocate enoughstoragefor all these
values,which results in the code in Fig. 8(c). Now we can split the loop, as in Fig. 8(d).
We can concludethat we cannot just split the loopsunlesswe changethe data allocation as
well.

However the conversecan also be true. In the code fragment in Fig. 8(d), we cannot
just compactarray b to a singlevariable, becausethen we would get the illegal, intermediate
version of the code again. If we want to do the compaction, we need to merge the loops
again. Hencewecanconcludethat it is alsonot always possibleto changethe data allocation
without changing the execution order. This is exactly the reasonwhy DTSE needsto do
loop transformations to be able to reducememory size.

Note that if we look at the original versionof the code above, it looksmoree�cien t then
the transformedcode: there is only a singleloop, sowe do not have the overheadof the extra
loop and we do not needto allocatea completearray but insteadwe canusea singleregister,
and dependingon what expressionsf and g represent someother optimizations may become
possible. However this is a local view on the problem, and if the code fragment is part of
larger code, the picture may very well change. It is possiblethat to compact an array, we
needto do a loop transformation, and to be able to do that loop transformation, we need
to changethe data allocation for another array. This meansthat to decreasethe sizeof one
array, we possibly needto increasethe sizeof another array, which seemscounter-intuitiv e.
Instead of changing the data allocation every time a loop transformation requires so, we
start by converting the program to dynamic single assignment form becausein that form
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for (x = 0; x < N * M; x++) // loop nest 1
for (y = 0; y < N * M; y++)

im1[x][y] = in();
for (x = 0; x < N; x++) // loop nest 2

for (y = 0; y < N; y++) {
sum = 0;
for (i = 0; i < M; i++)

for (j = 0; j < M; j++)
sum = sum + im1[x * M + i][y * M + j];

im2[x][y] = sum / (M * M);
}

for (x = 0; x < N; x++) // loop nest 3
for (y = 0; y < N; y++)

for (i = 0; i < M; i++)
for (j = 0; j < M; j++)

im3[x * N + i][y * N + j] = im2[x][y];
for (x = N * M - 1; x >= 0; x--) // loop nest 4

for (y = N * M - 1; y >= 0; y--)
out(im3[x][y]);

Figure 9: An exampleof imageprocessing

there are no loop transformations impediments arising from memory reusebecausethere is
no such thing as memory reusein a dynamic singleassignment program.

We illustrate this using the code fragment in Fig. 9. First a two-dimensionalimage is
read, then it is scaleddown by a factor Min both dimensions,next it is scaledup again by
the samefactor creating a blocking e�ect 2 and �nally the imageis output while mirroring it
around its center point (so the upper-left point and the lower-right point are swapped and
the upper-right and lower-left point too).

Chancesare that the above code would originally be separatedin three functions: one
to read the input, oneto do the blocking e�ect and oneto do the output. In that case,it is
possibleto optimize the blocking codeby mergingthe two loopsand replacingthe temporary
array im1 by a single scalar. The code would then look as in Fig. 10. Let us assumethat
this is the code presented to DTSE. Without changingdata allocation, DTSE basically has
two interesting options, namely mergethe middle loop nest with either the �rst or the third
loop nest. Note that merging with the �rst loop nest requires that the secondloop nest
be left as is, while merging with the third loop nest requiresthat the secondloop nest be
reversed. Becauseof this, we cannot mergeall three loop nests. But for either option, we
save an (N * M) � (N * M) image,leaving a single(N * M) � (N * M) image,sowe saved 50%
in memory usagecomparedto Fig. 10.

However we can do a better job by undoing the mergeof the middle loops. Then the
code presented to DTSE is the one in Fig. 9. Now DTSE hasas extra interesting option to

2This e�ect is sometimesusedon television to block out the faceof peoplewho want to remain anonymous.
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for (x = 0; x < N * M; x++) // loop nest 1
for (y = 0; y < N * M; y++)

im1[x][y] = in();
for (x = 0; x < N; x++) // loop nest 2+3

for (y = 0; y < N; y++) {
sum = 0;
for (i = 0; i < M; i++)

for (j = 0; j < M; j++)
sum = sum + im1[x * M + i][y * M + j];

im2 = sum / (M * M);
for (i = 0; i < M; i++)

for (j = 0; j < M; j++)
im3[x * N + i][y * N + j] = im2;

}
for (x = N * M - 1; x >= 0; x--) // loop nest 4

for (y = N * M - 1; y >= 0; y--)
out(im3[x][y]);

Figure 10: Code from Fig. 9 with the middle loop nestsmerged

for (x = 0; x < N; x++) // loop nest 1+2
for (y = 0; y < N; y++) {

sum = 0;
for (i = 0; i < M; i++)

for (j = 0; j < M; j++)
sum = sum + in();

im2[x][y] = sum / (M * M);
}

for (x = N * M - 1; x >= 0; x--) // loop nest 3+4
for (y = N * M - 1; y >= 0; y--)

out(im2[x / M][y / M]);

Figure 11: Code from Fig. 9 with two setsof loop nestsmerged

mergethe �rst and secondloop nest as well as the third and fourth. The resulting code is
shown in Fig. 11. Note that to mergethe third and fourth loop nest, we implicitly adjusted
the loop structure of the third loop nest to match that of the fourth loop nest (we could also
have donevice versa). This includesthe reversalof the third loop nest, but this wasallowed
now becauseof the di�eren t data allocation for im2.

Now we needan imagewith a sizeof only N� N. Dependingon the valueof M, this canbe
quite a bit smaller than the (N * M) � (N * M) we needwhen we did not transform im2 into
an array such that im2 is dynamicsingleassignment. The moral of the story is that to beable
to attain the best data allocation, we possibly needto destroy other optimizations relating
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Veri�cation
(2 months)

Optimization
(1.5 months)

Pruning
(2 months)

Analysis
(1 month)

(a) With pruning (6.5 months)

Veri�cation
(6 months)

Optimization
(6 months)

Analysis
(1 month)

(b) Without pruning (13 months)

Figure 12: Time in man months for DTSE for MPEG-4 optimization [CV00]

to data allocation by making the program dynamic singleassignment becausememory reuse
in the data allocation can hinder someessential loop transformations.

2.4.2 Speed up DTSE

Another goal of pruning is speedingup DTSE. This goal is achieved in several ways. The
�rst and most obvious way is by hiding constructs from DTSE that are of no interest to
DTSE. This can either be the abstraction of the actual operationsso that only what is read
and written remains, or the hiding of constructs that DTSE cannot analyzeand needsto
assumethe worst casefor anyway. An exampleof the latter is while loops. Thesethings
are donemostly in steps1a and 1b of the DTSE script.

If it is put this way, it soundslogical that it leadsto a speedup. In practice however this
leadsto a signi�cant speedup. In Fig. 12 we seethe time (in man years)neededto manually
complete the entire DTSE methodology for an MPEG4 encoder (200.000lines of code) in
two cases.On the left the division over time is depicted for DTSE with pruning and on the
right for DTSE without pruning. On the left we can seethat we spenda substantial amount
of the total time on pruning { almost a third. However if we comparewith the pie chart on
the right we can seethat we alsogain a lot; we needonly half the time we would needif we
did no pruning at all. This shows that pruning decreasesthe time necessaryto completethe
full optimization quite drastically. Sothe extra e�ort put into pruning is de�nitely worth it;
pruning givesDTSE the abilit y to get to a better solution with lesse�ort.

2.5 Wh y automate pruning?

Section2.4 explainedwhy pruning is essential for the quality and the e�ciency of the trans-
formations in DTSE. This however does not yet explain why we want to automate the
pruning step of DTSE. It is evident that it is interesting to automate at least part of DTSE
becauseit is a long processto do by hand (e.g., 6.5 months on an MPEG4-encoder [CV00])
and it is usedamongothers on the very competitiv e market of consumerelectronicswhere
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a short time-to-market is an important issue. However this doesnot necessarilymean that
the pruning step needsto be automated too.

There are however several good reasonsto automate the pruning step:

� Pruning is a long and tedious job. For one thing it is the only step that seesthe
complete,uncut sourcewith all the dirt y details that it has to remove for the rest of
DTSE. It is easyto miss somethingwhen it is not represented explicitly in the code
or when it is surroundedby lots of code that is irrelevant for what you try to �nd out.
Also if the original program needsto be changedbecauseof speeddemands(i.e., in
iterativ e design)it needsto be donemultiple times which makesit even lessinteresting
to do by hand.

� The step is alsoerror proneand the slightest error in this step meansthat all of DTSE
haspossiblyto beredoneif it is discoveredtoo late sinceDTSE is a globaloptimization.
A problemis alsothat transformationson a programin dynamicsingleassignment form
cannotalwayseasilybeveri�ed becauseconversionto dynamicsingleassignment results
in a blow-up of memoryuseand sothe often usedverify-by-running may be impossible.
The sameis true for the dynamic singleassignment conversion itself becauserunning
the resulting dynamic singleassignment program is likely to be infeasible. Veri�cation
of transformations without executing the program can assist the designer in these
conversionsbut it will probably never be able to verify the transformations of the
pruning step completelybut only check certain parts, especially sincethe pruning step
seesthe uncut code that is hard to work with.

� Parts of DTSE will be automated, so if we automate the rest and do not automate
pruning, its sharein the time neededto do the completeDTSE will becomelarger and
so it will becomethe limiting factor as far as speedis concerned.

Basically, pruning is not exactly interesting to do by hand, so we needto automate it.
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for (int i = 0; i < 100; i++)
for (int j = 0; j < 100; j++)

if (j + i < 105)
a[j + i][j] = in[j + i]; // S1

else
a[j + i][j] = a[j + i - 5][j - 3]; // S2

for (int i = 0; i < 100; i++)
out[i] = f(a[i + 99][i]); // S3

Figure 13: Our running example

3 Preliminaries

The transformationspresented in this report can handleprogramsthat satisfy the following
requirements:

� The program consistsof a nest of for -loops and if -statements. Any possiblenesting
is allowed. The step of the for -loopsshould be a constant and is not restricted to 1.

� Anywherein the nesting,assignment statements can be present. The left hand sideof
an assignment is to an element of an array.3 The right hand side of the assignment
can be any expressioncontaining array referenceswith no restrictions on indexing.

� All expressionsusedas bounds for for -loops or as tests for if -statements are a�ne
combinations of the surrounding loop iterators, i.e., a linear combination of them plus
a constant.

� The program is in DSA form. We demandthat the indexation in the left hand sideof
an assignment surroundedby n for -loops is of the following form:

A �~{ + ~c: (1)

Here A is a non-singular n � n matrix, ~{ is a vector containing the iterators of the
surrounding loops and ~c is any column vector of length n. Note that this is often the
casein DSA programs, e.g., the ones that are produced by the DSA conversion in
[Fea91].

This is a well-known set of programs,both in the areaof parallelization as well as the area
of hardware synthesis [TA93], sincethesekinds of programscan be modeled and operated
on using well-establishedmathematical methods. The examplefrom Fig. 13 satis�es all of
the conditions above.

In this report the programsare represented by a (notationally) simpli�ed versionof the
geometricalmodeling of [CWD+ 98]. We will introduce our notation using the program in
Fig. 13. In that program, there are two loop nests. The �rst one consistsof two loops
with iterators i and j . The body of this loop nest is executedfor di�eren t combinations
of integral valuesof i and j . We can represent each of thesecombinations as a point in a

3Note that scalar variables like integerscould be consideredas arrays of length 1.
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two-dimensionaliteration space. The set of thosepoints forms the iteration domain for the
body of the loop and can be written as

f (i; j ) j 0 � i < 100 ^ 0 � j < 100 ^ (i; j ) 2 ZZ 2g: (2)

However statement S1 is not executedfor all points in this iteration domain, but only for
thosepoints (i; j ) for which j + i < 105 is true. So the iteration domain for that statement
is

I 1 = f (i; j ) j 0 � i < 100 ^ 0 � j < 100
^ j + i < 105 ^ (i; j ) 2 ZZ 2g

(3)

in which the subscript refersto the number of the statement. For statement S2which is only
executedif j + i < 105 is not true, the iteration domain is

I 2 = f (i; j ) j 0 � i < 100 ^ 0 � j < 100
^ j + i � 105 ^ (i; j ) 2 ZZ 2g:

(4)

The iteration domain for S3is one-dimensionalbecauseit hasonly onesurroundingfor -loop:

I 3 = f (i ) j 0 � i < 100 ^ i 2 ZZg: (5)

Now it is possibleto refer to each instanceof e.g., statement S1asS1(~{1) with ~{1 2 I 1, or
as S1(i; j ) with (i; j ) 2 I 1. S1(i; j ) with (i; j ) 2 I 1 writes to an element of array a indicated
by w1(i; j ). In our examplethis is

w1 : ZZ 2 ! ZZ 2 : (i; j ) 7! (j + i; j ) : (6)

This de�nition mapping is from a two-dimensionaliteration domain to a two-dimensional
variabledomain. Also S1(i; j ) readsfrom an element of array in indicated by r 1(i; j ). In our
caser1 is speci�ed by

r1 : ZZ 2 ! ZZ : (i; j ) 7! (j + i ) (7)

This is an operand mappingfrom a two-dimensionaliteration domain to a one-dimensional
variabledomain. If there aremultiple readsin a singlestatement, wecandistinguish between
the operandmappingsby adding an extra index. We will not needthis facility in this report.

An important point is that all de�nition mappingsws are invertible. Sincethe program
is in DSA form, there is a one-to-onemapping betweenthe points in the iteration domain
of a statement and the elements written by that statement. Such a one-to-onemapping is
always invertible.

The set of elements of an array that are read or written are respectively called operand
and de�nition domain. For S1 the de�nition domain is given by:

W1 = w1(I 1) = f (a;b) j 9(i; j ) 2 I 1 : (a;b) = w1(i; j )g : (8)

Filling in the speci�cs of statement S1gives

W1 = f (a;b) j 9(i; j ) 2 ZZ 2 : b= j ^ a = j + i ^
0 � i < 100^ 0 � j < 100^ j + i < 105g:

(9)
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Figure 14: Schematic representation of the iteration domains (left) and de�nition domains
(right) for S1and S2

The iteration and de�nition domainsfor S1and S2are schematically represented in Fig. 14.
Similar speci�cations can be given for operand domainsRi of statements Si .

Sincewe limited the expressionsfor the boundsof the loops to a�ne expressionsof sur-
rounding iterators, the iteration domainsfor each statement can be described as the integer
points in an n-dimensionalpolyhedron, which is a part of n-dimensionalspaceboundedby
linear inequalities. Heren is the number of loopsaround the statement in question. In case
the step of the for -loopsis not 1, an extensionof this, calledZZ-polyhedra, is used. Finding
de�nition and operanddomainsis then the imageof a ZZ-polyhedronby an invertible, a�ne
mapping, which in turn is a ZZ-polyhedron itself. De�ning ZZ-polyhedra and doing opera-
tions on them like imagethrough an a�ne mappingor set operationslike intersectioncanbe
handledby a polyhedral library as in [QRR96]. An important feature of this library is that
a conjunction of a�ne conditions on iterators can be simpli�ed by discardingall conditions
entailed by the boundson the iterators.

In the remainderof this report we often leave out the conditions that variableslike i and
j should be integer, so it is implicitly assumedthat they are.
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if (a < b) max = a;
else max = b;

(a) DSA despite multiple textual assignments

for (i = 0; i < 100; i++) f
if (i == 50) halfway = ...;
...

g

(b) DSA despite the loop

Figure 15: Dynamic singleassignment in caseof scalars

4 Dynamic single assignmen t

4.1 Reprise de�nition

In this sectionwe will repeat the de�nition of dynamic singleassignment and we will go into
more detail about what this means.The de�nition given in Sec.2.3 was the following:

De�nition A program is in dynamic singleassignment form when during the executionof
the program only a singleassignment happensto each memory element.

The two important elements in this de�nition are the fact that we look at programs
during execution and that we look at each memory element separately. The implications
of both will becomeclearer in the following discussionof di�eren t languageelements. First
we will discussscalarvariablesand arrays as the most important data types. Next we will
discussfor -loops, indexation of arrays and if -statement.

Scalars Scalarvariables(or simply scalars)are simple data typeslike integersand charac-
ters. Any assignment to a scalar variable will overwrite the completevalue stored in
that scalarvariable and henceif there is morethan onewrite operation to the variable,
we no longer have dynamic single assignment. For straight-line code without loops,
a su�cien t condition for dynamic singleassignment is that textually only one assign-
ment is present to each variable. One can seethat this is not a necessarycondition by
looking at the pieceof dynamic singleassignment code in Fig. 15(a). Sinceonly one
of the assignments happens, this code is in dynamic single assignment form, but still
textually there are two assignments.

When an assignment to a scalar is in a loop, it is seldomdynamic single assignment
sincea loop is typically executedmore than onceand then so is the assignment to the
scalar, but this can changebecauseof conditions like in the example in Fig. 15(b).
This illustrates the dynamic aspect in our de�nition of dynamic singleassignment.

Arra ys Array variables(or simply arrays) are basically collectionsof elements of the same
type that canbe indexedusingoneor moreexpressionsthat evaluate to an integer. An
array is di�eren t from a scalarin the sensethat a write operation to an array doesnot
write the whole array but only oneelement. This meansthat we can look at an array
asa collection of separatememory elements so that a program can still be in dynamic
singleassignment form even when during executionof the program, there are multiple
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a[0] = 0;
for (i = 1; i < N; i++)

a[i] = f(a[i - 1]);

(a) An example that is DSA

for (i = 0; i < 10; i++)
for (j = 0; j < 10; j++)

a[i + j] = f(i, j);

(b) An example that is not DSA

Figure 16: Example using arrays that are DSA or not

DOI=1,10,2
C a loop with iterator I going from 1 to 10 with stride 2

anything but an assignmentto I
ENDDO

Figure 17: Skeleton of a Fortran DO-loop

writes to the samearray, as long as they write to another element of that array. An
examplethat illustrates this is the one in Fig. 16(a). Of courseit is also possibleto
have programsthat are not in dynamic singleassignment form as in Fig. 16(b). This
programis not in dynamic singleassignment form becausethere aremultiple valuesfor
the iterators i and j within their respectiveboundssothat a[i + j] denotesthe same
array element. For examplewhen i hasasvalue 0 and j hasasvalue 3, then the same
element is written aswheni hasasvalue1 and j hasasvalue2, namelyelement a[3] .
Actually it can be veri�ed that element a[3] is written to 4 times during executionof
the program fragment above.

for -lo ops We�rst needto de�ne what wemeanby for -loopssincethis di�ers from language
to language.Ironically, the kind of for -loop we consideris like the DO-loop in Fortran,
which is of the form of Fig. 17. In Fortran, the requirement that no assignment
happensto the iterator within the loop itself is imposedby the compiler. If we then
also supposethat the stride of the loop is constant, the lower and upper limit for the
iterator is either constant or a function only of iterators of surrounding loops only.
This ensuresthat the control 
o w of the program is known at compile time and does
not dependon the input for the program. Sothe `behavior' of the iterators (i.e., which
valuesthey subsequently take) is represented explicitly in the program and this is very
interesting for analysisand transformations. Now if we look at a C program, what we
consideras a for -loop is shown in Fig. 18. i is here the iterator, i sur r is the set of
the iterators of surrounding for -loopsand s is a constant stride. All other loops in C
using the for -construct are consideredas while -loops (and can be written like that)
that are typically not analyzableat compile time.

An important remark in the context of for -loopsis that we do not look at the iterators
of for -loopsas scalarvariablesthat we will include in our transformation to dynamic
singleassignment form. The reasonis that we want to look at iterators asbeingpart of
the control 
o w which can be analyzedat compile time, but we do not try to optimize
the control 
o w but rather changeit to optimize the data 
o w. It is pointlessanyway
to convert an iterator to dynamic single assignment form since the only viable way
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for ( i = l( i sur r ); i < u( i sur r ); i += s) f
anything but an assignmentto i

g

Figure 18: Skeleton of what we considera for -loop in C

for (i = 0; i < 10; i++) f
t = f(in[i]);
t = g(t,t+1);
out[i] = t*(t+1)/2;

g

(a) Multiple assignment

for (i = 0; i < 10; i++) f
t[i] = f(in[i]);
t[i+10] = g(t[i],t[i]+1);
out[i] = t[i+10]*(t[i+10]+1)/2;

g

(b) Single assignment

Figure 19: Indexation is an important issuein DSA conversion

to do this is expand it to an array that needsto be indexed using another iterator,
and this way we never get rid of all iterators. Another way to get rid of iterators is
to introduce recursion, but in the context of transformations on C-programs this is
not exactly a smart thing to do sincerecursion is much harder to analyzein general
than the simple for -loops we have been talking about. Conclusion is that iterators
de�nitely are no scalarvariables.

Indexation of arra ys Arrays consistsof di�eren t array elements and code manipulating
thesearrays needto selectdi�eren t elements of thesearrays. For code to be dynamic
singleassignment it is necessarythat at di�eren t points in the executionof the program,
a di�eren t array element is selectedto write valuesto. Thus it is pretty logical that
array indexation is an important aspect of the dynamic single assignment concept.
Actually the indexation makesthe di�erence betweendynamic singleassignment and
multiple assignment. Figure 19 shows two versionsof the sameprogram. Just by
adding indexation to variable t , and thus making it an array, we transformed the
program to dynamic singleassignment form.

To be able to analyze the existing indexation, and to �nd out how to change the
indexation, it needsto be in a certain form sincewe cannot analyzejust any indexation
expression.We needto know exactly at compile time what the accesspattern of the
program is. Also we want to use e�cien t mathematical techniques to analyze the
indexation. A classof indexation that suits our requirements is a�ne indexation, i.e.,
the indexation needsto be a linear function of the iterators of surrounding for -loops
plus a constant. Things that are evil are data-dependent expressionsor quadratic
expressionsfor which analysismay even be undecidable.

if -statemen ts if -statements restrict the valuesof the iterators for which the statements
guardedby the if -statement areexecuted.Thusin a certain sense,theseif -statements
ful�ll the samerolesasloop bounds. More speci�cally theseconditions,giventhat they
arealsoa�ne, areeasilyincorporated in the mathematical methods usedfor analyzing
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our multimedia applications.

From this discussionit is clear that the programswe considerhave array referencesand
for -loops as most important constructs. Sinceall other constructs can be mostly handled
before transforming the program to dynamic single assignment form, we will assumein
this report that they are not present. A small overview of how this can be done for some
constructs is given in Appendix A.

4.2 Static single assignmen t

Static single assignment is a form of single assignment that is consideredas an interesting
form of a program to do analysesand transformationson [ASU86, CFR+ 91, Muc97,App98].
For classiccompiler optimizations like constant propagation, deadcode elimination, . . . this
is indeed true if we restrict the transformations to simple data elements and not to arrays
which are our main interest. It is however a good starting point to discover the principles of
dynamic singleassignment and the needfor dynamic singleassignment. To do this, we will
�rst discussthe ideabehindstatic singleassignment. Next wewill show an extensionof static
single assignment towards programswith arrays. Finally we will discussthe shortcomings
of static singleassignment form and why dynamic singleassignment is needed.

4.2.1 Principles

The generalideaof static singleassignment is to makesurethat textually only oneassignment
to each variable is present in the program. This meansthat after this transformation it is
very easy to determine for a read operation what write operation wrote the value that is
being read, namely by simply looking at the nameof the variable whosevalue is read.

Remember however from reaching de�nitions analysisthat multiple de�nitions can reach
a certain statement in a program. This meansthat when at a certain point we needto use
the value of variable, it is not always possibleto point out a single write statement and
hencea single variable in static single assignment form. The reasonis that at somepoints
in a program control 
o ws can join and consequently di�eren t de�nitions of a singlevariable
might join. To capture this, static singleassignment introduces� -functions that selectone
of its arguments dependingon wherethe control 
o w comesfrom. A function like this is not
e�ectiv e in the sensethat it cannot be implemented as such, but it doesnot keepus from
doing analysesand transformations and it is possibleto transform them away afterwards.

An examplewill make this de�nition a bit clearer. Let us look at the function in Fig.
20(a). Transforming this function to static single assignment form by adding subscripts to
the variable namesand adding � -functions where necessary, producesthe program in Fig.
20(b). The � -function is introducedbecausethe point just after the if -statement is reached
by two de�nitions for a. The two de�nitions of a are mergedby the � function that selects
the value of a0 if the if -statement is not executedand the value of a1 if it is. In general
� -functions are usedat each point wherecontrol 
o w joins and wheremultiple de�nitions of
the samevariable reach. This includes loops sincethe beginning of a loop is reached when
entering a loop or when going from a previous iteration to the next one.
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int abs(int a) f
if (a < 0) a = -a;
return a;

g

(a) Maximum calculation

int abs(int a0) f
int a1, a2;
if (a 0 < 0) a1 = -a 0;
a2 = � (a0;a1);
return a2;

g

(b) SSA version

Figure 20: An exampleof scalarstatic singleassignment form

for (i = 0; i < 10; i++)
a[i] = f(i);

(a) An examplewith an array

for(i = 0; i < 10; i++) f
a1 = � (a0;a3);
a2[i] = f(i);
a3 = � (a1;a2);

g
a4 = � (a0;a3);

(b) The SSA version of the sameprogram

Figure 21: Static singleassignment form for programswith arrays

So the generalidea is to renameall de�nitions by adding a subscript to the nameof the
de�ned variable and by inserting � -functions wherenecessary.

4.2.2 Extension for arra ys

SinceDTSE targets data-intensive applications, arrays are most important to us. However
the simplestatic singleassignment schemeintroducedin the previoussectiondoesnot work
for arrays. This is becausean array is seldomwritten in oneoperation. Rather each element
is written separately, so the role of a � -function in caseof arrays is no longer to choose
betweenits inputs dependingon wherethe control 
o w comesfrom, but to combine multiple
arrays into oneso that only the most recently assignedvaluesare kept.

An extensionto static single assignment that does this, is explained in [KS98]. There
is no need to go into full detail here, we will just demonstrate this using the example in
Fig. 21(a). Transforming to static single assignment form gives us the version in 21(b).
Here a0 refersto array a as it was beforethe pieceof code we consideredhere, be it either
uninitialized valuesor previously assignedvalues;writing a0 allows us to make abstraction
of that fact. Note that now we have to introduce � -functions after each assignment to an
array too and not only when multiple control 
o w paths join. The reasonfor this is that we
only write a singleelement of the array and henceall the other elements of the array should
still be retained. This is exactly what the � -function does for us: it copiesthe respective
elements from the arrays it has as parametersto the resulting array so that this resulting
array contains the last value written to thoserespective elements. If interpreted this way, a
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for (i = 0; i < 7; i++)
c[i] = 0; // S1

for (j = 0; j < 5; j++)
for (k = 0; k < 3; k++)

c[j+k] = c[j+k] + a[j] * b[k]; // S2
for (l = 0; l < 7; l++)

output(c[l]); // S3

(a) The C code
a

t

0 2 4 6
init

j = 0

j = 1

j = 4

output

(b) Accesspattern schematic

Figure 22: Polynomial multiplication example

� -function writes the wholearray even if a singleelement is written in the original program.
These� -functions are not e�ectiv e either in the sensethat a � -function doesnot know

in which array the last element for a certain index is located just by having thosearrays as
parameter. In [KS98] a way of transforming those� -functions is given, but sinceit employs
run time techniquesto do so, we cannot useit becausewe want to do further compile-time
analysis.

4.3 Feautrier's metho d

In this section we describe Feautrier's method of dynamic single assignment conversion as
proposed in [Fea91, Fea88a]. This method heavily relies on an exact data 
o w analysis
described in [Fea88b].Becauseof this, the method canhandleonly a limited setof programs.
Programsshould consistonly of nestedfor -loopswith boundsthat are a�ne expressionsof
the surroundingiterators. if -statements canbe present, but the conditionsneedto be a�ne
expressionsin the surrounding iterators. Further only assignments to scalarsand arrays can
be present, and the indexation needsto be an a�ne expressionof the surrounding iterators.
The right hand sideof theseassignments can be anything. Theseare exactly the conditions
a program has to satisfy such that it can be modeled in the polyhedral model as presented
in Sec. 3. In Sec. 4.3.1 we sketch the basic method and in Sec. 4.3.2 we describe some
extensions.

4.3.1 The metho d itself

We will discussFeautrier's method using the simple polynomial multiplication algorithm
depicted in Fig. 22(a). This program multiplies two polynomials a[x] and b[x] with c[x] as
result. The coe�cien t of xk in a[x] is storedin a[ k] 4, and likewisefor the other polynomials.

4a[x] is a polynomial in x, a[ k] is the kth element of array a.
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a

t

0 2 4 6
init

j = 0

j = 1

j = 4

output

(a) Snapshotwhen j = 0 and k = 1

a

t

0 2 4 6
init

j = 0

j = 1

j = 4

output

(b) Data 
o w revealed

Figure 23: Polynomial multiplication examplecontinued

To easeour understandingof the data 
o w, the accesspattern for array c is schematically
presented in Fig. 22(b). There are two statements writing to array c. The blocks at the
bottom of the picture belong to the initialization statement, i.e., the �rst statement in the
program. The group of blocks at the top belong to the secondstatement in the program.
The horizontal axis represents the array elements. The vertical axis represents somenotion
of time. Sincethe initialization statement accessesdi�eren t array elements in each iteration,
we represent them as if they happen at the sametime. This statement also assignseach
element of c, hencewe have shown a completerow of blocks at the bottom of the picture.
The secondstatement is enclosedwithin two loops,but for a �xed valueof the outer iterator,
the inner loop writes to di�eren t elements of the array. More precisely the k in c[j + k]
makes that the inner loop writes subsequent values, while the j in the indexation makes
that the row of elements written in the inner loop is shifted by 1 in each iteration of the
outer loop. Again, all iterations of the inner loop can be represented as if happening at the
sametime. This is not true for the outer loop asthere is someoverlap betweenthe elements
written so each iteration of the outer loop is executedin subsequent time slots, as shown in
Fig. 22(b). Note alsothat the red statement in each iteration readsthe sameelement of c as
it writes. Note that every block in Fig. 22(b) actually represents a value, and the column in
which it residesindicates the location of the value in the array, while its row position gives
someindication as to the (relative) time at which it was written to that array element.

The �rst step is to determine for each statement that reads from c and for each com-
bination of values for the surrounding for -loops which statement wrote the value of the
element of c that is read and for which valuesof the iterators surrounding that statement.
Let us �rst look at statement S2that readsfrom c[j + k] . More speci�cally we look at the
moment when j = 0 and k = 1. Thus each iteration of statement S1 has beenexecuted,as
well asoneiteration of statement S2, namely for j = 0 and k = 0, which wrote element 0 of
c. This situation is shown in Fig. 23(a). The arrow goesfrom the value that is written by
the statement to the value that is read by it. Statement S2readsthe sameelement of array
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c as it writes, so it can only read valuesthat are on a line below the value it produces,and
not on the sameline (or above the line for that matter). Hencethe arrow points straight
down, and to the block it encounters �rst becausethat is the last value written to the array
element. So for each value in Fig. 22(b), we can do the samething to �nd out which value
needsto be read for the calculation of that value. This is shown in Fig. 23(b). The top
row represents the last statement that outputs the elements of array c, and sinceit doesnot
producevaluesthere areno blocks shown. Again each arrow starts at a block and goesdown
up to the �rst block it hits. SoFig. 23(b) represents the completedata 
o w as related to c.

The �rst step is to capture this data 
o w in the form of sourcefunctions. Let us �rst
analyzestatement S2. Two casescan be distinguished in Fig. 23(b). Either it is the �rst
time S2 writes to a certain element of c, and then we grab back to the value written by
statement S1. This is the casefor the bottom line of the group of valuesfor statement S1,
i.e., when j = 0, and for the rightmost, slanted line of values,i.e., when k = 2. Remember
that the three valuesat each row are written, from left to right, for k going from 0 to 2. S2
readselement j + k, which is written by statement S1 for i = j + k. We can capture this
information in a sourcefunction

S2(j ; k) ! if j = 0 _ k = 2 then S1(j + k)

For all other iterations of S2, the value read is written by S2itself in a previousiteration
of the j -loop. More preciselyS2 for a certain j and k readsthe element written by S2 for
j ' = j � 1 and k' = k + 1. This can be observed in Fig. 23(b) where the arrows all point
to the previousrow, and e.g., the secondelement in a row points to the third element in the
row below. We capture this extra information by completing the sourcefunction above, i.e.,

S2(j ; k) ! if j = 0 _ k = 2 then S1(j + k) elseS2(j � 1; k + 1)

Next we analyzeS3. Looking at Fig. 23(b) again, we can again discriminate two cases.
Either we are reading from the top line of valueswritten by S2, or the leftmost slanted line
of values. The latter caseis for when we read oneof the �rst 5 elements of c, i.e., for l � 5.
We always read the leftmost value of the row the value is on, which is written when k = 0
and hencej = l . The former caseis when we read one of the last 3 elements of c, i.e., for
l � 5. Then the value is always written when j = 4. A little calculation shows that for a
certain l � 4 we read the value written by S2for j = 4 and k = l � 4. Note that for l = 4,
both casesagree.The sourcefunction for S3 thus becomes

S3(l) ! if l � 4 then S2(l; 0) elseS2(4; l � 4)

Both sourcefunctionscaptureall weneedto know about the data 
o w. After determining
the sourcefunctions, we are ready to do the actual conversionto dynamic singleassignment.
First we renamethe left hand side of each statement such that each statement writes to a
di�eren t array. Also we replacethe indexation by a canonicalindexation, namelyeach array
hasa number of dimensionsequalto the number of loopssurroundingthe soleassignment to
that array and each dimensionis indexedwith a di�eren t one of the surrounding iterators.
This is shown in Fig. 24(a). Note that the readshave not been�lled in yet sincethey remain
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for (i = 0; i < 7; i++)
c1[i] = 0; // S1

for (j = 0; j < 5; j++)
for (k = 0; k < 3; k++)

c2[j][k] = ? +a[j]*b[k]; // S2
for (l = 0; l < 7; l++)

output(?); // S3

(a) Changing writes

for (i = 0; i < 7; i++)
c1[i] = 0; // S1

for (j = 0; j < 5; j++)
for (k = 0; k < 3; k++)

if (j == 0 k k == 2)
c2[j][k]=c1[j+k]+a[j]*b[k];

else
c2[j][k]=c2[j-1][k+1]+a[j]*b[k];

for (l = 0; l < 7; l++)
if (l <= 4)

output(c2[l,0]);
else

output(c2[4,l-4]);

(b) Adjusting reads

Figure 24: Converting to dynamic singleassignment

to be determined. However this is easily done by just looking at the sourcefunctions we
have previouslydetermined. If j = 0 or k = 2 then S2readsthe array element written by S1
for i = j + k, i.e., it readsc1[j + k] . This is easily found by substituting j + k for i in
the left hand sideof S1. Likewisewhen neither j = 0 nor k = 2, we read the array element
written by S2(j � 1; k + 1), which we �nd by substituting j � 1 and k + 1 for j and k in
the left hand sideof S2, resulting in c2[j - 1][k + 1] . We can do the samefor statement
S3and the result is shown in Fig. 24(b).

So provided the sourcefunctions can be constructed, this method easily doesthe trans-
formation to dynamic singleassignment.

4.3.2 Impro vements to the metho d

In the examplein Sec.4.3.1,there wereno parameterspresent. It is however easyto imagine
that the degreesof the polynomialswereprovided asparametersNand M. Feautrier's method
canstill handlea parametrizedprogramlike that and then constructsthe sourcefunctions as
functions of thoseparameters. A parametrizedversionof Fig. 22(a) is shown in Fig. 25(a)
and its dynamic singleassignment version in Fig. 25(b).

An extensionto Feautrier's method is described in [Kie00]. While Feautrier's method is
limited to a�ne expressions,Kienhuis's method also allows modulo and integer division to
appear in the indexation and the loop bounds.

4.3.3 Discussion

Feautrier's method for dynamic singleassignment conversioncanperfectly convert programs
with only for -loops and if -statements that can be nestedin arbitrary ways. However the
boundsand conditionsneedto bea�ne expressionsof iterators only. An extensionis possible
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for (i = 0; i < N + M + 1; i++)
c[i] = 0;

for (j = 0; j < N + 1; j++)
for (k = 0; k < M + 1; k++)

c[j+k] = c[j+k] + a[j] * b[k];
for (l = 0; l < N + M + 1; l++)

output(c[l]);

(a) A parametrized version of Fig. 22(a)

for (i = 0; i < N + M + 1; i++)
c1[i] = 0; // S1

for (j = 0; j < N + 1; j++)
for (k = 0; k < M + 1; k++)

if (j == 0 k k == M)
c2[j][k]=c1[j+k]+a[j]*b[k];

else
c2[j][k]=c2[j-1][k+1]+a[j]*b[k];

for (l = 0; l < N + M + 1; l++)
if (l <= N)

output(c2[l,0]);
else

output(c2[N,l-N]);

(b) Adjusting reads

Figure 25: Parametrizedprograms

for expressionscontaining also integer division and modulo, and for expressionscontaining
parameters, but this is too restrictive for practical applications. Indexation can contain
referencesto data, conditions can be data-dependent, while -loopscan occur, etc. Although
extensionsexist for analyzing programs containing theseconstructs, like [CBF97, Mas94],
the result of the analysisis no longer exact. Instead of a sourcefunction that identi�es the
producer of a value uniquely, a set of possibleproducers is returned. However Feautrier's
method requires the producer to be uniquely identi�ed, and there is no obvious way to
overcomethat problem. Thus we needa di�eren t method that doesallow extensionsto most
importantly data dependent indexation and conditions.

A secondproblem with Feautrier's method is that it is too slow for real-sizeapplications.
Doing an exact array data 
o w analysishas exponential complexity [Pug91], and although
this is a worst-casecomplexity Feautrier's method in practice does not do much better
than that. So we needa more generaland faster method to do dynamic single assignment
conversion.

4.4 Extension static single assignmen t to dynamic single assign-
ment

In this sectionwe present our �rst alternative method for dynamic singleassignment conver-
sion. It doesthe conversionstarting from a program in static singleassignment form. Given
that the loop bounds are analyzable,this is a simple process.However the dynamic single
assignment form producedis not very precisein caseof arrays becauseit approximates the
arrays asscalarsand hencedoesnot reveal the data 
o w at the element level. It doeshowever
encode information about the loop structure, e.g., by making a di�erence betweenthe �rst
iteration of a loop wherethere is no previousiteration and the remaining iterations. Despite
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a = 5;
for (i = 0; i < 100; i++)

if (i < 50)
a = a * 2;
else
a = a * 3;

out(a);

(a) A scalar example.. .

a1 = 5;
for (i = 0; i < 100; i++) f

a2 = � (a1;a5);
if (i < 50)

a3 = a2 * 2;
else

a4 = a2 * 3;
a5 = � (a3;a4);

g
a6 = � (a1;a5);
out(a 6);

(b) . . . and its SSA form

a1 = 5;
for (i = 0; i < 100; i++) f

a2[i] = � (a1;a5[i - 1] );
if (i < 50)

a3[i] = a2[i] * 2;
else

a4[i] = a2[i] * 3;
a5[i] = � (a3[i] ;a4[i] );

g
a6 = � (a1;a5[99] );
out(a 6);

(c) Adding dimensions

a1 = 5;
for (i = 0; i < 100; i++) f

a2[i] = (i == 0 ? a1 : a5[i - 1]);
if (i < 50)

a3[i] = a2[i] * 2;
else

a4[i] = a2[i] * 3;
a5[i] = (i < 50 ? a3[i] : a4[i]);

g
a6 = a5[99];
out(a6);

(d) Making the � -functions e�ectiv e

Figure 26: Converting an SSA form to a DSA form

the inaccuracy, this method may prove to be important sinceadvancedcopy propagationas
described in Sec.5.2 can extract the data 
o w from a program in DSA form. This is part of
future work and will not be described in this report. We describe the method for the case
of scalarvariablesin Sec.4.4.1,and for the caseof array variablesin Sec.4.4.2.

4.4.1 Scalars

We will illustrate the method on the example of Fig. 26(a). Its SSA form is shown in
26(b). Note that the assignment to a2 and a6 both have the sameright hand side. This is
no coincidencesincewe duplicated the assignment for clarity. Technically, SSA form would
place the assignment to a2 just before the test i < 100, and this is possiblein C, but it
obfuscatesthe code a bit.

The assignments within the loop still happen more than once. We can alleviate this
by adding dimensionsto the a variablesas in Fig. 26(c). Adjusting the left hand sidesof
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assignments is easy: we just add as many extra dimensionsas there are surrounding for -
loops and index them using the iterators of those loops. That way, if one or more of the
iterators changevalue, we will index a di�eren t array element. In the examplethere is just
onesurrounding loop and thus we add onedimensionindexedwith i . The only tricky part
is if the iterators take negative values in which casewe can add a constant such that we
are sure that the indexation will be non-negative, but this doesnot occur in our example.
If the loop bounds are linear, then we can use integer programming techniquesto �nd the
minimum valuesof the iterators and usethosevaluesto determinethe required constants.

Adjusting the right hand sidesin generalis much trickier, but becausethe variablesare
scalarsand the program is in SSA form, we are in luck. We can discern three di�eren t
cases.The �rst caseis as variable a5 in the assignment to a2. a5 is assignedin the previous
iteration of the i -loop, and thus we add i - 1 as indexation. The next caseis that of a3 in
the assignment to a5. The assignment to a3 happensin the sameiteration of the i -loop, so
we just index with i . The third caseis that of a5 in the assignment to a6. The assignment
happenedin the last iteration of the i -loop, which is for i equal to 99, and sowe index with
99. Thereareno other casesfor oneloop. If there aremultiple loops,that arepossiblynested
and thus also multiple dimensions,we can considereach dimensionand the corresponding
indexation separately and cut it down to these three simple casesevery time. The only
di�cult y is in generalto �nd the valuesof the iterators at the last iteration of a loop, but
this can be doneusing integer programming as before.

The �nal step is to make the � -functions e�ectiv e. The � -functions are not e�ectiv e as
they are becauseall they say is that they selectoneof its arguments and return it, but they
do not say which one of its arguments they return. However, under certain conditions, we
can �nd conditions under which either of the arguments are returned. We will illustrate this
in our exampleabove. The � -function in the assignment to a2 is easiestbecauseit selects
between the value of a variable coming from before the loop and the value of a variable
coming from the previousiteration of the loop. It should selectthe variable from beforethe
loop in the �rst iteration and the other variable otherwise, so the required condition just
checks whether the iterator is equal to the lower bound on the iterator. This is shown in
26(d). In the same�gure, the � -function in the assignment to a5 is made e�ectiv e as well.
This � -function selectsbetweenvaluescoming from both branchesof the if -statement, and
the condition determining which value to selectis of coursethe sameas the one in the if -
statement. This is shown in 26(d) where the condition i < 50 is simply duplicated. This
can be donewith any condition dependingonly on the iterators, becausethey do not change
value. In caseof a condition dependingon other variables,thosevariablesmay changevalue
such that evaluating the sameexpressionmight give a di�eren t outcome. Or at least if we
did not have a program in DSA form, becauseif we did, the value of a variable is never
overwritten but instead written to a new variable, i.e., we can just copy the condition at
all times. The �nal caseremaining is that of the � -function in the assignment to a6. This
oneselectsbetweenthe value of the variable beforethe loop (in caseit never getsexecuted
becausethe upper bound is smaller than the lower bound) and between the value coming
from the loop. Sincethe body of the loop is always executedat least once,the � -function
always needsto choosea5[99] . In generalwe canput in the condition that the upper bound
of the loop shouldbe larger than the lower bound of the loop, i.e., 99 > 0, which in this case
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for(i = 0; i < 10; i++) f
a1[i] = � (a0;a3[i - 1] );
a2[i][i] = f(i);
a3[i] = � (a1[i] ;a2[i] );

g
a4 = � (a0;a3[9] );

(a) SSA form for arrays

for(i = 0; i < 10; i++) f
for (j = 0; j < 10; j++)

a1[i][j] = (i==0 ? a0[j] : a3[i-1][j]);
a2[i][i] = f(i);
for (j = 0; j < 10; j++)

a3[i][j] = (j!=i ? a1[i][j] : a2[i][j]);
g
for (j = 0; j < 10; j++)

a4[j] = a3[9][j];

(b) Made the � -functions e�ectiv e

Figure 27: Going from SSA to DSA for arrays

clearly evaluatesto true. Note alsothat in Fig. 26(d) we crystallized the subscriptsinto the
variable namesmaking them e�ectiv ely di�eren t { remember that the indices in the static
singleassignment form are only annotations.

As a closingremark we add that the resulting program encodesthe data 
o w really well.
When looking at it, it is really clear where the valuescomefrom, thanks to the selection
conditions that aremadeexplicit. Also the occurrenceof i - 1 shows explicitly that a value
is producedin the previous iteration. Thus we are content.

4.4.2 Arra ys

The extensiontowards arrays comesnaturally from the extensionof static singleassignment
to arrays. In that casewe needto do more work in making the � -functions e�ectiv e because
they look at arrays as scalarsby always copying the full array and we need to make this
copying explicit. Let us go back to the examplefrom Fig. 21(b) to illustrate this. Applying
the technique of adding dimensionsfrom Sec.4.4.1,we get the program in Fig. 27(a). This
stepis analogousto the onein Sec.4.4.1exactly becauseweregardthe arrays asscalars.The
next step is to make the abstraction of the � -function explicit. This consistsof two parts:
introducing the conditions for selectingthe correct arrays, and adding extra loopsthat copy
the completearrays (without the extra dimensionsof course). The result is shown in Fig.
27(b). Only the second� -function needssomeexplanation. The for -loop that replacesit
copiesall elements from a1 exceptthe i th element which is taken from a2 instead. Note that
when i = j , a2[i][j] and a2[i][i] refer to the samearray element, as it should be.

When looking at the program in Fig. 27(b), we �nd that we do get someinformation
becauseof the selectionconditions that are madeexplicit, but we get no information about
the data 
o w at the element level. This is a consequenceof the fact that we consideredthe
arrays as scalarsthus avoiding a possibly complex analysisof the indexation, and so it is
obvious that we get no speci�c information about the element indexed by that indexation.
This is surely not the DSA form that we are aiming for. However the methods from Sec.
5.2 allow to remove many of the copy operationswe addedand �lter out the information we
want. Our future work will further explore this approach.
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for (i = 0; i < 10; i++)
a[i] = f(i);

for (i = 0; i < 10; i++)
a[i] = g(i);

(a) Interstatement: betweentwo statements

for (i = 0; i < 10; i++)
for (j = 0; j < 10; j++)

a[i + j] = f(i, j);

(b) Intra-statement: within a singlestatement

Figure 28: Typesof overwriting in a program

ASSA
Conversion

Adding
Dimensions

PAS SAPM A PD SA

Figure 29: Division in stepsof the conversionto dynamic singleassignment

4.5 A second metho d for dynamic single assignmen t conversion

Recallthat the ideaof conversionto dynamicsingleassignment is that oncea valueis written,
it can never be overwritten afterwards. For one thing this meansthat we needto allocate
enoughmemory to contain all the valuesproduced by the program, or in other words we
needto expand the arrays in the program. Another thing is that somevalueswill have to
be mapped to another memory location sowe needto adjust the indexation of the arrays as
well accordingto this new mapping. Theseare basically the two problemswe needto solve.

If we look at a program in multiple assignment form, we can distinguish two kinds of
overwriting: between two statements and within a single statement. We respectively call
these interstatement and intra-statement overwriting. Examplesof both are given in Fig.
28. In Fig. 28(a) there are two statements that write to the samearray a, so they can
possibly overwrite each other. A closer look tells us that they both write to elements 0
through 9 of a and so the secondstatement overwrites valueswritten by the �rst statement
and hencewe have multiple assignment. If we look at the two statements separately, no
overwriting happens. This is called interstatement overwriting.

In Fig. 28(b) however, onecan seethat there is only a singlestatement that writes to a.
Sincethis statement is in a loop, it is executedmultiple times for di�eren t valuesof i and
j . It is easyto seethat this statement overwrites valuesit has written itself, e.g., a[ 1] is
written when i = 0 and j = 1 as well as when i = 1 and j = 0. Note that not all elements of
a are necessarilywritten more than once,or in generalwritten the samenumber of times as
the other elements, e.g., a[ 0] is only written oncewhile a[ 4] is written 5 times. This type of
overwriting is called intra-statement overwriting. Of coursewe can alsohave a combination
of interstatement and intra-statement overwriting.

The idea of the proposedconversion to dynamic single assignment form is to solve the
two kinds of overwriting in two separatesubsteps. This is depicted in Fig. 29. The input
to the conversion is a program in multiple assignment form: PM A . The �rst substepof the
conversion is called the array static singleassignment conversionor ASSA conversion. This
conversion is discussedin Sec. 4.5.1. After this conversion there is textually only a single
assignment to each array in the program and the resulting program is logically said to be

34



for (x = 0; x < 640; x++)
for (y = 0; y < 480; y++)

im[y][x] = in(x, y); // S1
for (i = 10; i < 310; i++)

im[240][2 * i] = 0; // S2
for (x = 0; x < 640; x++)

for (y = 0; y < 480; y++)
out(x, y, im[y][x]); // S3

(a) The image processingC code

y

x

(b) Schematic e�ect of the C code

Figure 30: Drawing a dotted line on an image

in \arra y static single assignment" form: PAS SA . After this conversion the secondsubstep
takesplaceto get to the full dynamic singleassignment form: PD SA . This substepis called
adding dimensionsand the reasonfor this, amongothers, is explainedin Sec.4.5.2.

The resulting programfrom this conversionwill not be the sameasthe programresulting
from Feautrier's conversion as presented in Sec. 4.3. In Sec. 5 it is shown that this is no
problem in the context of DTSE. So the idea is to split up the conversion in two substeps
and thesesubstepsis elaborated in the following sections.

4.5.1 Arra y static single assignmen t

In this sectionwe describe a way to transform a program to array static singleassignment,
but without doing a full data 
o w analysis. A program is in array static singleassignment
form when there is only one textual assignment to each array in the program, analogously
to static singleassignment form. Adjusting all write statements to comply is easy, we only
need to renamethe array in each left hand side to a unique name. The problem is that
the read statements needto be adjusted as well, and this can be a complexmatter sincea
read statement could read array elements written by multiple statements. However when
there is a singlewrite statement whosevaluesreach the read statement { i.e., it overwrites
all valueswritten by other write statements { then the read statement is easilyadjusted by
just changing the nameof the array. This observation is the basisof the method proposed
in this section.

We will illustrate the idea with the simpleexampleof Fig. 30(a). This pieceof code gets
an imagefrom input, draws a dotted line on it, and outputs the result. The e�ect is shown
schematically in Fig. 30(b). Now supposewe would try to determinethe sourcefunction for
S3, as presented in Sec.4.3.1. This would look as follows

S3(x; y) ! if y = 240^ x � 20^ x � 618^ x mod 2 = 0 then S2(x � 2)
elseS1(x; y)
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As one can see,this sourcefunction encodes how the resulting image is composedof the
original imageand the dotted line addedto it. In generalif more operationshappen on the
image,like drawing rectangleson it or somemore lines, the sourcefunction will still describe
how it all composesinto oneimage,but obviously getsmoreand morecomplex. Unlessthere
happens to be an operation that overwrites the completepicture such that composition is
basedon the data producedby that operation and anything following it, but not what was
overwritten. Sowhat we are going to do is make sure that every statement overwrites what
the statement beforethat wrote.

In caseof our examplewe want to expand the statement S2 that draws the line with
extra assignments such that that statement producesthe complete image, thus shadowing
all of statement S1. Sincewe do not want to changethe imagethat we produce,we let the
assignments just assignwhat was already there, i.e., we just add copy operations. These
copy operationsdo not do anything, but aswe will seeit will simplify things when they are
there. S2only writes a dotted line. To make it write the whole image,we needto add three
kinds of copy operations,as shown in Fig. 31(a).

� We need to �ll the spacesbetween the dots. So instead of only writing every two
elements, we write the dots interspersedwith copies.Theseare the blue pixels in Fig.
31(a).

� We needto add copy operations such that the line extendsover the completewidth
of the image. So we are padding the line on the sideswith copies. Theseare the red
pixels in Fig. 31(a).

� We needto add copy operations such that not just the one horizontal line is written,
but each horizontal line in the imagesuch that we end up writing the whole image.

The changesto the program required to do thesestepssubsequently are shown respect-
ively in �gures 31(b), 31(c) and 31(d). In Fig. 31(d), the S2-S4 combination overwrites all
valueswritten by S1, thus S3canonly readvaluesproducedby the S2-S4combination. Note
also that by construction, S2 and S4 do not overwrite each others values. Also both their
left hand sidesare equalso we can regard the condition as a selectionbetweenthe di�eren t
right hand sidesand regard the S2-S4 combination as one write statement. Once we have
the code in Fig. 31(d) it is a trivial step towards array static single assignment form. We
renamethe left hand sidesof S1and the S2-S4combination such that they are di�eren t, and
sinceS4 only copieselements written by S1, and S3 only readselements written by S2-S4,
adjusting the right hand sidesis a pieceof cake. The result is shown in �gure 32. Thus
by adding copy operationswe are able to substantially simplify the transformation to array
static singleassignment form.

We can distinguish two kinds of transformations for adding copy operations:

� changing the indexation/lo op structure. We needto changethe indexation when
we add copies to �ll the gaps between the dots. To do so, we need to make the
statement write each element and not just every two elements. To do this, we change
the indexation such that all pixelsarevisited, and usea condition i % 2 == 0 to select
betweenwriting the dots and copying the old pixel values. This is shown in Fig. 31(b).
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(a) The 3 typesof copiesto add

for (x = 0; x < 640; x++)
for (y = 0; y < 480; y++)

im[y][x] = in(x, y); // S1
for (i = 20; i < 619; i++)

if (i % 2 = 0)
im[240][i] = 0; // S2

else
im[240][i] = im[240][i]; // S4

for (x = 0; x < 640; x++)
for (y = 0; y < 480; y++)

out(x, y, im[y][x]); // S3

(b) Adding the gapsbetweendots

for (x = 0; x < 640; x++)
for (y = 0; y < 480; y++)

im[y][x] = in(x, y); // S1
for (i = 0; i < 640; i++)

if (i % 2 = 0 && i >= 20
&& i < 619)

im[240][i] = 0; // S2
else

im[240][i] = im[240][i]; // S4
for (x = 0; x < 640; x++)

for (y = 0; y < 480; y++)
out(x, y, im[y][x]); // S3

(c) Extending the line to the picture width

for (x = 0; x < 640; x++)
for (y = 0; y < 480; y++)

im[y][x] = in(x, y); // S1
for (i = 0; i < 640; i++)

for (j = 0; j < 480; j++)
if (i % 2 = 0 && i >= 20

&& i < 619 && j == 240)
im[j][i] = 0; // S2

else
im[j][i] = im[j][i]; // S4

for (x = 0; x < 640; x++)
for (y = 0; y < 480; y++)

out(x, y, im[y][x]); // S3

(d) Extending to whole picture

Figure 31: Adding copy operations to make each composition step explicit

When we add copy operationsto get up to writing the whole image,we needto change
both the loop structure and the indexation. Sincewe want to write the complete,two-
dimensionalimageinstead of just the one-dimensionalline, we needtwo loops instead
of just one. Thus we add the j -loop as in Fig. 31(d). Also we need to change the
indexation such that we can write each j th line instead of just the 240th.

� Changing/determining the loop bounds and the selection conditions. When
we extend the line to the whole width of the image, we only need to change the
loop bounds, as shown in �gure 31(c). Of coursewe also needto add extra selection
conditions that just account for the old loop bounds.
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for (x = 0; x < 640; x++)
for (y = 0; y < 480; y++)

im1[y][x] = in(x, y); // S1
for (i = 0; i < 640; i++)

for (j = 0; j < 480; j++)
if (i % 2 = 0 && i >= 20

&& i < 619 && j == 240)
im2[j][i] = 0; // S2

else
im2[j][i] = im1[j][i]; // S4

for (x = 0; x < 640; x++)
for (y = 0; y < 480; y++)

out(x, y, im2[y][x]); // S3

Figure 32: The result of converting to array static singleassignment

Also when we add an extra loop, we needto determine the boundsfor this new loop.
Theseboundsdepend in this caseon the height of the imagesincestatement S1writes
the whole height of the image.

The crucial observation is that we can �rst do all changesto the indexation/lo op structure,
and then determinethe loop boundsand selectionconditions by taking the old loop bounds
and the part of the array that the previous statement writes into account. The indexation
and loop structure determinewhat could be written, while the loop boundsdeterminewhat
part of that is actually written and the selectionconditionsdeterminewhat is newand what
is copied. In our casewe changethe indexation and the loop structure to allow writing each
pixel of a two-dimensionalimage instead of just every two pixels on a single line. Then
we determine the loop bounds such that only the image is written within its bounds, and
determinethe selectioncondition to �lter out the dotted line.

In the remainder of this sectionwe will go into more detail about how to do thesetwo
stepssystematically. Wedo this for the examplein Fig. 33(a)which will show usthe di�eren t
issuesin performing this transformation step. This exampleis basedon the examplefrom
Fig. 30(a). Figure 33(b) showsa schematicview of the array elements written in the program
for i = 4. For other valuesof i , the dotted line would di�er in its y coordinate. We model
the indexation of both statements as follows:

"
j
k

#

=

"
1 0
0 1

#

� (j ; k) +

"
0
0

#

= A1 �~{1 + c1

for ~{1 2 f (j ; k) j 0 � j < 21^ 0 � k < 15g

"
2l + 1
i + 3

#

=

"
2
0

#

� (l ) +

"
1

3 + i

#

= A2 �~{2 + c2

for ~{2 2 f (l) j 1 � l < 9g

Note that we put the part of the indexation depending on i with the constant part of the
indexation. We do this sincewe want to do the overwriting for each iteration of the i -loop,
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for (i = 0; i < 9; i++) f
for (j = 0; j < 21; j++)

for (k = 0; k < 15; k++)
a[j][k] = ...; // S1

for (l = 1; l < 9; l++)
a[2 * l + 1][i + 3] = ...; // S2

g

(a) C program x

y

0 203 17

14

7

(b) Schematic view for i = 4

Figure 33: A modi�ed versionof Fig. 30(a) wherethe dotted line \moves"

and in each iteration of that loop i is a constant. Sincethe i -loop is the only loop the two
statements have in common,this meansthat in a given iteration of that loop, S2overwrites
all the array elements that S1 wrote in the sameiteration. For i equal to 4, the original
situation is shown in Fig. 33(b). The blue dots are written by S1 and the red dots are
written by S2. We want to adapt S2such that the red dots completelyoverlap the blue ones.

The simplest way to add copy operations to the secondstatement such that all array
elements written by the �rst statement for a certain value of i are copiedto themselves, is
as follows:
"

2l + 1 + j 0 � x0

i + 3 + k0 � 3x0+ y0

#

=

"
2 1 0 � 1 0
0 0 1 � 3 � 1

#

� (l ; j 0; k0; x0; y0) +

"
1

3 + i

#

= A0
2 �~{0

2 + c0
2

for ~{0
2 2

f (l ; j 0; k0; x0; y0) j 1 � l < 9 ^ j 0 = k0 = x0 = y0 = 0g [
f (l ; j 0; k0; x0; y0) j l = 0 ^ 0 � j 0 < 21^ 0 � k0 < 15^ x0 = 1 ^ y0 = � ig

The iteration domain now consistsof two parts. For the �rst part each of the addediterators
is zero,and the old indexation remains,so we still write the new values(the dotted line) to
the image. The secondpart has everything relevant to the old indexation set to zero, and
appropriate valuesfor the addediterators. We addedj 0 and k0 with the sameboundsas the
j and k loop of statement S1, and we addedx0 and y0 to compensatefor a di�erence in the
constant term betweenthe indexations (counting i again as a constant).

However this is overkill since we made a 5-dimensionalloop nest out of a single loop.
And we know from our experiencewith the code from Fig. 32 that a 2-dimensionalloop nest
ought to be su�cien t. Let us look at the new indexation in a di�eren t way:
"

2l + 1 + j 0 � x0

i + 3 + k0 � 3x0+ y0

#

= l

"
2
0

#

+ j 0

"
1
0

#

+ k0

"
0
1

#

+ x0

"
� 1
� 3

#

+ y0

"
0

� 1

#

+

"
1

3 + i

#

Incrementing l with 1 changesthe indexation by

"
2
0

#

, i.e., we go 2 pixels two the right,

and 0 pixels up or down. This is why we get a dotted line in the image. Incrementing j 0
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by 1 changesthe indexation by

"
1
0

#

, i.e., we go 1 pixel two the right, and 0 pixels up or

down. But insteadof incrementing j 0 by one,we canachieve the samee�ect by incrementing
l by 1

2. However we want our iterators to be integers(
oating point math is not necessarily
accurate), so to achieve the possibility to increment by 1

2, we substitute l by a new iterator

l0 = 2 � l . Then we can get a changein indexation of

"
1
0

#

by incrementing l0 by 1, so we

no longer needj 0 to do this. We can still do the changeof

"
2
0

#

required for the original

indexation by incrementing l0 by 2. The resulting indexation is this:
"

l0+ 1 � x0

i + 3 + k0 � 3x0+ y0

#

= l0

"
1
0

#

+ k0

"
0
1

#

+ x0

"
� 1
� 3

#

+ y0

"
0

� 1

#

+

"
1

3 + i

#

Of coursewestill needto determinethe boundsfor the l 0-loop accordinglyto take this change
into account, but we do that at the end.

Incrementing k0 by 1 results in a changein indexation of

"
0
1

#

. This cannot be achieved

by any changein l0 for the simple reasonthat

"
0
1

#

is not a multiple of

"
1
0

#

. So we have

no choicebut to keepk0 as an iterator.

Next an increaseof 1 in x0 results in a change of indexation of

"
� 1
� 3

#

. This can be

achieved by incrementing l0 by -1 and incrementing k0 by -3. We can �nd this by writing"
� 1
� 3

#

as a linear combination of

"
1
0

#

and

"
0
1

#

, i.e.,

"
� 1
� 3

#

= � 1 �

"
1
0

#

� 3 �

"
0
1

#

,

which can be easily determinedby a Gaussianelimination [Gar66]. Sincetheseincrements
are integers,it is possibleto do the changein indexation by \incrementing" both l 0 and k0

so we do not needx0 for this. Leaving it out givesthis:
"

l0+ 1
i + 3 + k0+ y0

#

= l0

"
1
0

#

+ k0

"
0
1

#

+ y0

"
0

� 1

#

+

"
1

3 + i

#

Finally an increment of 1 in y0 changesthe indexation by

"
0

� 1

#

, which is a linear

combination of

"
1
0

#

and

"
0
1

#

, i.e.,

"
0

� 1

#

= 0 �

"
1
0

#

� 1 �

"
0
1

#

. Thus we do not needy0

either to make such a changeand leaving it out results in:
"

l0+ 1
i + 3 + k0

#

= l0

"
1
0

#

+ k0

"
0
1

#

+

"
1

3 + i

#

As we seenow, we get exactly two iterators, which agreeswith Fig. 32.
The one thing left to do is determine the loop bounds, or equivalently the iteration

domain. The �rst part of the iteration domain which doesthe assignments that S2originally
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did, is easiest.The original iterator of that loop is still present, be it that it is scaledby a
factor 2. We compensatethis by taking the old iteration domain f (l) j 1 � l < 9g, �lling in
l = l0

2 , restricting l0 to even valuesand adding the remaining iterators we found above and
setting theseto 0. The �rst part of the iteration domain then becomes:

I 00
2 = f (l0; k0) j 2 � l0 < 18^ l0 mod 2 = 0 ^ k0 = 0g

The secondpart of the iteration domain needsto copy all elements written by statement
S1, for a given value of i . For such a value of i , S1 is executedfor (j ; k) 2 f (j ; k) j 0 � j <

21^ 0 � k < 15g. Given that the indexation of S1 is

"
j
k

#

, we �nd the elements written

by S1 as the imageof a polyhedron (j ; k) 2 f (j ; k) j 0 � j < 21^ 0 � k < 15g through an
a�ne function (i; j ) 7! (i; j ), which in this caseis the identit y function, sothe array elements
written by S1 is

W1 = f (x; y) j 0 � x < 21^ 0 � y < 15g

However we only want to copy elements not written by S2, so we needto subtract

W2 = f (x; y) j 3 � x < 19^ x mod 2 = 1 ^ y = i + 3g

giving

W1 n W2 = f (x; y) j 0 � x < 21^ 0 � y < 15^ : (3 � x < 19^ x mod 2 = 1 ^ y = i + 3)g

Given the indexation of S2' ,

"
l0+ 1

i + 3 + k0

#

, we candeterminethe valuesfor l0 and k0 { again

given a certain valueof i { for which elements in W1 nW2 arewritten by applying the inverse
indexation of S2' to W1 n W2. This is done by �lling in l0+ 1 for x and i + 3 + k0 for y in
the conditions on x and y in W1 n W2, resulting in conditions in l0 and k0:

I 000
2 = f (l0; k0) j 0 � l0+ 1 < 21̂ 0 � i + 3+ k0 < 15̂ : (2 � l0 < 18̂ (l0� 1) mod 2 = 1^ k0 = 0)g

The completeiteration domain of S2' is then

I 0
2 = I 00

2 [ I 000
2 = f (l0; k0) j 0 � l0+ 1 < 21^ 0 � i + 3 + k0 < 15g

Going back to a C program, gives the program in Fig. 34(a). After bumping the l and k
loop such that their lower bounds are 0, and adding an index to a, we get the program in
Fig. 34(b). In this version it is clear that we copy the whole image, except for the dotted
line.

4.5.2 Adding dimensions

The secondsubstepin the conversionof Fig. 30 is supposedto resolve the intra-statement
overwriting. For reasonsthat will becomeapparent later on, this step is called adding
dimensions.The intention of this step is to get to the full dynamic singleassignment form.
Sincein the previoussubstepwe already solved interstatement overwriting, we only needto
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for (i = 0; i < 8; i++) f
for (j = 0; j < 21; j++)

for (k = 0; k < 15; k++)
a[j][k] = ...;

for (l = -1; l < 21-1; l++)
for (k=-i-3; k<15-i-3; k++)

if (2<=l && l<18 &&
(l-1)%2=1 && k=0)

a[l+1][i+3+k] = ...;
else

a[l+1][i+3+k] =
a[l+1][i+3+k];

g

(a) The ASSA version as we �nd it

for (i = 0; i < 8; i++) f
for (j = 0; j < 21; j++)

for (k = 0; k < 15; k++)
a1[j][k] = ...;

for (l = 0; l < 21; l++)
for (k=0; k<15; k++)

if (3<=l && l<19 &&
l%2=1 && k=i+3)

a2[l][k] = ...;
else

a2[l][k] = a1[l][k];
g

(b) A cleanedup version

Figure 34: Completing conversionto array static singleassignment

for (i = 0; i < 10; i++)
for (j = 0; j < 10; j++)

a[i * 10 + j] = ...

Figure 35: An example that is DSA when loop bounds are taken into account and is not
otherwise

solve intra-statement overwriting, i.e., overwriting within the samestatement. In this section
we �rst derive a condition such that if that condition is met by the indexation of the left
hand sideof an assignment, the statement doesnot overwrite any of its values. Though this
condition is not necessary, we still transform the statement to meet this condition becauseit
is a simple condition to check for and to satisfy. After deriving the condition, we show how
to make a statement meet that condition.

Initially , we do not take the boundsof the for -loopsinto account. This essentially means
that the bounds are in�nite so the iterators can take on any value. Or phrasedin a more
formal way, if the write statement W we consideris surroundedby n for -loops, the set of
possible(n-dimensional) iteration vectors~{ is ZZn . Note that if we would take the bounds
of the loops into account, that set would be a polytope. Also the condition for having no
intra-statement overwriting in the casewe considerhere is stronger than in the casewe do
take the loop bounds into account. The examplein Fig. 35 shows this. If we keepthe loop
bounds, it is clear that this pieceof code doesnot do any overwriting: it writes elements 0
through 99 once. However if we throw away the loop bounds, i.e., make them in�nite, it is
easyto seethat e.g., for i = 0 and j = 10 we write the sameelement asfor i = 1 and j = 0.
This meansthat by any criterion taking the loop bounds into account, a pieceof code may
not contain overwriting, while by any criterion that does not, the samepieceof code may
do overwriting. This is so in generalsinceby making the loop boundsin�nite, we still write
the elements we wrote to in the original program, but alsomany more. So the set of writes
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for (i = 0; i < 10; i++)
for (j = 0; j < 10; j++)

for (k = 0; k < 10; k++)
for (l = 0; l < 10; l++)

a[i + k][i - j + 1][j + k - 2] = ...

Figure 36: An ASSA examplewhich we will transfrom to DSA

in the original program is a subsetof the set we considerby making the boundsin�nite and
hencewe will always �nd at least as much overwriting in the subsetwe considerhere as in
the original program. However this is not a problem in our transformation, the only thing
that can happen is that we still transform a program that is already in DSA form.

So we look at a single write statement surroundedby n for -loops, thus with iteration
domain ZZn , together with a de�nition mapping describing the indexation. This mapping
is a function that mapsa vector consistingof the valuesof the iterators of the surrounding
for -loopsonto a vector containing the valuesusedfor indexation the array involved. If the
array involved is m-dimensional,this will be a mapping w from ZZn to ZZm sincewe needm
indexation expressions.We only considera�ne indexation, which meanswe can describe f
as follows:

w : ZZn ! ZZm : ~{ 7! A �~{ + ~c

Here~{ is the iteration vector containing the variablesrepresenting the iterators, A is an m� n
matrix and c is a vector of length m.

Let us clarify this de�nition with the examplein Fig. 36. There are 4 for -loopsaround
the write statement, so n is 4. There are three indexation expressions,so m is 3. The
mapping w for the write statement then becomes:

f : ZZ4 ! ZZ3 :
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3
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7
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The su�cien t condition can be formulated as follows. Supposestatement W doeswrite
to the sameelement for two di�eren t iteration vectors~{1 and~{2 with ~{1 6= ~{2. We write:

A �~{1 + ~c = A �~{2 + ~c , A � (~{1 � ~{2) = 0 , rank(A) < n

As ~{1 � ~{2 is not 0, A � (~{1 � ~{2) is a linear combination of the n columnsof A with non-zero
coe�cien ts and hencethosen columnsare linearly dependent and sothe rank of A is smaller
than n. So if there is intra-statement overwriting, matrix A usedfor indexation must have
a lower rank than the number of surrounding for -loops. Rephrasinggivesus the condition
we are looking for:
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Prop osition (Su�cien t condition for absenceof intra-statement overwriting)

Given an assignment W with ZZ n as iteration domain and de�nition mapping
f : ZZ n ! ZZ m : ~{ 7! A �~{ + c.

There is no intra-statement overwriting if matrix A used for indexation has a rank
equal to the number of surrounding for -loops.

It is interesting to note that the sameresult can be obtained by reasoningabout the number
of solutions to a system of equations. Consider a certain element of the array the write
statement writes to. Let us indicate this element with vector x. We can �nd the valuesfor
the n iterators~{ for which the write statement writes to this element by solving the following
systemof equations:

A �~{ + ~c = ~x , A �~{ = ~x � ~c

Remember from high-school that the number of solutions to this systemcan easily be de-
termined as follows (A has dimensionsm � n and A j (~x � ~c) represents the augmented
matrix):

� A has rank n

{ A j (~x � ~c) has rank n: there is exactly 1 solution

{ A j (~x � ~c) has rank n + 1: there is no solution

� A has rank d < n

{ A j (~x � ~c) has rank d: there are in�nitely many solutions

{ A j (~x � ~c) has rank d + 1: there is no solution

We can concludeseveral things from this. First if the rank of A j (~x � ~c) is larger than
the rank of A (which means~x � ~c is outside the spacespannedby the columnsof A), then
there is no solution. This meansthat the element indicated by ~x � ~c is simply never written
by the statement. Otherwise if the rank of A j (~x � ~c) and A are the same,then there are
solutions and hencethe array element is written by the write statement. If matrix A has
rank n, there is only onesolution, so the array element is written only onceand there is no
intra-statement overwriting for that memory element. If however the rank of A is smaller
than n, there are in�nitely many solutions, so the array element is written in�nitely many
times and so for that array element we do have intra-statement overwriting.

Note that the casewhen there is no solution is not of interest to us sincewe can always
�nd a ~x � ~c such that the rank of A j (~x � ~c) is the sameas the rank of A (namely when
~x � ~c is a linear combination of the columns of A). So if the rank of A is n, then either
an element of the array is never written, or it is written just once,so in this casethere is
no intra-statement overwriting. If however the rank of A is smaller than n, there are array
elements that are either never written or written an in�nite number of times. Sincewe can
always �nd an element that is actually written, that element must then be written an in�nite
number of times and hencethere is intra-statement overwriting.
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The condition we have just derived only holds in the casewhere all loop bounds are
in�nite. In casewe do take the loop bounds into account, if the rank of A is the num-
ber of surrounding for -loops then there is no intra-statement overwriting, but when the
rank is smaller it could be that there is no intra-statement overwriting. However, for our
purposeswe will try to meet this condition even if it is not necessary. An assignment like
a[i * 10 + j] = ... in the exampleabovelooksa lot likea linearization of a 2-dimensional
array and then we will want to make it 2-dimensionalanyway, thus meeting the su�cien t
condition we derived above. A concretereasonfor doing this is that the inversemapping
of (i; j ) 7! i � 10 + j { taking into account the loop bounds of the example above { is
a 7! (ba=10c; a mod 10) and it contains modulo and 
o or functions that are much harder to
manipulate than simple linear mappings. The inversemapping is neededin someanalyses
within DTSE and theseare simpli�ed if the mapping is easily invertible, i.e., when matrix
A is of rank n. If matrix A is also square,the inversemapping is not only linear but also
simply determined by A � 1 which is simple to calculate. So if we can make A squareand
non-singular, this would be the ideal situation.

The next questionto answer is how to make the programmeet the su�cien t condition. If
we start with an assignment whosede�nition mapping hasa matrix with rank smaller than
n, we observe that if we add rows to matrix A, we can make it of rank n. SupposeA was
of rank k, then it is enoughto add the correct n � k rows to get a matrix of rank n. The
matrix will have m + n � k rows (and still n columns) and since the matrix A represents
the indexation the write statement uses,this meanswe now write to an array of dimension
m + n � k instead of dimensionm. So this meanswe have addeddimensionsto the array,
and hencethe nameof this substep. One thing to note is that each row we add to A has to
be linearly independent of the initial rows of A and the other rows we add, adding linearly
dependent rows is useless.A secondthing to note is that there is an in�nite number of sets
of rows that we can add to A to make it rank n. Any set of rows that spansthe complement
of the spacespannedby the rows of A (which is also of dimensionm + n � k) will do, and
there are in�nitely many of these. Sinceit is not clear at this point whether one choice is
better than another, we will concentrate on how to �nd solutions rather than which one to
choose.

In order to �nd the rows we need to be added to A (and hencethe expressionswith
which to index the dimensionswe add to the array) we proposea method basedon Gaussian
elimination. One thing we can concludefrom the elimination is the rank of A, but it will
alsoallow us to �nd the solution we are looking for. We show this for an exampleand then
generalizeit. Supposewe have the piece of code in Fig. 36 with the matrix A used for
indexation repeatedhere:

A =

2

6
4

1 0 1 0
1 � 1 0 0
0 1 1 0

3

7
5

We are now applying Gaussianelimination with pivoting to A. The indexation expres-
sions are indicated with (a) through (c). The pivots and the corresponding iterator and
expressionindicator are encircled. The selectionof the pivots is arbitrary here, but it will
determine the solution found. Of coursethe pivot can't be 0. The pivot is �rst moved so
that we get an upper triangular matrix in the end. Then the row is subtracted from the
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rows below to make the entries below the pivot 0. This is the known algorithm for Gaussian
elimination.

A � I =
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= A0 � I 0

At this point in the algorithm, we notice that all that is left are rows consisting of only
zerosand so we cannot pick another non-zero pivot and hencethe algorithm stops. As
there are 2 non-zero rows, we know the rank of matrix A is only 2. Since there are 4
surroundingfor -loops,and henceA had 4 columns,the rank of A shouldbe made4 to meet
the criterion derived earlier on in this section. We can do this by adding rows to A that are
linearly independent of the existing rows in A. This is equivalent to saying that the rows we
add should be linearly independent of the rows of A0 that results after applying Gaussian
elimination [Gar66], and this is easyto do sinceA0 is in upper triangular form. All we need
to do is add 2 rowswith all zerosexceptfor the 2x2 identit y matrix in the rightmost columns
of thoserows:

A00� I 0 =
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Supposethat we would always chooseto add thesesimple rows. Now remember that the
number of columnsof A is n and the rank of A is k, so we needto add n � k rows. After
applying Gaussianelimination, A0 looks like this:

A0 =

"
Uk� k Bk� (n� k)

0(m� k)� k 0(m� k)� (n� k)

#

Here Uk� k is an upper triangular matrix with k rows and columns. Bk� (n� k) is any matrix
with k rows and n � k columns. 0m� n refers to a matrix with m rows and n columns
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for (i = 0; i < 10; i++)
for (j = 0; j < 10; j++)

for (k = 0; k < 10; k++)
for (l = 0; k < 10; l++)

a[i + k][i - j + 1][j + k - 2][i][l] = ...

Figure 37: Program of Fig. 36 after adding dimensions

containing only zeros. Note that we abusethe notation a bit by giving every matrix its
dimensionsas subscripts. Adding rows like we did above results in:

A0 =

2

6
4

Uk� k Bk� (n� k)

0(m� k)� k 0(m� k)� (n� k)

0(n� k)� k I (n� k)� (n� k)

3

7
5

This matrix hasn + m � k rows assaid earlier on in this section. In our examplethe matrix
now has 4 + 3 � 2 = 5 rows. Again the rows we added to A0 can also be added to A to
make A of rank n. Keeping in mind that the Gaussianelimination swapped the columns
(so we usethe original I instead of the I 0 after the elimination), we get A000to be the new
indexation:

A000� I =
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Matrix A000is of rank 4 too, soif weusethis matrix for indexation, there is no intra-statement
overwriting. The accordingprogram now looks like Fig. 37. As one can seethe new index
expressionsare simply iterators. This is of coursea consequenceof our choice to add rows
to A with all zerosexcepta single1. There are lots of other choiceshowever. For onething
insteadof usingI (n� k)� (n� k) in constructingA00, wecoulduseany non-singular(n� k)� (n� k)
matrix. Another thing is that we can add any linear combination of the original rows in A
to the newly added rows (this is the inverseof Gaussianelimination actually, so applying
the elimination again will subtract the linear combinations we added).

Besidesthat however there is another freedomwe have in choosing the �nal indexation.
Since the initial indexation possibly contains expressionsthat are linearly dependent on
the remaining ones,we can actually leave those indexation expressionsout as well as the
corresponding dimension of the array. This is so becausewhen we choose the value of
the linearly independent indexation expressions,then the value of the linearly dependent
onesare known and �xed and henceonly a singleelement in the dimensionsof the linearly
dependent indexation expressionsis used. However, supposethat there are k independent
rows amongthe m rows of A, then we cannot just leave out any m � k rows becausewe have
to make surethe remainingonesare linearly independent. The way to ensurethis is to leave
the expressionsout that the Gaussianelimination reducedto rows of only zeroand then we
know the remainingonesare linearly independent. Although not all choicesarealways valid,
there are several choices,e.g., in the exampleabove any of three original index expressions
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is acceptableto leave out. The thing to remember is that there is lots of freedomin choosing
the expressionsto add and maybe it is possibleto usethis to our advantage.

In our example above we notice that the �rst indexation expressioni + k is linearly
dependent on the secondand the third { respectively being i � j + 1 and j + k � 2 { and the
constant 1. So the �rst expressioncan be written as a linear combination of the other two
and 1, namely:

i + k = 1 � (i � j + 1) + 1 � (j + k � 2) + 1 � 1

The constant 1 is included in the linear combination to catch a di�erence in constant term
which does not make a di�erence in the rest of the story. Supposewe would choosethe
valuesof i , j , k and l to be so that i � j equalsa certain x and j + k equalsa certain y.
There are several valuesof i , j , k and l that produce the samex and y, e.g., increasingi
and j by 1 and decreasingk by onewill not changethe valuesof x and y sincethe increases
and decreaseswill canceleach other out. Also changing l hasno e�ect. However sincei � j
is linearly dependent of the other indexation expressions,it can be written in terms of those
indexation expressionsonly, or { sincex and y represent those indexation expressions{ in
terms of x and y only, namely:

i + k = x + y + 1

The point is that if we know the value of the expressionsusedfor indexation of the second
and third dimension,no matter what the valuesof i , j , k and l are, we alsoknow the value
of the expressionusedfor indexation of the �rst dimension. Sowe could say that in the �rst
dimensiononly one element is indexedsincewe needto changethe indexation of the other
dimensionsto changethe indexation of the �rst.

For our examplethis meanswe can leave out the �rst indexation expressiongiving a new
indexation represented by A0000:
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Soin generalif we leave out the m � k expressionsthat are converted to zerorows by the
Gaussianelimination, then the result is a matrix A0000with dimensions((n + m � k) � (m �
k)) � n = n � n which is square.Remember that this is ideal sincenow the inversemapping
of the indexation is simply given by the inverseof A0000. The inversemapping is important
becauseit tells us, given a certain memory element, for which value of the iterators the
element in question is written.

An issuethat wascompletely left out up to now is what to do about the readoperations.
If we add and remove dimensionsfrom arrays and changethe write operations accordingly,
the read operations should be adjusted accordingly too. For this we usedata 
o w analysis,
e.g., Feautrier's [Fea91]. However now we have a simpli�ed casebecausethe program is in
array static singleassignment form such that the analysisonly needsto considerone write
statement. When that is the case,the largest portion of the work can be skipped because
we do not have to combine the sourcefunctions for the di�eren t assignments [Kie02].
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for (i = 0; i < 9; i++)
if (cond(c[i]))

a[c[i]] = i * i;

(a) Data-dependent code

for (i = 0; i < 9; i++)
for (j = 0; j < 9; j++)

if (j == c[i] && cond(c[i]))
a[j] = i * i;

else
a[j] = a[j];

(b) Made manifest by adding copies

Figure 38: Handling data-dependent conditions and indexation by adding copy operations

4.5.3 Discussion

We presented a two-step method to do dynamic single assignment conversion. The �rst
step removesinterstatement overwriting, i.e., overwriting betweentwo di�eren t statements.
The resulting program is said to be in array static singleassignment form. The secondstep
transformsthis programto full dynamic singleassignment form by removing intra-statement
overwriting. The novel part lies in the �rst stepwhereweadd copy operationsto the program
to simplify the data 
o w and thus to simplify the transformation. By adding copy operations
to a statement to \overwrite" what a previous statement wrote, we eliminate the possibly
complexinteractions as far asdata 
o w is concernedbetweenthe statements. Sowe can do
a more e�cien t transformation at the cost of extra copy operations. This is not much of a
problem becausewe can afterwards remove those copy operations by doing advancedcopy
propagation which is described in Sec.5.2.

A secondadvantage of our approach of adding copy operations is that we can extend
this technique to handling data-dependent conditions or indexation. This is illustrated in
Fig. 38. The data-dependent condition as well as the data-dependent condition are both
transformed in a condition that decideswhat to assignto a[j] which is indexed with an
a�ne expressionof iterators only. Thesecan possibly be removed by an extensionof the
technique discussedin Sec.5.2.
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int c[19];
for (i = 0; i < 10; i++)

for (j = 0; j < 10; j++)
c[i + j] = c[i + j] + a[i] * b[j];

Figure 39: When transformed to DSA, Cwill be about 5 times as large

5 To DSA or not to DSA?

In the previoussectionswe have beendiscussinghow the transformation to dynamic single
assignment can be automated in the context of DTSE. Of coursewe do this becausewe
hope that the transformation will have a positive e�ect on the result of DTSE. The �rst
e�ect is alreadydiscussedin Sec.2.4. Putting a program in dynamic singleassignment form
increasesthe explicit freedomfor optimizations on the program and speedsup DTSE. These
two parts are essential for DTSE to work.

Another e�ect however is that memoryusageof a program in dynamic singleassignment
form is usually higher than the original programin multiple assignment form. This is because
in generala variableor an element of an array contains morethan onevalueduring execution
of the program, or in other words there is often more than one assignment to each array
element and since we cannot allow this in dynamic single assignment form, we have to
allocate an array element for every dynamically executedwrite statement. Let us look at
the example in Fig. 39 to make this clear: This program represents the multiplication of
two polynomials. The array c has 19 elements. However the assignment to c is executed
100 times, or in other words there are 100dynamic instancesof the assignment to c. Since
each instanceof the write statement should write to a di�eren t element, this meansthat c
should contain at least 100 elements which it doesnot. The solution to this is to increase
the sizeof the array. This is what is done in Sec. 4.5.2by adding dimensionsto the array.
Note that in theory 100 elements should su�ce in our example, in practice it will often
be more, e.g., becausearrays need to be rectangular and the neededspaceis triangular,
so we needto allocate a bounding box. For the exampleabove the new memory usageis
well within acceptablebounds,but for real applications, especially multimedia applications
where huge amounts of data are processedusing complex algorithms, this can becomea
problem becausememory usagealmost literally blows up. This would mean that although
we can do many optimizations, the eventual optimized program would be impossible to
executebecauseof memory limitations of computers. This is however not true sinceDTSE
contains an optimization that takescareof this excessive memory usage.In a senseit is the
inverseof the dynamic singleassignment transformation. How this is donewill be discussed
in Sec. 5.1. For now it is enoughto remember that a step is provided in DTSE to solve
the problem of increasedmemory requirements due to dynamic singleassignment. This step
is necessaryindependently of the way we transform to dynamic single assignment because
highly increasedmemory useis an inherent property of dynamic singleassignment form.

The problem of high memory requirements can be much more than the theoretical min-
imum becausethe method we described in Sec. 4.5 adds copy operations to the program
and sinceeach copy operation is a combination of a read and write operation, the number
of write operations will increasebecauseof this. This meansthat we needto allocate even
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more memory to accommodate this. However increasedmemory requirements are not the
only problem causedby thoseextra copy operations. For one thing there are more memory
accessesso both program execution and power consumption will increase. Also the extra
copy operations may hamper the optimizations DTSE tries to do, unlesswe would adapt
it to take the copy operations in account. For all thesereasonsthe extra copy operations
should be removed as much as possible.

A way to remove copy operations is to use data 
o w transformations. In essence,any
transformation that removesthe copy operationsis a data 
o w transformation sincethe data

o w is changed(for one thing the number of operations is changed,so it cannot be that all
operations are still there and the same). We will discussdata 
o w transformations in Sec.
5.2. Note that data 
o w transformations are not limited to removing copy operations, as
will be clear from the discussionin Sec. 5.2. Though this is present in the DTSE script for
other reasons,it is essential if we useour newtechnique to do the dynamic singleassignment
conversionby adding copy operations. In a sensewe usethesedata 
o w transformations to
transform the dynamic singleassignment form that is easierto construct to a dynamic single
assignment form that is preferable.

5.1 Inplace mapping

The DSA form of a program accommodates a memory element for each value produced in
the execution of that program. However not all of thesevaluesare live at the sametime,
and in principle we needto allocateat each time only the number of valuesthat are live. Or,
sincevaluesare stored in array elements, we only needto allocate as much memory as the
number of array elements that are live simultaneously. This can be accomplishedby storing
valueswhoselivenessdoesnot overlap in the samememory location. So we want to �nd a
function f (v) that mapsa value v to a memory location such that f (v1) 6= f (v2) whenever
the livenessof v1 and v2 overlaps.

Theoretically, the minimum overall storagesize is achieved by allocating new valuesto
memory elements containing dead valueswhenever possible. Memory sizewould then only
be increasedif we needto allocate another value and no memory element is free to store it
in. However this can lead to a very complex function f becausethe livenessof the values
can be quite complex. That is why we prefer a suboptimal solution, but one with a very
simple function f . Often this function is constrainedto only contain modulo functions, e.g.,
f (vi ) = i mod n as in [DGCDM96]. The number n then indicates the memory use. Note
that we also assumewe can order the values. In [DGCDM96] this is taken to be the order
of the array the valuesare stored in for somelinearization of the array.

We illustrate this on the simpleexamplein Fig. 40(a). This programcalculatesthe value
of an element of array a using the two previous array elements. After that, one of the two
previous array elements is no longer needed,namely a[i-2] and so its place can be taken
by the new value, i.e.,a[i] . This can be achieved by applying a modulo function to the
indexation of array a (so the indexation is taken as an ordering for the values), as in Fig.
40(b). The neededarray sizeis then only 2, which is the minimum achievable. For further
details we refer to [DGCDM96], or for a slightly di�eren t approach to [TBJC02].
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a[0] = 0;
a[1] = 1;
for (i = 2; i < 100; i++)

a[i] = a[i-1] + a[i-2];

(a) Beforearray compaction (DSA program)

a[0] = 0;
a[1] = 1;
for (i = 2; i < 100; i++)

a[i%2] = a[(i-1)%2] + a[(i-2)%2];

(b) After array compaction (multiple assignment
program)

Figure 40: Example program

5.2 Data 
o w transformations

The data 
o w transformations that we discusshere are the onesrelated to the removal of
copy operations from a C program. There are two possiblereasonswhy a copy operation is
not necessaryand can be removed. The �rst reasonis that when we read the copieddata,
we could aswell read the original data and save us the copies.The secondreasonis because
the copied data is never read so we can save us those copiestoo. As we will see,we can
sometimessolve both in oneshot.

The generalidea of removing copiesis to read the original data rather than the copy. If
we replaceevery read operation that reads the copy with a read operation that reads the
original, then the copy is no longer neededand we can remove it. The fact that we remove
the copy operations immediately takes care of the copiesthat were never usedbecauseall
copy operationsare removed in the end. However for this we needto be able to remove every
read operation that readsfrom the copy, and this is not always possible.

In the remainder of this section we explain the method of advancedcopy propagation
which removes the unnecessarycopy operations. We will do this by example. For a more
detailed exposition of the matter, we refer to [VJB+ 02, VJB+ 03].

The example we look at is shown in Fig. 41(a). This program runs over the array
swapping two subsequent elements, using a variable temp to do the swap. The dynamic
single assignment version of the program is shown in Fig. 41(b). We will work on that
versionbecauseit simpli�es the transformation a great deal, as we will seeas we go along.

The program contains a number of copy operations. Let us pick the S1-S2 combination
�rst. Both statements can be regardedasa singleassignment to tmp[i] sincethe condition
that selectsbetweeneither statement really just selectswhat is assigned,not what is assigned
to. Though it is perfectly valid to regard them as separate,it savesus somework if we do
not becausethen we can propagateboth in onebreath, so let us do so. The only statement
reading from array tmp is S4. Thus we can replaceits referencetmp[i] by the right hand
side of the assignments to tmp[i] , taking the condition of the if -statement into account.
The result is shown in Fig. 42(a) wherestatement S4 was split up in S7 and S8 to account
for the condition. In a sense,we can say that the condition moved from the write to to
read. Now every referenceto tmp hasdisappearedand thus it can be removed as it has just
becomedeadcode. This is shown in Fig. 42(b).

That was pretty easy. So let us pick another copy statement, say S3. S3 writes to a1
which is read by S5 only. But this time S3 writes a1[i] and S5 readsa1[k] , so we need
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for (i = 0; i < 99; i++) f
tmp = a[i];
a[i] = a[i + 1];
a[i + 1] = tmp;

g
for (k = 0; k < 100; k++)

output(a[k]);

(a) Example program

for (i = 0; i < 99; i++) f
if (i == 0)

tmp[i] = a[i]; // S1
else tmp[i] = a2[i]; // S2
a1[i] = a[i + 1]; // S3
a2[i + 1] = tmp[i]; // S4

g
for (k = 0; k < 100; k++)

if (k < 99)
output(a1[k]); // S5

else output(a2[k]); // S6

(b) DSA version

Figure 41: A program with copy operations

for (i = 0; i < 99; i++) f
if (i == 0)

tmp[i] = a[i]; // S1
else tmp[i] = a2[i]; // S2
a1[i] = a[i + 1]; // S3
if (i == 0)

a2[i + 1] = a[i] ; // S7
else a2[i + 1] = a2[i] ; // S8

g
for (k = 0; k < 100; k++)

if (k < 99)
output(a1[k]); // S5

else output(a2[k]); // S6

(a) Propagated S1 and S2 to S4

for (i = 0; i < 99; i++) f
a1[i] = a[i + 1]; // S3
if (i == 0)

a2[i + 1] = a[i] ; // S7
else a2[i + 1] = a2[i] ; // S8

g
for (k = 0; k < 100; k++)

if (k < 99)
output(a1[k]); // S5

else output(a2[k]); // S6

(b) Removed S1 and S2

Figure 42: Propagation of S1and S2

to match the indexation. Clearly, they refer to the samearray element when i = k. So we
substitute this for i in the right hand side of S3 to get a[k + 1] which is what would be
assignedto a1[k] and thus we replacethe referenceto a1[k] by a[k + 1] . This is shown in
�gure 43(a). As such all referencesto a1 have died and we canremove the uselessassignment
S3 to a1. The result of this is depicted in Fig. 43(b).

We are doing well. The next copy statement on the to-do list is the S7-S8combination.
These write to a2, which is referencedby both S8 and S6. Of these two, S8 looks a bit
threatening sinceit both readsand writes to the samearray, sowe �rst propagateto S6. S6
readsa2[k] , while S8writes a2[i + 1] , sowe needto match up the indexation again. It is
easyto check that a2[k] and a2[i + 1] referencethe samearray element when i = k - 1.
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for (i = 0; i < 99; i++) f
a1[i] = a[i + 1]; // S3
if (i == 0)

a2[i + 1] = a[i] ; // S7
else a2[i + 1] = a2[i] ; // S8

g
for (k = 0; k < 100; k++)

if (k < 99)
output( a[k + 1] ); // S5

else output(a2[k]); // S6

(a) Propagated S3 to S5

for (i = 0; i < 99; i++) f
if (i == 0)

a2[i + 1] = a[i] ; // S7
else a2[i + 1] = a2[i] ; // S8

g
for (k = 0; k < 100; k++)

if (k < 99)
output( a[k + 1] ); // S5

else output(a2[k]); // S6

(b) Removed S3

Figure 43: Propagation of S3

for (i = 0; i < 99; i++) f
if (i == 0)

a2[i + 1] = a[i] ; // S7
else a2[i + 1] = a2[i] ; // S8

g
for (k = 0; k < 100; k++)

if (k < 99)
output( a[k + 1] ); // S5

else output( a2[k - 1] ); // S6

(a) Propagated S8 to S6

for (i = 0; i < 99; i++) f
if (i == 0)

a2[i + 1] = a[i] ; // S7
else a2[i + 1] = a2[i] ; // S8

g
for (k = 0; k < 100; k++)

if (k < 99)
output( a[k + 1] ); // S5

else output( a2[k - 2] ); // S6

(b) Propagated S8 to S6 again

Figure 44: And trouble strikes...

Note that S6 is only executedwhen k is 995, and so we read a value written by S8 and not
S7. Filling i = k - 1 in in the right hand side of S8 and substituting the result for a2[k]
in S6give �gure 44(a).

Sowhat did we achieve by this? S6still readsan element of a2, and this element is still
written by S8. The di�erence is that S8 now no longer needsto write a[ 99] , so it is dead
code for oneiteration of the i -loop. Onedown, 98 to go. Just for fun, let us propagateS8to
S6againand seewhat happens. Turns out what happensis that a2[k - 1] is replacedwith
a2[k - 2] , as in �gure 44(b). It is not di�cult to seewhere this is going; the indexation
will be decremented by 1 until it becomes1 in which caseit is S7 that writes a2[1] such
that we can replacethe read from a2 with a read from a[0] . This is shown in Fig. 45(a).
At this point all of statements S7 and S8 have becomedead code and hencewe surgically
remove it resulting in Fig. 45(b).

5So we can replacek by 99, but that destroys the obvious correspondencebetweenthe left hand sidesof
S5 and S6
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for (i = 0; i < 99; i++) f
if (i == 98)

a2[i + 1] = a[0] ; // S7
else a2[i + 1] = a2[i] ; // S8

g
for (k = 0; k < 100; k++)

if (k < 99)
output( a[k + 1] ); // S5

else output( a[0] ); // S6

(a) Recursively propagated S8 to S5

for (k = 0; k < 100; k++)
if (k < 99)

output( a[k + 1] ); // S5
else output( a[0] ); // S6

(b) Removed S8

Figure 45: And now we can wrap it up...

All that is left now are the non-copy statements. This program still outputs the same
values,but saves many a memory access.Also the data 
o w has becomeclear. The �nal
program shows that the e�ect of the program is to shift the array element down a notch and
put the �rst element in the last place,and output the elements in this new order. This may
not have beenapparent from the original program.

More details about the general,automatedmethod to do copy propagationcan be found
in [VJB+ 02, VJB+ 03].

5.3 Discussion

This section discussedtwo important issuesconcerningdynamic single assignment conver-
sion. The �rst is intrinsic to dynamic singleassignment, namely the fact that array sizescan
grow considerably. The secondis a consequenceof our choiceof conversionto dynamic single
assignment by adding extra copy operations. We discussedthat this is not a problem be-
causethe DTSE script contains two stepsthat tackle theseissues.Firstly array compaction
succeedsin compressingarray to a smallersizethan the original arrays even whenthe initial
conversionto dynamic singleassignment form createsvery large arrays. Secondlyadvanced
copy propagation removesextraneouscopy operations, but can also remove the copy oper-
ations we added in our dynamic single assignment conversion, additionally allowing us to
keepsomecopy operations in favor of program simplicity. Thus we can turn theseapparent
disadvantagesin our advantage.
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6 Conclusion

This report presents our work on conversionof a programto dynamicsingleassignment form.
We argumented that this conversionis an essential preparatory step for a methodology that
globally optimizes memory use becauseit makes transformations both simpler and more
powerfull though remaining simple.

Wedescribedthe existing work on dynamicsingleassignment conversionand how it is not
satisfactory for our purposessincethey are not generallyapplicable and not very scalable.
The major contribution of our work is the development of a method that overcomesthesetwo
shortcomings.This is achievedby addingcopy operationsto the programwhich simpli�es the
data 
o w considerablyif donewell. This allowsus to do a simpler dynamic singleassignment
conversionthat hasthe potential of being faster, beingmoregeneraland allowing a trade-o�
of complexity of transformation andcomplexity of the resulting programagainstthe overhead
of addition of somecopy operations. We have described two such methods in this document,
where the one starting from static single assignment is expected to be more generalbut it
is more brute-force in its addition of copy operations. In our future work we will implement
the brute-force approach and we will investigatehow we can integrate the other method in
it to prevent us from adding easily avoidable copy operations.

The methods in this report still focus on the type of programs that existing dynamic
singleassignment conversionmethods can handle already. Future work will also investigate
deeper how we can adapt our method to a more generaltype of programs.
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struct vector10
int length;
int elements[10];

myVector;

myVector.length = 5;
for (i = 0; i < 5; i++)

myVector.elements[i] =
0;

Figure 46: A struct representing a vector of length 10

A Overview of unhandled constructs

In Sec.4 we discussedscalars,arrays, for -loops,a�ne indexation and a�ne condition n the
context of dynamic singleassignment. Herewe describe someother programmingconstructs
and how they can be handled in a dynamic singleassignment conversion.

struct s Structured typesin C exist of multiple variablesof possibledi�eren t typesgrouped
together. Sincein the absenceof pointers, any programusingstruct s canbe rewritten
to a program without struct s by splitting the struct into its members and since
mostly the variablesin the struct s are assignedseparately, we considereach variable
in the struct as a separatememory element. Of course if the struct 's members
are composeddata structures like arrays or struct s, then we alsohave to recursively
considerthe di�eren t parts of thoseas separatememory elements. This consideration
is what determinesthe pieceof code in Fig. 46 to be in dynamic single assignment
form: However sinceit is possibleto rewrite the code without struct s, and because
this possibly even allows better optimization becausethe grouping of the data is no
longer required, we can assumethat the code we look at for conversion to dynamic
singleassignment form doesnot contain any struct s.

unions unions are very much like struct s, except that the members of a union sharethe
samememory space.This meansthat we can no longersplit the union up in di�eren t
memory elements. However mostly we can replacethe union with a struct so that
the functionality of a program does not change although memory use will increase.
Oncewe have only struct s, we can split them up as beforeand then we can rewrite
the program without struct s or unions. This meansthat we can again assumethat
in the input program to our conversionto dynamic singleassignment form, no unions
are present.

There are however caseswherewe cannot simply replacea union with a struct , but
thesedepend on how the compiler arrangesthe �elds within memoryand on platform-
dependent representations like little-endian and big-endianbyte orderingand hencewe
assumethe programmerdid not usethis kind of code or at least rewrote it in another
way.
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int b[10];
for (i=0; i<10; i++) f

int a = f(i);
b[i] = g(a);

g

(a) With a loop-local variable

int a[10], b[10];
for (i=0; i<10; i++) f

a[i] = f(i);
b[i] = g(a[i]);

g

(b) Changing it to an array

int a[10], b[10];
for (i=0; i<10; i++)

a[i] = f(i);
for (i=0; i<10; i++)

b[i] = g(a[i]);

(c) Now we can split the
loop

Figure 47: Loop-local variablesprevent loop splitting

while -lo ops while loopsare very di�eren t from for -loopsbecausethey often do not have
an (explicit) iterator, and the condition is often data-dependent such that the number
of iterations is not known in advance. For the exact analysesDTSE wants to do, this
is a full-size problem. However often it is possibleto introduce an explicit iterator,
and �nd someupper bound on the number of iterations. This upper bound usually
dependson the structure of the data that is being processed,e.g., the length of the
array being processed.In any casewe are often forced to approximate in someway
when it comesto while -loops.

Other approachestowards while -loops add a dynamic mechanism to the program to
account for the di�erence of the actual number of iterations of the while -loops, e.g.,
see[LG95, GC95, RP95]. However thesedynamic mechanism do not lend themselves
to static analysis,and are hencenot very useful in the context of DTSE. So handling
while -loops remainsa sizeableproblem in the context of DTSE.

Lo cal variables Variables can be local to a function or in general to any block of code.
Every time the function or the block of code is executed,a newinstanceof the variable
is made. Is the code in dynamic singleassignment form when within such a function
or block, only a single assignment happensto the local variable? The answer to this
question is not as simple as yes or no. That is why we will rephrasethe question:
are such local variables wanted in the pruned program or not. The answer to this
is that they are not. Take for example the code in Fig. 47(a). Although this form
could be regardedas dynamic single assignment, it does not give us the freedomfor
transformationswemight want. It is for examplenot possibleto split the loop above in
two loopseach containing onestatement from the previousprogram. Supposehowever
that we transform the variable a to a global variable and then expanda to an array so
that we get a dynamic singleassignment form. The result is shown in Fig. 47(b). Now
we can split the loop as in Fig. 47(c). Note that we introducean array this way that
cannot be removed unlessthe loops are mergedagain. However if the splitting allows
us to collapseother, larger arrays into a single scalar variable (e.g., by the inverseof
the program above) then this may be well worth the extra array.

Solocal variablesshouldbe transformedto global variablesto give full transformation
freedom.This is true for both local variablesin blocks and in functions. However when
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only freedomis desiredfor interprocedural code transformations, it is su�cien t that
all variableslocal to a block are at least moved to the scope of the function it is in.

Global variables Global variables,asdiscussedin the previouspoint, are exactly what we
want, though sometimesthe complexity of putting global variables in dynamic single
assignment form can be tricky since method calls tend to be more chaotic than the
body of thosemethodsthemselves. E.g., recursivefunctionsaremuch harder to analyze
than e.g.,for -loops. If we only needdynamic singleassignment within a function, it's
su�cien t to copy the state of the global variable to a local variable in the function,
and back in then end, and make the local variable dynamic singleassignment.

Library functions For library functions, the sourcecode is often not available. However
since we do transformations at the sourcelevel, this posesa problem. That is why
often library functions are not considered,which meansin our casethey belong in
layer 3. So it does not matter whether the library function internally is in dynamic
singleassignment form, but we do needto know what is read and what is written by
the function asa whole, or at least a safeapproximation of that. In the worst casewe
must assumeeverything might be written and read, or might be not.

Poin ters Pointers are usedto accessmemory locationsin di�eren t ways than simply by the
namesof variables. This on onehand makesit a powerful programmingconstruct but
it is alsodi�cult to analyzein an exact way sincea pointer can point to anything. It
is possiblehowever through transformation to remove the largest part of the pointers
in the programswe consider.As far asthis report is concerned,we assumeall pointers
have beenremoved from the programour transformation to dynamic singleassignment
form getsas input.
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