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Abstract

Photo-realisticrenderingalgorithmssuchasMonteCarloray tracingsampleindividual paths
to computeimages.Noiseandaliasingartefactsareusuallyreducedby supersampling.Knowl-
edgeaboutthe neighborhoodof the path,suchasan estimatedfootprint, canbeusedto reduce
theseartefactswithout having to traceadditionalpaths.Therecentlyintroducedray differentials
estimatesucha footprint for classicalray tracing,by computingray derivativeswith respectto
the imageplane. The footprint provesto be useful for filtering textureslocally on surfaces. In
this paper, we generalizethe useof thesederivativesto arbitrarypathsampling,including gen-
eral reflectionand refractionfunctions. Samplingnew directionsintroducesadditionalpartial
derivatives,which areall combinedinto a footprint estimate.Additionally the pathgradientis
introduced;it gives the rateof changeof the pathcontribution. Whenthis changeis too steep
thesizeof thefootprint is reduced.Theresultingfootprint canbeusedin any globalillumination
algorithmthatis basedon pathsampling.Two applicationsshow its potential:texturefiltering in
distributedray tracinganda novel hierarchicalapproachto particletracingradiosity.

Thisisacompaniontechnicalreportto thepaperpublishedin RenderingTechniques2000[15].
It containssomemoretechnicaldetails,mostlyin theform of appendices.

1 Intr oduction

Thetraditionalimagepipelineprocessesthesceneprimitivesoneby oneandrendersthemonscreen.
Raytracingon theotherhandtakespoint sampleson theimageplane,andtracesinfinitely thin rays
throughthe scene.This allows an easysimulationof reflectionandrefractioneffects. Extensions
suchasMonteCarloraytracinghandlearbitrarybidirectionalreflectionfunctions(BRDF’s)for even
morephoto-realisticimages.

Thesemethodsstill useray tracingastheengineto computelight transport.Becausea ray (and
a path)is a point sample,with no informationaboutits neighborhood,thesealgorithmsareproneto
aliasingor noise.Thecommonsolutionis supersampling,averagingtheevaluationof many paths.
This is expensive,andresearchershave tried to exploit coherencein theneighborhoodof theraysto
reducealiasingor noise.

Oneparticularlyinterestingapproachpresentedby Igehy[8] computesray differentials,partial
derivativesof a ray with respectto the positionon the imageplane. The footprint of a ray is ap-
proximatedby thedifferentialvectors:thepartialderivativesmultiplied by a finite distanceon the
imageplane.Thedifferentialsgiveanideaaboutthedistanceto neighboringrays.Thisprovesto be
veryeffectivefor filtering textureslocally over thefootprint. Only perfectlyspecularreflectionsand
refractionsaresupported,limiting thetechniqueto classicalray tracing.

In this paperwe extend the conceptof ray differentialsto arbitrarysampledpaths,including
arbitraryreflectionandrefractionfunctionsandarealight sourcesampling. A key observation is
thatthesamplingof BRDF’sor light sourcesintroducesnew degreesof freedomin thegenerationof
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thepath.Thisgivesriseto extrapartialderivativesanddifferentialvectorsthatmustall becombined
into ausefulestimateof thepathsfootprint. Wewill show how to computethenew partialderivatives
andpresenta simpleheuristicto derivea usefulfootprint from thesederivatives.

However the (image)contribution of the pathdoesnot needto be constantover the estimated
footprint. For examplerealBRDF’s canbehighly nonlinearandfirst orderdifferentialapproxima-
tionsmaynot beaccurateenough.We alsoproposeto trackpath evaluation derivatives,thattell us
how fastthe(image)contributionchangesover thedifferentialvectors.Thispath gradient is usedto
refinethefootprint estimate;a smallerfootprint is usedfor largegradients.

Thecombinedresultformsa convenientfootprint estimatefor arbitrarysampledeye-pathsand
light-paths. Thereforeour techniquescanbe appliedto any global illumination algorithmthat is
basedon pathsampling.

Two applicationsdemonstratethepotentialof themethod:< Texture Filtering: A classicalray traceris extendedwith glossyreflectionsandrefractions.
Texturesarefilteredlocally over theestimatedfootprint to reducenoise.< Particle Tracing: A hierarchicalrefinementcriterion for particle tracing radiosity is pre-
sented.Theestimatedfootprint of singlepathsis sufficient to determineanappropriatelevel
of subdivision.

Many otherapplicationsarepossible.Somepossibilitiesarediscussedin theconclusions(Section6).
Section3 explainstheframework for computingpartialderivativesanddifferentialsfor arbitrary

sampledpaths. Section4 shows how to computethe path gradientand Section5 demonstrates
applications.

2 Relatedwork

Severalresearchershave tried to exploit coherencein theneighborhoodof a pathby trackingsome
kind of footprint.

In beamtracing[7] arayis extendedto abeamwith apolygonalfootprint. Intersectionswith and
reflectionfrom objects(polygonalonly) fragmentthebeamin smallerpieces.Lighting calculations
canbedonecoherentlyover thebeam.

Conetracing [1] usesa conical approximationof the footprint. Both approachesallow anti-
aliasedtexturesby filtering over thefootprint. Conetracingallows adhocdull or glossyreflections
by explicitly increasingtheconeangle.

Anotherapproach,pencil tracing[13] propagatesa bundleof paraxialraysthroughthe scene.
Interactionsof therayswith thesceneareapproximatedby a linearsystemmatrix.

All theseapproachesextenda ray to finite width, which makesintersection,reflectionandre-
fractioncalculationsmuchmoredifficult. Thecombinationof physicallybasedBRDF’s with these
methodsis a difficult problem.

Collins [5] usesstandardray tracingbut the connectivity betweenneighboringstartingraysis
explicitly maintainedwhenpropagatingthemthroughthescene.Thedistanceto neighboringrays
was usedto determinea filter kernel size for depositionin a causticlightmap. Connectivity is
lost, though,whenneighboringrayshit differentobjectsresultingin differentray trees.Stochastic
samplingis possiblebut maydivergetheray treesevenmore.

As mentionedan interestingalternative areray differentialsasproposedby Igehy [8]. Partial
derivativeswith respectto thepositionon the imageplanearecomputedalongwith the tracingof
the rays. Sincederivativesareused,a ray staysinfinitesimally thin, but thesensitivity of the ray’s
directionandorigin isgivenby thesepartialderivatives.Thefootprintof arayis approximatedby the
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Figure1: Tracinganeye ray anda scatteredray introducesnew variablesx j in thepath,for which
partialderivativesneedto becomputed.

differentialvectors:thepartialderivativesmultiplied by a finite distanceon theimageplane.When
a ray is propagated,reflectedor refracted,thepartialderivativesof thenew ray is easilycomputed
usingdifferentialcalculus.

The useof derivativesalleviatesmany of the problemsthat previously mentionedtechniques
have,becausedifferentialcalculusis usedaray or pathstaysinfinitely thin. Our techniquesarealso
basedon differentialcalculus,preservingtheseadvantageswhile it is not limited to classicalray
tracing.

Anotherinterestinguseof derivativesof pathswaspresentedby ChenandArvo [4]. They com-
putefirst andsecondorderderivativesof specularreflectionpaths. Using thesederivatives,small
perturbationsof thepathscanbecomputedveryefficiently. Theperturbationsallow anaccurateap-
proximationof neighboringpaths.An applicationwaspresentedthatperturbsasparsesetof known
pathsto efficiently computereflectionson implicit surfaces.

3 Path differ entials

3.1 Path samplingand path footprint

Stochasticray tracingconstructspathsby sampling.Newly sampleddirections(or vertices)depend
on the previous directionsand verticesand possiblyon somenew variables. Figure 1 shows a
short eye pathwhereD1 andV1 dependon variablesx1 A x2, a position on the imageplane. The
reflecteddirectionD2 dependson x1 A x2 aswell, but alsoon new variablesx3 A x4 determinedby the
BRDF sampling.In stochasticray tracingrandomnumbersareusedto instantiatethevariablesand
correspondingpaths.

For acertainvertex V (or adirection)in thepathonecansaythat:

V B g C x1 A x2 AEDFDEDFA xk G B g C Xk G
with g thepath generation function, andk thenumberof variablesthatV dependson.

A smallperturbationε j appliedto a variablex j slightly movesvertex V:

V H δV j B g C x1 AEDFDEDIA x j H ε j AEDFDEDIA xk G
This changecanbeapproximatedby afirst orderTaylor expansion:

δV j J ∂g C x1 AEDFDEDIA x j AEDFDEDFA xk G
∂x j

ε j

Themagnitudeof thepartialderivativedeterminesthesensitivity of V in termsof x j. Simultaneous
perturbationof severalvariablescorrespondsto a δV B ∑ j δV j.
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If weconsiderall perturbationsε j KMLON ∆x j P 2 A ∆x j P 2Q thenthesetof perturbedverticesδV j forms
a line segmentdefinedby a vectorcenteredaroundV:

∆V j B ∂g C x1 AEDFDEDIA xk G
∂x j

∆x j

We will call thesethedifferential vectors.
Given a perturbationinterval ∆x j for eachvariableandallowing simultaneousperturbationof

thevariables,thesetof all possibleperturbedverticesV H δV formsanarea1. We call this areathe
footprint of thepathfor vertex V.

Theshapeof thefootprint is apolygonwith thedifferentialvectorsasedges(see3.5). In Igehy’s
approachonly two variablesexist, the imageplanecoordinates.The footprint is a parallelogram
formedby thetwo differentialvectors.

Giventheperturbationintervals∆x j, thefootprint estimatestheregion of influenceor thesensi-
tivity of thepathin avertex V. A suitablechoicefor ∆x j shouldensurecoherenceover thefootprint
while beinglargeenoughto reducenoiseandaliasing(see3.4 and4). Thecomputationthepartial
derivativesthemselvesis detailedin 3.3.

Otherdefinitionsof apathfootprintarealsopossible.For instanceafilter kernelcouldbedefined
for eachdifferentialvector. The resulting’footprint’ filter would be the convolution of thesefilter
kernels.UsingGaussiankernelsturnsout to be interestingastheconvolution of elliptic Gaussians
is againanelliptic Gaussian[3].

3.2 SamplingDomain

Thesetof variablesx j determinesthedomainof all possiblepaths.We choosea unit interval L 0 A 1Q
asthedomainof eachx j, correspondingto therandomnumbersthatareusedin stochasticsampling.
Importancesamplingcanbeusedto transformvariableswith a different,desireddistribution.

Thedomainof all possiblepathswith M degreesof freedom(g C XM G )is theM-dimensionalunit
hypercube.A pointin thedomaindeterminesapath.Suchauniformdomainwill simplify thechoice
of ∆x j ’swhenconstructingdifferentialsfrom thepartialderivatives(see3.4).

3.3 Partial derivatives

Tracingpathsinvolvessamplingof new directionsandvertices.For stochasticsamplinga certain
probability densityfunction (pdf) determinesthe distribution of the new directionor vertex. Im-
portancesampling[10] is a well known procedureto sampleaccordingto a given pdf. In general
samplinga new direction(or vertex) with animportancesamplingprocedureh derivedfrom thepdf
gives:

D R�B h C D A V A x A y G
whereD R is anew directiondependenton thepreviousdirectionandvertex (if theseexist) andsome
new randomvariablesx A y (a 2D samplingin mostcases).Partial derivativesof D R canbecomputed
by simply deriving h for all randomvariablesx j A x A y. NotethatD andV dependon previousx j. We
will briefly describeall relevantsamplingevents.Moredetailson thederivativecomputationcanbe
foundin AppendixA.

1Partial derivatives of a vertex do lie in a planeperpendicularto the surfacenormal due to ray transfercomputation
(see3.3)
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Figure 2: Partial derivatives for phonglobe sampling. D R hasderivatives for previous sampling
variablesx j but alsofor new variablesx A y from BRDF sampling

Pixel sampling Theinitial vertex V0 of apathis theeye. (Thiscouldalreadybeasamplingevent,
but is notconsideredassuchhere.)Pixel samplinggeneratesaraydirectionD1 basedonarandomly
chosenpoint in a certainpixel. Computationof thetwo derivativesof D1 is givenin A.1.

Transfer Transfercomputesa new point in the pathby tracinga ray: V R B V H tD, with t the
traveleddistance.No new samplingoccurs,soexistingderivativesof V andD areusedto computed
∂V T
∂x j

. All partialderivativesof V R lie in theplaneperpendicularto thegeometricnormal.SeeA.2 for

moredetails.

Scattering Scatteringin a vertex V givenanincomingdirectionD determinesa new directionD R .
The pdf for directionsamplingis usuallychosenproportionalto the BRDF or ’BRDF V cosine’.
Partial derivativesof theresultingsamplingproceduremustbecomputed.

An examplefor a glossyphongBRDF is shown in figure2. Thenew directionD R is distributed
accordingto cosSα aroundtheperfectlyreflecteddirectionR. SinceD R dependson R andR on D,
∂D T
∂x j

canbedifferentfrom zero.

Thenew derivatives ∂D T
∂x U y dependon the specificsamplingprocedure.For examplefor uniform

samplingof a hemisphere:

φ B 2πx A cos C θ G B 1 N y
D R B h C x A y G BWC cos C φ G sin C θ G A sin C φ G sin C θ G A cos C θ GEG

Partial derivativesof h C x A y G areeasilycomputed.
A moredetailedexampleusinga phongBRDF anda coordinatetransformis givenin A.3. For

perfectlyspecularreflectionor refraction(deterministic!)no new randomvariablesareintroduced.
This casewashandledin [8].

Light sampling Whenlight pathsareconstructed,a startingpoint mustbechosenon a light and
a light directionmustbesampled.Again partialderivativesof thespecificsamplingprocedureare
easilycomputed(seeA.4).

Any other samplingevent not coveredhere,canusuallybe easilyderived from the sampling
procedure.

3.4 Choiceof ∆x j

Given a vertex V we have computeda numberof partial derivatives ∂V
∂x j

. In this sectionwe will

deriveaheuristicfor choosingintervals∆x j thatcorrespondto theexpecteddistanceto aneighboring
sample(theclosestsampleC x1 DEDED xk G differingonly in x j).
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Multiplying the deltaswith the correspondingderivative resultsin differentialvectorsthat ap-
proximatethe expecteddistanceto a neighboringsimilar path. For exampledifferential vectors
from samplingaLambertianreflectionwill usuallybelargercomparedto aglossyPhongreflection,
becausethe partial derivativesare larger while the deltasarethe same. The raysget ’spreadout’
more.

Thefootprint is inverselyproportionalto theexpecteddensityof similar pathsarounda vertex.
For classicalray tracing [8] only two differential vectorshave to be considered:thosewith

respectto the position on the imageplane. The deltasare chosento be the size of a pixel, the
distanceto thenext sampleon theimageplane.

In our casewe have to make a choicefor eachx j possiblycomingfrom very differentsampling
events.As said,eachvariablehasa unit interval domain.We considertwo approachesfor choosing
deltas.

Local deltas Each∆x j dependsonthenumberof samplesthatwasusedin thesamplingeventthat
introducedx j. For exampleif N samplesperpixel aretraced,thesesamplesaredistributedover the
unit square.∆x0 shouldbechosenasanapproximatedistanceto a neighboringsample.For regular
samplingthis distanceis 1P�X N for both∆x0 and∆x1 andwe have foundthis distanceto beuseful
for stochasticsamplingalso.

If extra informationaboutthesamplingprocessis known (e.g.nonuniformstratification),differ-
entvaluesfor ∆x0 and∆x1 maybebetter.

For scattering,a2D samplingevent,asplittingfactorN R determineshow many scatteredsamples
arespawn. Again we choosedeltasto be 1 P X N R . If many samplesarespawn, the corresponding
differentialswill besmaller.

Global deltas Thepreviousapproachdoesnot work well with pathtracing,wherea largenumber
of samplesperpixel is used,but thesplitting factoris 1.

In thiscasewe considerthecompleteM-dimensionaldomainof a path,andconsidererthesam-
plesevenlydistributedover thedomain.An estimateof thedistanceto a neighboringsamplein one
dimensionis now givenby 1 P MX N. All ∆x j arechosenequallylarge.

Longerpathswill have a largerdelta,asN sampleshave to bedistributedover a higherdimen-
sionaldomain.

Russian roulette, an unbiasedway to limit the lengthof paths,canbe incorporatedin this ap-
proach. AbsorptionprobabilitiesPrr areaccumulatedalongthe path,anddeltasarecomputedas
1 D 0 P MY N V ∏i Prr C Vi G . Thusthenumberof samplesfor ’ this kind of path’ is decreasedby theab-
sorptionprobabilities,anddeltasgrow larger.

Thisapproachworkswell for pathtracingandalsoparticletracingasdemonstratedin thesecond
application.

3.5 Differ ential vectorsto footprint

Considera vertex V andits (planar)differentialvectors∆V j (Fig. 3). As saidthe footprint of the
pathin V is theareareachableby perturbationof thepathwithin thechosen∆x j’s.

This areacanbe constructedfrom the line segmentsdefinedby the differentialvectors. Any
perturbedvertex V R is acombinationof pointsontheline segments.Theareadefinedby asetof line
segmentsis theMinkowski sum( Z ) of thesesegments(centeredaroundV):[

j

∆V j B]\ V R B ∑
j

γ j∆V j ^_N 0 D 5 ` γi ` 0 D 5 a
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Figure3: Eachpathvertex hasseveraldifferentialvectorslying in thesameplane C a G . Thesevectors
describethefootprint of thepath. By transformingto theX N Y plane C b G , this polygonalfootprint
canbeconstructedby combiningthevectorsin aparticularorder C c G . A goodapproximationis given
by vectors∆A and∆B.

For two differentialsthissumis aparallelogramformedby thetwovectors.In generaltheMinkowski
sumformsa polygonwhereeachvectorappearstwice asanedge.This polygoncanbeconstructed
asfollows(seefig. 3):< Transformthedifferentialvectorsto the2D X N Y plane.(a to b)< Sortthesegmentsaccordingto theanglemadewith X (b)< Add thesortedvectorsoneby oneasedgesof thepolygon(reachingthetop of thepolygon)

(c solid)< Add edgesby subtractingthevectorsin thesameorder, startingat the top of thepolygon(c
dashed)

To perform operationssuchas texture filtering over the footprint, a convenientrepresentationis
needed.For morethantwo differentialvectorstheareaexpressionbecomesimpractical.Therefore
we computetwo representative vectors∆A and∆B that give a goodapproximationof the covered
area(see3 C c G ):< T B thesumof all differentialvectors< PT B a vectorperpendicularto T< ∆A B sumof all vectors∆V j thathave∆V j b PT c 0< ∆B B T N ∆A

Constructingthe representative vectorsprocessesall differentialvectorstwice (For T and∆A; no
sort is needed).This is a linearoperationin termsof thenumberof differentials.

∆A and∆B now provideaconvenientestimateof thefootprint of thepathin V.

4 Path gradient

In theprevioussection,∆x j werechosento approximatethedistanceto neighboringsamples.In this
sectionweproposeanalternativechoicefor ∆x j basedon therateof changeof thepathcontribution
whenperturbationsareapplied.
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Any functiondefinedon a pathis a function of the generatingvariablesx j. In this sectionwe
computepartial derivativesof the pathevaluation,the function that determinesthe contribution to
thequantity(e.g.pixel flux) wewantto compute.

We presentthetechniquefor eyepaths,but it is equallyapplicableto light paths.

4.1 Rendering equation

Thelight flux reachingtheeyeV0 throughacertainpixel is givenasanintegralof apixel weighting
functionWe andtheincomingradiance(seefig. 1 for notations):

Φpix Bed
Apix

dApixWe C V0 f D1 G L C V0 g D1 G
L is unknown andcanbeexpandedusingtherenderingequation:

Φpix B d
Apix

dApix d
Ω

dω We C V0 f D1 G fr C D1 A V1 A D2 G cos C θ1 G L C V1 g D2 G
with fr theBRDFandcos C θ1 G B N1 b D2.

Eachnew reflectionor refractionintroducesan fr andcosinefactor. To simplify notationwe
definethepotentialfunctionWi of a pathof lengthi astheproductof We andall subsequentfr and
cosinefactors.Now thepath evaluation F (theintegrand)of a pathis simply:

F B Wi C Vi f Di h 1 G8b L C Vi g Di h 1 G
And Wi h 1 is:

Wi h 1 B Wi C Vi f Di h 1 G fr C Di h 1 A Vi h 1 A Di h 2 G cos C θi h 1 G
Actual contributionsto the imagearemadewhena light sourceis hit or by direct samplingof the
light sources.

4.2 Relativepartial derivatives

Thepartialderivativesof a pathevaluationare:

∂F
∂x j
B ∂Wi

∂x j
L H Wi

∂L
∂x j

We computerelative partial derivatives by dividing thisexpressionby F:

∂F
∂x j
P F B ∂Wi

∂x j
P Wi H ∂L

∂x j
P L

This expressiongivestherelativerateof changeof F in termsof x j.
Becausecommonfactorscancelout it alsoprovidesaconvenientwayfor trackingpartialderiva-

tivesof Wi whenextendingapath:

∂Wi h 1

∂x j
P Wi h 1 B ∂Wi

∂x j
P Wi H ∂ fr

∂x j
P fr H ∂cos C θ G

∂x j
P cos C θ G

Justtherelative partialderivativesof theindividual factorsmustbeaddedto theknown ∂Wi
∂x j
P Wi. To

starta path ∂We
∂x j

mustbecomputed,which is 0 for constantWe.
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Thecomputationof thesederivativesis straightforward,astheBRDF evaluationandthecosine
factorcanbeexpressedin termsof Vi, Di andNi for which derivativeshavealreadybeencomputed
for thedifferentialvectors.Considerfor examplethecosinefactor:

∂cosθi

∂x j
B ∂ C NiDi h 1 G

∂x j
B ∂Ni

∂x j
Di h 1 H Ni

∂Di h 1

∂x j

Bothderivativesof Ni andDi h 1 werecomputedbefore.
Whenanactualradiancecontribution from a light sourceis computed,∂L

∂x j
P L mustbeaddedto

∂Wi
∂x j
P Wi to get ∂F

∂x j
/F. Computationdependson thelight sourcesampling.Currentlywe considerthe

changeof thelight sourcecontribution to beconstant,sothat its derivative is zero. For moderately
distantlight sources,this approximationis well acceptable.

4.3 Choosing∆x j

Whena perturbation∆x j is appliedto a pathX , therelative changeof thecontribution F C X G canbe
approximatedas:

∆FR j JWL ∂F
∂x j
C X G P F C X G Q b ∆x j (1)

For exampleagradient∆FR j of 300%meansthecontributionof theperturbedpathis approximately
threetimeshigher(or lower) thanF C X G .

Now considera vertex V in a path. The differential vectors∆V j B ∂V
∂x j

∆x j definea maximal

allowed perturbationof V when changingx j. Sincethe same∆x j is usedas in equation1, this
maximalperturbationcorrespondsto therelativechange∆FR j of thepathcontribution.

In our applicationswe considerthe contribution F to be constantover the differentialvectors.
Of courseF doeschangeand∆FR j indicateshow much.By constrainingtherelativechange∆FR j

to besmallerthanamaximumthreshold∆FRmax, deltascanbecomputedfrom equation1:

∆x j B ∆FRmax
∂F
∂x j
P F

Using thesedeltasfor the vertex differentialvectorsresultsin smallervectors(andresultingfoot-
print) whenthegradientis large.Thethresholdcontrolstheallowableerror.

A verysmallgradient,however, canleadto arbitrarylargefootprints.We usethelocalor global
deltaheuristic(Section3.4)asanupperlimit for thedeltascomputedusingthegradient.Thisgives
goodresults,but thechoiceof ∆FRmax (thatcontrolsover theerror)is not obvious.

4.4 Discussion

Otherfunctionsof a pathcanalsobecandidatesfor derivativecomputation.Thescore function of a
path i in MonteCarlointegrationis F Cji G P p Cji G , wherep is thepdf usedfor generatingthepath.It
is in factthescorefunctionthatis evaluatedandaveragedwhencomputingpixel fluxeswith Monte
Carloray tracing.This couldbeaninterestingchoicefor trackingderivatives.

Usuallypdf’sfor directionsamplingarechosenproportionallyto theBRDFor thecosine.These
factorscancelout andthescorefunctiononly containsfactorsnotusedin pathsampling.

Wehavechosento computederivativesof F itself sothatthesepathsamplingfactorsareexplic-
itly included.It canbeshown that(for separablepdf’s)derivativesof thesefactorsarerelatedto the
secondorderderivativeof footprint. However, a full analysisis beyondthescopeof thispaper.
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Both choicesdo includefactorsnot presentin the pathsampling,so thatbadpathsamplingis
counteredwith large∆Fj.

For classicalray tracingWi h 1 B Wi b fs with fs the constant specularreflectionor refraction
coefficient. Derivativesof fs arezeroso thepathgradientdoesnot yield any extra informationfor
themethodpresentedby Igehy.

5 Applications

Thedifferentials,gradientsandfootprint estimationwereimplementedin RenderPark. Derivatives
are supportedfor diffuse reflection,phongreflectionand refraction,arealight sourcesand pixel
sampling.

5.1 Texture Filtering

In a first applicationwe extenda ray tracerwith glossyreflectionsandrefractions.The computed
footprint is usedfor filtering textureslocally on surfacesto reducenoise.

Igehypresentedthe sameapplicationfor classicalray tracing. Comparisonwith otherfiltering
approachescanbe found in [8]. We usetrilinear interpolatedmipmappedtexturesandanisotropic
filtering. Thesmallestrepresentativevectorin thefootprintdeterminesthemipmaplevel,andseveral
samplesareaveragedalongthe largeraxis. We useda box filter, but weightedfiltering might give
evenbetterresults.

The scenecontainsseveral textured surfaces;the two ’playing pieces’consistof a squashed
sphereon a diffusebase.Oneis reflective, the otherrefractive. Both usea glossyphonglobe for
scattering.For all but thereferenceimageweusedonesampleperpixel and4 stratifiedsamplesfor
eachscattering.

Figure 5 shows standarddistributedray tracing. The reflectionsandrefractionsshow a lot of
noise,as4 is a low samplingrate.

Figure6 showsfiltering with thelocal delta heuristic(3.4).Usingonly 4 scatteringsamples,the
estimateddistanceto a neighboringray is quite large The filtering reducesthe noiseof the glossy
scatterings,but it sometimesover-blurs,especiallyfor themultiple refractionsin theglassobject.

For figure 7 thepathgradientwasusedfor estimatingdeltas.Over-blurring is reducedbecause
theglossyphonglobesgive riseto high gradients.Thenoisestill remainsa lot lowerasin image5.
The thresholdvalueFRmax, that restrictsrelative changesover thedifferentialvectors,waschosen
to be70%.This choicewasnot verycritical, anything from 50%to 100%workedwell.

A referenceimageusing81 samplesperpixel is givenin figure8.
Notethatonly texturesarefiltered; ’edge’ noisedueto scatteredrayshitting differentobjectsis

not reduced(e.g.thetableedgeseenin themetalpiece).An adaptivesamplingschemecoulddirect
moresamplestowardsedges,but not towardsvaryingtextures.

The overheadintroducedby differentialcomputationwasrelatively small ( ` 10% for this ex-
ample).ComputingBRDF differentialsis aboutasexpensiveassamplingandevaluatingtheBRDF
itself. As apathgrowslonger, however, moredifferentialshaveto becomputed,andtheoverheadis
notnegligible. Reducingthedifferentialvectorsto a few representativesbeforeprolongingthepath,
keepingtheamountof trackeddifferentialsconstant,couldbeaninterestingline of research.

5.2 Particle tracing

Particle tracing constructspathsstartingfrom the light sources.This Monte Carlo simulationof
light transportis usedin many globalillumination algorithms,e.g.radiosity[6, 12], densityestima-
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Figure 4: Hierarchicalparticle tracing radiosity (400k paths)using the areadefinedby the path
differentialsasa refinementoracle.

tion [14] andphotonmapconstruction[9].
Wepresentahierarchicalradiosityapplicationto demonstratetheusefulnessof pathdifferentials

for particletracing,but it canbeusedaswell for theotheralgorithms.
A hierarchicalversionof particleradiositywaspresentedin [6] and[16]. Bothmethodsaccumu-

late thehits (the radiance)on elementsandsubdivide if thevariationover theelementis too large.
In [16] hits arestoredsimultaneouslyon the two lower levelsof thehierarchy. Someremarksthat
arevalid for bothalgorithms:< While theradiositysolutionis hierarchical,the light transportitself is not. All particlescon-

tributeto themostdetailedor thetwo mostdetailedlevelsin thehierarchy.< When subdivision occurs,the radianceinformation of the discardedlevel is thrown away,
becauseit is equal(andinadequate)for its children.

We usepathdifferentialsto estimatea footprint for eachindividual particle. The areadefined
by the two representative vectors(∆A V ∆B) givesan ideaaboutthedensityof similar pathsin the
neighborhood.

Our refinementoraclelooks for the largestelementthat is just smallerthanthe footprint, sub-
dividing asnecessary. The contribution is madeto this elementin the hierarchy. The level in the
hierarchycanbedifferentfor eachparticleso the light transportis hierarchical.No previouspaths
arethrown away.

While this refinementoraclebasedon a singleparticlehasinterestingadvantages,we do not
claim it to bethebestoraclein existence.Themainpurposeis to show thebehavior andusefulness
of thepathdifferentialsfor particletracing.

Theimplementationof our radiosityalgorithmusesclusteringandconstantbasisfunctions.We
usedthegradientto determinedeltasandtheglobaldeltasasanupperbound.

Figure 4 shows the radiosity solution for a simple room with a table, a diffuse anda glossy
refractiveball (phongexponent40). Notethattherefractiveball showsup blackasit hasno diffuse
component.

Severalinterestingthingsto notein theimage:< A correctcausticis visible on the table. The fine subdivision is dueto a largegradient(and
small delta). Merely usingthe global deltaheuristicbarelyshows the caustic. The overall
subdivisiondueto directlight anddiffuseinterreflectionis lessinfluencedby thegradient.The
gradientfor thesepathsis smallandtheglobaldeltaupperlimit is used(exceptin corners).
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< Only 400A 000pathsweretraced,resultingin a relatively noiselesssolution. This is because
global deltasdependon the numberof samples.Only wherethe gradientis used(e.g. the
caustic)morenoisecanbeseen.< Theceiling is lit by diffuseinterreflection.A diffusereflection(usingcosθ sampling)results
in relatively large derivativesfor the sampleddirection. Transferto the ceiling resultsin a
largefootprint andthusa coarsersubdivision. Nearthebright spoton thebackwall thougha
finersubdivisioncanbeseenandsomecolor bleeding.

6 Conclusions

In thiswork raydifferentialsaregeneralizedto arbitrarilysampledpaths,includinggeneralBRDF’s.
Eachsamplingintroducesnew partialderivativesthatareall combinedin a footprintestimate.

We alsointroducedthecomputationof a pathgradient,thechangeof thepathcontributionover
thedifferentialvectors.It is usedto restrictthefootprint in caseof highgradients.

We successfullyusedthe footprint estimationfor texture filtering in ray tracing with glossy
materialsandin a novel refinementoraclein hierarchicalparticletracingradiosity.

Sinceour framework allows arbitrarysamplingmany othermethodscanbenefitfrom pathdif-
ferentials,in particularMonteCarloglobalillumination methods:< In photonmapsthe footprint of eye pathscandeterminethe areaover which photonsmust

be consideredfor illumination reconstruction.If too few photonsarefound the pathcanbe
extended.< Importancecalculationscan also be performed. The footprint of an eye ray indicatesthe
densityof similar paths.A small footprint indicatesa high importance,for exampleby mag-
nificationthroughglass.

Anotherinterestingline of researchwouldbeto introducevisibility into theframework. As thefoot-
print is still basedon a point sample,nearbyvisibility changesareignored.It would be interesting
to adjustthefootprintby selectivevisibility tests.

We explored only one possibledefinition of a path footprint: the areamadeup by a set of
perturbedvertices.Otherinterestingapproachesarepossiblesuchasusinga convolution of kernel
filters definedover thedifferentialvectors.
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A Derivativecomputation details

This appendixshowshow to computederivativesfor severalsamplingevents:< Pixel sampling< Raytransfer< Directionsampling(Phonglobesampling)< Light sourcesampling

Thefollowing notationwill beusedthroughoutthis appendix(seealsofigure2):< D R , V R : Newly sampleddirectionandvertex.< D, V: Previouslysampleddirectionor vertex.< x A y: Unit randomvariablesusedin thecurrentsamplingevent(e.g. randomnumbersusedin
BRDFsampling).< x j: Unit randomvariablesusedfor previoussamplingeventsin thepath.< N: Shadingnormal.< Ng: Geometricnormal.< R: Perfectlyspecularreflectionvector(givenanincomingdirectionD in apathvertex V).

A.1 Pixel Sampling

Pixel samplingconstructsadirectionD R by samplinga uniformpointon acertainpixel. Thederiva-
tivecomputationis similar to pixel samplingin [8] exceptfor ascalefactorbecausewecomputethe
derivativeswith respectto unit (random)variables.

Given 2D imagecoordinates(u A v) and a cameracoordinatesystem(View A Right A Up), a non
normalizedviewing directionis givenby:

d C x A y G B View H uRight H vUp

Uniform samplingof a pixel usingrandomvariablesx A y givesimagecoordinates:

u B x pixw H pixl

v B y pixh H pixt

with pixwU h thewidth andheightof thepixel, and pixl U t theleft andtopcoordinateof thepixel under
consideration.

Thenormalizedsampleddirectionis:

D R B dC d b d G 1k 2
Thederivativefor u is:

∂D R
∂x
B ∂D R

∂u
∂u
∂x
B ∂D R

∂u
pixw

This differsfrom [8] only by ascalefactor pixw. A similarexpressioncanbecomputedfor ∂D T
∂y .
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A.2 Transfer

Transfer computesa new pathvertex V R given a vertex V andan outgoingdirectionD. Transfer
doesnot involvenew sampling,andtheresultfrom [8] canbeused.Of coursederivativeshaveto be
computedfor all randomvariablesusedin thepathup till thevertex V R .

V R B V H tD

Thederivativesare:
∂V R
∂x j

BWC ∂V
∂x j
H t

∂D
∂x j
G H ∂t

∂x j
D

with
∂t

∂x j
B C ∂V

∂x j
H t ∂D

∂x j
G8b Ng

D b Ng

Notethat ∂V T
∂x j

is alwaysperpendicularto thegeometricnormalNg. Thiscanbeshown by computing

thedot productusingtheformulasabove.

A.3 Dir ection sampling

Directionsamplinginvolveschoosinga new directionD R givenanincomingdirectionD in a vertex
V. In our renderingframework, a transformationto a samplingcoordinateframeis appliedfirst. A
new directionD Rs is generatedin the samplingframeandtransformedbackinto world coordinates
giving thedirectionD R

The derivation is given for Phonglobe sampling,but it is similar for otherdirectionsampling
methods(e.g.uniformsampling, cosinesampling).

SectionA.3.1showshow thetransformationis handledwhencomputingderivatives.Phonglobe
samplingin thelocal frameis detailedin sectionA.3.2.

A.3.1 Coordinate transformation

Figure2 shows sucha phonglobe (in 2D). Given the incomingdirectionD, a new directionD R is
sampledproportionalto the cosS C α G lobe, whereS is the sharpnessof the lobe andα is the angle
betweentheperfectlyreflecteddirectionR andD R .

First a coordinatetransformationTs (a rotation) is performedmakingR the new Z-axis. The
samplingitself is donein this shadingframe,andtheresultingvectorDs is transformedbackusing
T l 1

s CmB T ns G .
Computingthederivativesfollows thesamesteps.As said,x j will beusedto denotevariables

introducedby previoussamplingeventsandx A y arethenew variablesusedin theactualsamplingof
thelobe.

ThereflecteddirectionR is givenby:

R B D N 2 C DN G N
To constructa rotationmatrixTs two otheraxesXs, Ys of thesamplingframeneedto beconstructed,
yielding:

Ts B L XsYsR Q n and TsD R�B D Rs (2)
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Derivativesfor x j Sincex j is introducedby previoussampling,derivativesexist for D, V andalso
N. To computethederivativeof D R wederiveequation2:

∂Ts

∂x j
D R H Ts

∂D R
∂x j
B ∂D Rs

∂x j
(3)

∂D R
∂x j
B T l 1

s C ∂D Rs
∂x j
N ∂Ts

∂x j
D R G (4)

where:
∂Ts

∂x j
B L ∂Xs

∂x j

∂Ys

∂x j

∂R
∂x j
Q n

Computationof ∂R
∂x j

is givenin [8]. Derivativesof Xs andYs dependon how they werechosen.This

will not bedetailedhere.
For phonglobesamplingD Rs only dependson new variablesx A y soequation4 reducesto:

∂D R
∂x j
B T l 1

s C N ∂Ts

∂x j
D R G

Derivatives for x A y Sincex A y are newly introduced,we know that the shadingframe doesnot
dependon them( ∂Ts

∂x U y B 0), sothat:
∂D R
∂x A y B T l 1

s
∂D Rs
∂x A y

Now we only needto computethederivativesof D Rs in the(convenient)samplingframe.

A.3.2 SamplingD Rs using x A y
After transformation,we needto samplea directionthathasa cosS C θ G distributiongivenx A y K L 0 A 1Q
andθ asthe anglewith the Z-axis (In fact θ = α, but θ is usedto indicatethatwe work in a local
shadingframe).

This is a well known importancesamplingprocedure(seee.g[11]). Anglesθ andφ aredeter-
minedasfollows:

cos C θ G B x1kpo S h 1q
sin C θ G B Y 1 N cos2 C θ G
φ B 2πy

ThedirectionD Rs is now:

D Rs BWC cos C φ G sin C θ G A sin C φ G sin C θ G A cos C θ GFG
To computeD Rs we just needto derive theseequationsfor x andy (only nonzeroderivativesare

shown):
∂cosθ

∂x B 1
S h 1x l s kro s h 1q B 1o S h 1q cosSθ

∂sinθ
∂x B N cosθ s ∂cosθ

∂x P sinθ
∂phi
∂y B 2π

(5)

The derivativesfor D Rs areeasilycomputedfrom this. Note againthatonly elementarycalculusis
neededto turn a samplingprocedureinto derivativecomputations.

Two remarks:
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< Nearthe pole of the lobe, ∂sinθ
∂x becomeslarge assinθ goesto 0. Limiting sinθ to a certain

smallε is sufficient to preventthis problem.< Note that c B cosθ is chosenwith a pdf p C c G BtC S H 1G cS. With x uniform over L 0 A 1Q andP
thecumulative distribution ( u p), importancesamplingtells usthatc B P l 1 C x G is distributed
accordingto thedesiredpdf.

The derivative ∂c
∂x is now simply 1P p C c G ascanbe verified in equation5. For non-separable

two dimensionalpdf’s theequivalentrelationshipis morecomplex, but canstill beuseful.

A.4 Light sampling

This sectiondetailsderivativecomputationsfor light sourcesampling.
Samplingapathvertex onalight sourceinvolvestwo steps,choosingalight sourcel (A.4.2)and

samplinga pointon this light source(A.4.1).

A.4.1 Choosinga point on a light source

We will demonstratethecomputationof derivativesfor a regularquadrilateralanda triangle.Other
geometrycanbehandledsimilarly by differentiatingtheir samplingprocedures.

Quadrilateral Givena regularquadrilaterallight source(i.e. a parallelogram)with verticesA, B,
C, D andgivenrandomnumbersx A y, auniformly sampledvertex V R andits derivativesaregivenby:

V R B A H x C B N A G H y C D N A G
∂V T
∂x B B N A

∂V T
∂y B D N A

For irregularquadrilaterals,thesamplingprocedureandits derivativesaremorecomplex. First
a mappingfrom uniform x A y to bilinearcoordinatesmustbeperformed.Thepoint is thensampled
usingthestandardbilinearmapping:V R B x C B N A G H y C D N A G N xy C B N C H D N A G . See[2] for
moreinformation.

Triangle A simpleprocedurefor samplingauniform point in a triangleA A B A C is givenby [17]:

if C x H y c 1 D G thenx B 1 N x ; y B 1 N y
V R B A H x C B N A G H y C C N A G

In facta point is sampledin a parallelogram,andonehalf (x H y c 1) is mirroredbackinto thetri-
angle.This doublesthedensityof pointscomparedto thedensityin theparallelogram.Multiplying
thederivativesby a factor X 2 correctsfor this higherdensity. Thederivativesare:

∂V R
∂x
BvC B N A G P X 2

∂V R
∂y
BvC C N A G P X 2
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Supposefor instancethatN uniformsamplesaregeneratedin thetriangle.Theexpecteddensity
ρ of pointsin apoint V C x A y G in thetriangleis2:

ρ C V G B N
∂V T
∂x V ∂V T

∂x

B N
AB V AC P 2 B N

AreaC A A B A C G
A.4.2 Choosingthe light source

Supposetherearea numberof light sourcesthatemit in total a flux Φtot. Usually light sourcesare
chosenaccordingto their emittedpower, resultingin a probabilityPl for choosingl:

Pl B Φl

Φtot

Note that this is a discretesamplingevent,andno derivativescanbe computed.We canhowever
accountfor thisprobabilityby scalingthederivativesof thesampledpointsthemselveswith a factorX Pl . This factoraccountsfor thelowerdensityof pointsona singlelight sourcel.

Note that other discretesamplingeventscan also be handledby scalingthe derivatives (cfr.
Russianroulette).

2Notethatotherproceduresfor samplinguniform pointsin a trianglearepossible(cfr. [17]). Theseresultin otherpartial
derivatives,but thedensity(i.e. thevectorproductof thederivatives)staysthesamefor all procedures.
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Figure5: Imageof a scenewith glossymaterialswithout theuseof texturefiltering. Glossyreflec-
tionsandrefractionsarenoisy.

Figure6: For this imagetexturefiltering is used,basedon thefootprintof thepath.In someregions
thefootprintisover-estimated,causingtoomuchblurring(especiallytheglossytransparentsquashed
sphere,asshown in themagnification).

Figure 7: For this imagethe pathgradientwas usedto reduceover-estimatedfootprintsand the
excessiveblurring is effectively reduced.

Figure8: Referenceimageusingmany moresamples.
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