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Abstract

Photo-realistic rendering algorithms such as Monte Carlo ray tracing sample
individual paths to compute images. Noise and aliasing artefacts are usually
reduced by supersampling. Knowledge about the neighborhood of the path, such
as an estimated footprint, can be used to reduce these artefacts without having
to trace additional paths. The recently introduced ray differentials estimate such
a footprint for classical ray tracing, by computing ray derivatives with respect to
the image plane. The footprint proves to be useful for filtering textures locally
on surfaces. In this paper, we generalize the use of these derivatives to arbitrary
path sampling, including general reflection and refraction functions. Sampling
new directions introduces additional partial derivatives, which are all combined
into a footprint estimate. Additionally the path gradient is introduced; it gives
the rate of change of the path contribution. When this change is too steep the
size of the footprint is reduced. The resulting footprint can be used in any global
illumination algorithm that is based on path sampling. Two applications show
its potential: texture filtering in distributed ray tracing and a novel hierarchical
approach to particle tracing radiosity.
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Abstract

Photo-realisticenderingalgorithmssuchasMonte Carloray tracingsampleindividual paths
to computeimages.Noiseandaliasingartefictsare usuallyreducedoby supersamplingkKnowl-
edgeaboutthe neighborhoodf the path,suchasan estimatedootprint, canbe usedto reduce
theseartefactswithout having to traceadditionalpaths. Therecentlyintroducedray differentials
estimatesucha footprint for classicalray tracing, by computingray derivativeswith respecto
theimageplane. The footprint provesto be usefulfor filtering textureslocally on surfaces. In
this paper we generalizethe useof thesederivativesto arbitrary pathsampling,including gen-
eral reflectionand refractionfunctions. Samplingnew directionsintroducesadditionalpartial
derivatives, which areall combinedinto a footprint estimate. Additionally the path gradientis
introduced;it givesthe rate of changeof the path contritution. Whenthis changeis too steep
thesizeof thefootprintis reduced.Theresultingfootprint canbe usedin ary globalillumination
algorithmthatis basecbn pathsampling.Two applicationsshaw its potential:texturefiltering in
distributedray tracinganda novel hierarchicalpproacho particletracingradiosity

Thisisacompaniortechnicakeportto thepapermpublishedn Renderingrechnique2000[15].
It containssomemoretechnicaldetails,mostlyin theform of appendices.

1 Intr oduction

Thetraditionalimagepipelineprocessethescenegrimitivesoneby oneandrendergshemonscreen.
Raytracingonthe otherhandtakespoint sampleon theimageplane andtracesnfinitely thin rays
throughthe scene.This allows an easysimulationof reflectionandrefractioneffects. Extensions
suchasMonteCarloraytracinghandlearbitrarybidirectionalreflectionfunctions(BRDF's) for even
morephoto-realistidmages.

Thesemethodsstill useray tracingasthe engineto computdlight transport.Becauseray (and
apath)is a pointsamplewith noinformationaboutits neighborhoodthesealgorithmsareproneto
aliasingor noise. The commonsolutionis supersamplingaveragingthe evaluationof mary paths.
Thisis expensie,andresearcherbave tried to exploit coherencén the neighborhoof theraysto
reducealiasingor noise.

Oneparticularlyinterestingapproachpresentedy Igehy [8] computegay differentials,partial
derivativesof a ray with respectto the position on the imageplane. The footprint of aray is ap-
proximatedby the differentialvectors:the partial derivativesmultiplied by a finite distanceon the
imageplane.Thedifferentialsgive anideaaboutthedistanceo neighboringays. This provesto be
very effective for filtering textureslocally overthefootprint. Only perfectlyspeculareflectionsand
refractionsaresupportedlimiting thetechniqueto classicakay tracing.

In this paperwe extend the conceptof ray differentialsto arbitrary sampledpaths,including
arbitrary reflectionand refractionfunctionsand arealight sourcesampling. A key obsenationis
thatthesamplingof BRDF’s or light sourcesntroducesew degreesof freedomin thegeneratiorof



thepath. Thisgivesriseto extra partialderivativesanddifferentialvectorsthatmustall becombined
into ausefulestimateof the pathsfootprint. We will shav how to computethenew partialderivatives
andpresent simpleheuristicto derive a usefulfootprint from thesederivatives.

However the (image)contribution of the pathdoesnot needto be constantover the estimated
footprint. For examplereal BRDF’s canbe highly nonlinearandfirst orderdifferentialapproxima-
tions may not be accurateenough.We alsoproposeto track path evaluation derivatives,thattell us
how fastthe (image)contribution change®ver the differentialvectors.This path gradient is usedto
refinethefootprint estimatea smallerfootprintis usedfor large gradients.

The combinedresultforms a corvenientfootprint estimatefor arbitrary sampledeye-pathsand
light-paths. Thereforeour techniquescan be appliedto ary global illumination algorithmthat is
basedn pathsampling.

Two applicationddemonstratéhe potentialof the method:

e Texture Filtering: A classicalray traceris extendedwith glossyreflectionsandrefractions.
Texturesarefilteredlocally overthe estimatedootprintto reducenoise.

e Particle Tracing: A hierarchicalrefinementcriterion for particle tracing radiosity is pre-
sented.The estimatedootprint of singlepathsis sufficientto determinean appropriatdevel
of subdvision.

Many otherapplicationsarepossible. Somepossibilitiesarediscussedh theconclusiongSectiond).

Section3 explainstheframawork for computingpartialderivativesanddifferentialsfor arbitrary
sampledpaths. Section4 shavs how to computethe path gradientand Section5 demonstrates
applications.

2 Relatedwork

Severalresearcherbave tried to exploit coherencén the neighborhoodf a pathby trackingsome
kind of footprint.

In beamtracing[7] arayis extendedo abeamwith apolygonalfootprint. Intersectionsvith and
reflectionfrom objects(polygonalonly) fragmentthe beamin smallerpieces.Lighting calculations
canbedonecoherentlyoverthebeam.

Conetracing[1] usesa conical approximationof the footprint. Both approachesllow anti-
aliasedtextureshy filtering over thefootprint. Conetracingallows ad hocdull or glossyreflections
by explicitly increasinghe coneangle.

Anotherapproachpencil tracing[13] propagates bundle of paraxialraysthroughthe scene.
Interactionsof therayswith the sceneareapproximatedy alinearsystemmatrix.

All theseapproachegxtenda ray to finite width, which makesintersectionreflectionandre-
fraction calculationsmuchmoredifficult. The combinationof physicallybasedBRDF'’s with these
methodds a difficult problem.

Collins [5] usesstandardray tracing but the connectity betweenneighboringstartingraysis
explicitly maintainedwhenpropagatinghemthroughthe scene.The distanceto neighboringrays
was usedto determinea filter kernelsize for depositionin a causticlightmap. Connectvity is
lost, though,whenneighboringrayshit differentobjectsresultingin differentray trees. Stochastic
samplingis possiblebut maydivergetheray treesevenmore.

As mentionedan interestingalternatie are ray differentialsas proposeddy Igehy [8]. Partial
derivativeswith respecto the positionon the imageplaneare computedalongwith the tracing of
therays. Sincederivativesare used,a ray staysinfinitesimally thin, but the sensitvity of the ray’s
directionandorigin is givenby thesepartialderivatives. Thefootprintof arayis approximatedby the
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Figurel: Tracinganeye ray anda scattereday introducesnew variablesx; in the path,for which
partialderivativesneedto be computed.

differentialvectors:the partial derivativesmultiplied by a finite distanceon theimageplane.When
aray is propagatedreflectedor refractedthe partial derivativesof the new ray is easilycomputed
usingdifferentialcalculus.

The useof derivativesalleviatesmary of the problemsthat previously mentionedtechniques
have, becausdlifferentialcalculusis usedaray or pathstaysinfinitely thin. Ourtechniquesrealso
basedon differential calculus,preservingtheseadvantageswhile it is not limited to classicalray
tracing.

Anotherinterestinguseof derivativesof pathswaspresentedy ChenandArvo [4]. They com-
putefirst and secondorderderivativesof speculareflectionpaths. Using thesederivatives,small
perturbation®f the pathscanbe computedvery efficiently. The perturbationsllow anaccurateap-
proximationof neighboringpaths.An applicationwaspresentedhatperturbsa sparsesetof known
pathsto efficiently computereflectionson implicit surfaces.

3 Path differ entials

3.1 Path sampling and path footprint

Stochasticay tracingconstructpathsby sampling.Newly sampleddirections(or vertices)depend
on the previous directionsand verticesand possiblyon somenew variables. Figure 1 shavs a
shorteye pathwhereD; and V1 dependon variablesxs, Xz, a position on the imageplane. The
reflecteddirectionD, dependn x;, X, aswell, but alsoon new variablesxs, x4 determinedoy the
BRDF sampling.In stochastiaay tracingrandomnumbersareusedto instantiatethe variablesand
correspondingpaths.

For acertainvertex V (or adirection)in the pathonecansaythat:

V = g(x1,%, -, %) = 9(%)

with g the path generation function, andk the numberof variableshatV depend®n.
A smallperturbatiore; appliedto a variablex; slightly movesvertex V:

V40OV =09(X1,...,Xj +&j,---,Xk)

This changecanbe approximatedy afirst orderTaylor expansion:

~ ag(xlr"axja"'axk)
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Themagnitudeof the partialderivative determineshe sensitvity of V in termsof x;. Simultaneous
perturbatiorof severalvariablescorrespondso adVv =y ; dVj.



If we considerall perturbations; € [-Ax;/2,Ax;/2] thenthesetof perturbedrerticesdV j forms
aline sgmentdefinedby a vectorcenteredaroundV:

av, = 2800 %)

We will call thesethe differential vectors.

Given a perturbationinterval Ax; for eachvariableandallowing simultaneousperturbationof
thevariablesthe setof all possibleperturbedverticesV + 8V formsanarea. We call this areathe
footprint of the pathfor vertex V.

Theshapeof thefootprintis a polygonwith thedifferentialvectorsasedgeqsee3.5). In Igehy’s
approachonly two variablesexist, the imageplane coordinates. The footprint is a parallelogram
formedby thetwo differentialvectors.

Giventhe perturbatiorintervals Ax;, the footprint estimatesheregion of influenceor the sensi-
tivity of thepathin avertex V. A suitablechoicefor Ax; shouldensurecoherenceverthefootprint
while beinglarge enoughto reducenoiseandaliasing(see3.4 and4). The computatiorthe partial
derivativesthemselesis detailedin 3.3.

Otherdefinitionsof a pathfootprintarealsopossible. For instanceafilter kernelcouldbedefined
for eachdifferentialvector The resulting’footprint’ filter would be the convolution of thesefilter
kernels.Using Gaussiarkernelsturnsout to be interestingasthe corvolution of elliptic Gaussians
is againanelliptic Gaussiari3].

3.2 Sampling Domain

Thesetof variablesx; determineshe domainof all possiblepaths.We choosea unit interval [0, 1]
asthedomainof eachxj, correspondingo therandomnumberghatareusedin stochasticampling.
Importancesamplingcanbe usedto transformvariableswith a different,desireddistribution.

Thedomainof all possiblepathswith M degreesof freedom(g(Xwm))is the M-dimensionalunit
hypercubeA pointin thedomaindetermines path.Suchauniformdomainwill simplify thechoice
of Ax;'swhenconstructingdifferentialsfrom the partial derivatives(see3.4).

3.3 Partial derivatives

Tracing pathsinvolvessamplingof new directionsandvertices. For stochasticsamplinga certain
probability densityfunction (pdf) determineghe distribution of the new directionor vertex. Im-
portancesampling[10] is a well known procedurgo sampleaccordingto a given pdf. In general
samplinga new direction(or vertex) with animportancesamplingprocedureh derivedfrom the pdf
gives:

Dl = h(D7V7X7y)

whereD'’ is anew directiondependenon the previousdirectionandvertex (if theseexist) andsome
new randomvariablesx, y (a 2D samplingin mostcases)Partial derivativesof D’ canbe computed
by simply deriving h for all randomvariablesx;j,x,y. NotethatD andV dependn previousx;. We

will briefly describeall relevantsamplingevents.More detailson the derivative computatiorcanbe

foundin AppendixA.

partial derivatives of a vertex do lie in a plane perpendiculatto the surface normal due to ray transfercomputation
(see3.3)
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Figure 2: Partial derivativesfor phonglobe sampling. D’ hasderivatives for previous sampling
variablesx; but alsofor new variablesx,y from BRDF sampling

Pixel sampling Theinitial vertex Vo of apathis theeye. (This couldalreadybe a samplingevent,
butis notconsiderecgssuchhere.)Pixel samplinggeneratearay directionD; basednarandomly
chosempointin a certainpixel. Computatiorof thetwo derivativesof D is givenin A.1.

Transfer Transfercomputesa new point in the pathby tracingaray: V' =V +1tD, with t the
traveleddistance No new samplingoccurs soexisting derivativesof V andD areusedto computed
‘3—\){;. All partialderivativesof V' lie in the planeperpendiculato the geometricnormal. SeeA.2 for

moredetails.

Scattering Scatteringn avertex V givenanincomingdirectionD determines new directionD’.
The pdf for directionsamplingis usually chosenproportionalto the BRDF or 'BRDF x cosine’.
Partial derivativesof theresultingsamplingprocedurenustbe computed.

An examplefor a glossyphongBRDF is shawvn in figure 2. Thenew directionD’ is distributed
accordingto cos®a aroundthe perfectlyreflecteddirectionR. SinceD’ depend®n R andR on D,
o’

o canbedifferentfrom zero.

The new derivatives% dependon the specificsamplingprocedure.For examplefor uniform
samplingof a hemisphere:

@=21%, cos(B)=1-y
D' = h(x,y) = (cos(¢)sin(6),sin(¢)sin(6), cos(6))

Partial derivativesof h(x,y) areeasilycomputed.

A moredetailedexampleusinga phongBRDF anda coordinatetransformis givenin A.3. For
perfectlyspeculareflectionor refraction(deterministic!)no new randomvariablesareintroduced.
This casewashandledn [8].

Light sampling Whenlight pathsareconstructeda startingpoint mustbe chosernon a light and
a light directionmustbe sampled.Again partial derivativesof the specificsamplingprocedureare
easilycomputedseeA.4).

Any other samplingevent not coveredhere, can usually be easily derived from the sampling
procedure.

3.4 Choiceof Ax;

Given a vertex V we have computeda numberof partial derivatives %. In this sectionwe will
deriveaheuristicfor choosingntervalsAx; thatcorrespondo theexpecteddistanceo aneighboring

sample(theclosestsample(x; ... xi) differingonly in x;).



Multiplying the deltaswith the correspondingierivative resultsin differentialvectorsthat ap-
proximatethe expecteddistanceto a neighboringsimilar path. For example differential vectors
from samplinga Lambertiarreflectionwill usuallybelargercomparedo a glossyPhongreflection,
becausehe partial derivativesare larger while the deltasarethe same. The rays get 'spreadout’
more.

Thefootprintis inverselyproportionalto the expecteddensityof similar pathsarounda vertex.

For classicalray tracing [8] only two differential vectorshave to be considered:thosewith
respectto the position on the imageplane. The deltasare chosento be the size of a pixel, the
distanceo the next sampleon theimageplane.

In our casewe have to make a choicefor eachx; possiblycomingfrom very differentsampling
events.As said,eachvariablehasa unit interval domain.We considertwo approachefor choosing
deltas.

Local deltas EachAx; depend®nthenumberof sampleghatwasusedin thesamplingeventthat
introducedx;. For exampleif N samplesger pixel aretraced thesesamplesaredistributedover the
unit square Axg shouldbe choserasan approximatalistanceto a neighboringsample.For regular
samplingthis distances 1/\/N for both Axg andAx; andwe have found this distanceto be useful
for stochasticamplingalso.

If extrainformationaboutthe samplingprocesss known (e.g. nonuniformstratification) differ-
entvaluesfor Axp andAx; maybebetter

For scatteringa 2D samplingevent,asplittingfactorN’ determineiow mary scatterecsamples
arespavn. Again we choosedeltasto be 1/+/N’. If mary samplesare spavn, the corresponding
differentialswill besmaller

Global deltas Thepreviousapproactdoesnotwork well with pathtracing,wherealargenumber
of samplegerpixel is used but the splitting factoris 1.

In this casewe considerthe completeM-dimensionadomainof a path,andconsiderethe sam-
plesevenly distributedover thedomain.An estimateof the distanceto a neighboringsamplein one
dimensionis now givenby 1/ ¥/N. All Ax; arechoserequallylarge.

Longerpathswill have alargerdelta,asN sampleshave to be distributedover a higherdimen-
sionaldomain.

Russian roulette, an unbiasedway to limit the length of paths,canbe incorporatedn this ap-
proach. AbsorptionprobabilitiesP;, areaccumulatedalongthe path, and deltasare computedas
1.0/ X/N x i Prr (Vi). Thusthe numberof samplesor 'this kind of path’is decreasetby the ab-
sorptionprobabilities,anddeltasgrow larger.

Thisapproactworkswell for pathtracingandalsoparticletracingasdemonstratedh thesecond
application.

3.5 Differential vectorsto footprint

Considera vertex V andits (planar)differentialvectorsAV; (Fig. 3). As saidthe footprint of the
pathin V is theareareachabldy perturbatiorof the pathwithin the chosemx;’s.

This areacan be constructedrom the line sggmentsdefinedby the differential vectors. Any
perturbedrertex V' is acombinationof pointsontheline segments Theareadefinedby a setof line
segmentss the Minkowski sum(a) of thesesegmentscenterecaroundV):

@Davj={V'=3 yavj -05<y < 0.5}
i ]
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Figure3: Eachpathvertex hasseveraldifferentialvectorslying in thesameplane(a). Thesevectors
describethe footprint of the path. By transformingto the X — Y plane(b), this polygonalfootprint
canbeconstructedy combiningthevectorsin aparticularorder(c). A goodapproximatioris given
by vectorsAA andAB.

Fortwo differentialghis sumis aparallelogranormedby thetwo vectors.In generatheMink owski
sumformsa polygonwhereeachvectorappearswice asan edge.This polygoncanbe constructed
asfollows (seefig. 3):

e Transformthedifferentialvectorsto the2D X — Y plane.(ato b)
e Sortthesggmentsaccordingto the anglemadewith X (b)

e Add the sortedvectorsoneby oneasedgesof the polygon (reachingthe top of the polygon)
(c solid)

e Add edgedby subtractinghe vectorsin the sameorder, startingat the top of the polygon(c
dashed)

To perform operationssuch as texture filtering over the footprint, a convenientrepresentatioris

needed For morethantwo differentialvectorsthe areaexpressiorbecomesmpractical. Therefore
we computetwo representatie vectorsAA andAB that give a good approximationof the covered
area(see3 (C)):

o T =thesumof all differentialvectors

e PT = avectorperpendiculato T

e AA = sumof all vectorsAV thathave AV -PT >0
e AB=T-AA

Constructingthe representatie vectorsprocessesll differentialvectorstwice (For T andAA; no
sortis needed)Thisis alinearoperationin termsof the numberof differentials.
AA andAB now provide a corvenientestimateof thefootprint of the pathin V.

4 Path gradient

In theprevioussection Ax; werechoserto approximatehe distanceo neighboringsamplesin this
sectionwe proposeanalternatie choicefor Ax; basedn therateof changeof the pathcontribution
whenperturbationgreapplied.



Any function definedon a pathis a function of the generatingvariablesx;. In this sectionwe
computepartial derivativesof the pathevaluation,the function that determineghe contrikbution to
the quantity(e.g. pixel flux) we wantto compute.

We presenthetechniquefor eye pathsbut it is equallyapplicableto light paths.

4.1 Rendering equation

Thelight flux reachingtheeye V¢ througha certainpixel is givenasanintegral of a pixel weighting
functionW; andtheincomingradiancgseefig. 1 for notations):

Oy = /A dAGWe(Vo — D)L (Vo « D1)
pix
L is unknavn andcanbe expandedusingthe renderingequation:
Opy = /A dApix /Q dwWe(Vo — D1)fr (D1, V1, Dz2)cos(81)L (V1  Dy)
pix

with f, the BRDFandcos(81) = N1 - D».

Eachnew reflectionor refractionintroducesan f, andcosinefactor To simplify notationwe
definethe potentialfunctionW of a pathof lengthi asthe productof We andall subsequent, and
cosinefactors.Now the path evaluation F (theintegrand)of a pathis simply:

F :V\:‘,(Vi — Di+1) . L(Vi < Di+1)

And W, 1 is:
W1 =W(Vi = Dit1) fr (Dit1, Vi1, Dix2)cos(6i+1)

Actual contributionsto the imageare madewhena light sourceis hit or by direct samplingof the
light sources.

4.2 Relative partial derivatives
The partial derivativesof a pathevaluationare:

oF oW oL
— =L +w_=
6Xj 6Xj + I(3Xj

We computerelative partial derivatives by dividing this expressiorby F:
oF oW oL
a_xj/F = a_xj/W' + a_xj/L

This expressiorgivestherelative rateof changeof F in termsof x;.
Becauseommonfactorscanceloutit alsoprovidesa corvenientway for trackingpartialderiva-
tivesof W whenextendinga path:

oW1
an

0w of; dcos(0)
M1 = a_><j/""'+a_><,-/f’+ o /cos(8)

Justtherelative partial derivativesof theindividual factorsmustbe addedto the known Z\MTJ- /W. To

starta path%""’Tje mustbe computedwhichis 0 for constanthk.



The computatiorof thesederivativesis straightforvard,asthe BRDF evaluationandthe cosine
factorcanbe expressedn termsof V;, D; andN; for which derivativeshave alreadybeencomputed
for thedifferentialvectors.Considerfor examplethe cosinefactor:

aCOSGi a(NiDH_l) aNi
0xj 0xj 0Xj i+t

Both derivativesof N; andD;j1 werecomputecdbefore.

Whenan actualradiancecontribution from a light sourceis computed,%j/L mustbe addedto
‘;\"47]/V\/I to get gTFj/F. Computatiordependn the light sourcesampling.Currentlywe considerthe
changeof thelight sourcecontribution to be constantsothatits derivative is zero. For moderately
distantlight sourcesthis approximatioris well acceptable.

4.3 ChoosingAx;

Whena perturbation\x; is appliedto a pathX, therelative changeof the contribution F (X) canbe
approximateds:

AFR; ~ [g—fj(xw(xn B, 1)

For exampleagradientAF R; of 300%meanghecontribution of theperturbedathis approximately
threetimeshigher(or lower) thanF (X).
Now considera vertex V in a path. The differential vectorsAV; = g—)\(’ijj definea maximal

allowed perturbationof V when changingx;. Sincethe sameAx; is usedasin equationl, this
maximalperturbatiorcorrespondso the relative changeAF R; of the pathcontribution.

In our applicationswe considerthe contribution F to be constantover the differentialvectors.
Of courseF doeschangeandAFR; indicateshow much. By constrainingherelative changeAF R;
to besmallerthana maximumthresholdAF Ry.x, deltascanbe computedrom equationt.:

Using thesedeltasfor the vertex differentialvectorsresultsin smallervectors(andresultingfoot-
print) whenthe gradientis large. The thresholdcontrolsthe allowableerror.

A very smallgradienthowever, canleadto arbitrarylargefootprints. We usethelocal or global
deltaheuristic(Section3.4) asanupperlimit for the deltascomputedusingthe gradient.This gives
goodresults but the choiceof AF Ryax (thatcontrolsovertheerror)is not obvious.

4.4 Discussion

Otherfunctionsof a pathcanalsobe candidategor derivative computation.The score function of a
path? in Monte Carlointegrationis F () / p(??), wherep is the pdf usedfor generatinghepath. It
is in factthe scorefunctionthatis evaluatedandaveragedvhencomputingpixel fluxeswith Monte
Carloraytracing. This couldbeaninterestingchoicefor trackingderivatives.

Usually pdf’'sfor directionsamplingarechosemroportionallyto the BRDF or thecosine.These
factorscancelout andthe scorefunctiononly containsfactorsnot usedin pathsampling.

We have choserto computederivativesof F itself sothatthesepathsamplingfactorsareexplic-
itly included.It canbeshavn that(for separablg@df’'s) derivativesof thesefactorsarerelatedto the
seconddrderderivative of footprint. However, afull analysisis beyondthe scopeof this paper



Both choicesdo includefactorsnot presentin the pathsampling,so that bad path samplingis
counteredvith largeAF;.

For classicalray tracingW.1 = W - fs with fs the constant specularreflectionor refraction
coeficient. Derivativesof fs arezerosothe pathgradientdoesnot yield any extra informationfor
themethodpresentedby Igehy.

5 Applications

The differentials,gradientsandfootprint estimationwereimplementedn RenderRrk. Derivatives
are supportedfor diffuse reflection, phongreflectionand refraction, arealight sourcesand pixel
sampling.

5.1 Texture Filtering

In afirst applicationwe extenda ray tracerwith glossyreflectionsandrefractions. The computed
footprintis usedfor filtering textureslocally on surfacesto reducenoise.

Igehy presentedhe sameapplicationfor classicalray tracing. Comparisorwith otherfiltering
approachesanbefoundin [8]. We usetrilinear interpolatedmipmappedexturesandanisotropic
filtering. Thesmallestrepresentatie vectorin thefootprintdetermineshemipmaplevel, andseveral
samplesareaveragedalongthe largeraxis. We useda box filter, but weightedfiltering might give
evenbetterresults.

The scenecontainsseveral textured surfaces;the two 'playing pieces’ consistof a squashed
sphereon a diffusebase. Oneis reflective, the otherrefractive. Both usea glossyphonglobe for
scatteringFor all but thereferencamagewe usedonesampleperpixel and4 stratifiedsamplegor
eachscattering.

Figure 5 shaws standardistributedray tracing. The reflectionsandrefractionsshow a lot of
noise,as4 is alow samplingrate.

Figure 6 shawsfiltering with thelocal delta heuristic(3.4). Usingonly 4 scatteringsamplesthe
estimateddistanceto a neighboringray is quite large The filtering reduceghe noiseof the glossy
scatteringsbut it sometime®ver-blurs,especiallyfor the multiple refractionsin the glassobject.

For figure 7 the pathgradientwasusedfor estimatingdeltas.Over-blurring is reducedbecause
the glossyphonglobesgiveriseto high gradients. The noisestill remainsalot lower asin imageb.
Thethresholdvalue F Ryax, thatrestrictsrelative changesver the differentialvectors,waschosen
to be 70%. This choicewasnotvery critical, anything from 50%to 100%workedwell.

A referencamageusing81 samplegperpixel is givenin figure 8.

Notethatonly texturesarefiltered;’edge’ noisedueto scatteredayshitting differentobjectsis
notreducede.g.thetableedgeseenn themetalpiece).An adaptive samplingschemecoulddirect
moresamplesowardsedgeshut not towardsvaryingtextures.

The overheadntroducedby differential computationwas relatively small (< 10% for this ex-
ample).ComputingBRDF differentialsis aboutasexpensve assamplingandevaluatingthe BRDF
itself. As a pathgrowslonger, however, moredifferentialshave to be computedandthe overheads
notnegligible. Reducinghedifferentialvectorsto a few representatiesbeforeprolongingthe path,
keepingthe amountof trackeddifferentialsconstantcouldbe aninterestindine of research.

5.2 Particle tracing

Particle tracing constructspathsstartingfrom the light sources. This Monte Carlo simulation of
light transportis usedin mary globalillumination algorithms,e.g. radiosity[6, 12], densityestima-
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Figure 4: Hierarchicalparticle tracing radiosity (400k paths)using the areadefinedby the path
differentialsasarefinemenbracle.

tion [14] andphotonmapconstructior9].

We present hierarchicafradiosityapplicationto demonstrat¢he usefulnessf pathdifferentials
for particletracing,but it canbe usedaswell for the otheralgorithms.

A hierarchicalersionof particleradiositywaspresentedh [6] and[16]. Bothmethodsaccumu-
late the hits (the radiance)on elementsaandsubdvide if the variationover the elementis too large.
In [16] hits arestoredsimultaneouslyon the two lower levels of the hierarchy Someremarksthat
arevalid for bothalgorithms:

e While theradiositysolutionis hierarchicalthelight transportitself is not. All particlescon-
tributeto the mostdetailedor thetwo mostdetailedlevelsin the hierarchy

e When subdiision occurs,the radianceinformation of the discardedevel is thrown away,
becausét is equal(andinadequatejor its children.

We usepathdifferentialsto estimatea footprint for eachindividual particle. The areadefined
by the two representatie vectors(AA x AB) givesanideaaboutthe densityof similar pathsin the
neighborhood.

Our refinementraclelooks for the largestelementthatis just smallerthanthe footprint, sub-
dividing asnecessary The contribution is madeto this elementin the hierarchy The level in the
hierarchycanbe differentfor eachparticlesothe light transportis hierarchical.No previous paths
arethrown away.

While this refinementoraclebasedon a single particle hasinterestingadvantageswe do not
claimit to bethebestoraclein existence.The mainpurposes to shav the behaiior andusefulness
of the pathdifferentialsfor particletracing.

Theimplementatiorof our radiosityalgorithmusesclusteringandconstanbasisfunctions.We
usedthe gradientto determinedeltasandthe globaldeltasasanupperbound.

Figure 4 shows the radiosity solution for a simpleroom with a table, a diffuse and a glossy
refractive ball (phongexponent40). Notethattherefractive ball shavs up blackasit hasno diffuse
component.

Severalinterestingthingsto notein theimage:

e A correctcausticis visible on the table. The fine subdvision is dueto alarge gradient(and
small delta). Merely usingthe global delta heuristicbarely shavs the caustic. The overall
subdvisiondueto directlight anddiffuseinterreflections lessinfluencedoy thegradient.The
gradientfor thesepathsis smallandthe globaldeltaupperlimit is used(exceptin corners).
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e Only 400,000 pathsweretraced,resultingin arelatively noiselessolution. This is because
global deltasdependon the numberof samples.Only wherethe gradientis used(e.g. the
causticmorenoisecanbeseen.

e Theceilingis lit by diffuseinterreflection.A diffusereflection(usingcosd sampling)results
in relatively large derivativesfor the sampleddirection. Transferto the ceiling resultsin a
large footprint andthusa coarsersubdvision. Nearthe bright spoton the backwall thougha
finer subdvision canbe seenandsomecolor bleeding.

6 Conclusions

In thiswork ray differentialsaregeneralizedo arbitrarily sampledhaths,ncludinggeneraBRDF’s.
Eachsamplingintroducesew partialderivativesthatareall combinedn afootprintestimate.

We alsointroducedthe computatiorof a pathgradientthe changeof the pathcontribution over
thedifferentialvectors.lt is usedto restrictthefootprintin caseof high gradients.

We successfullyusedthe footprint estimationfor texture filtering in ray tracing with glossy
materialsandin a novel refinemenbraclein hierarchicalparticletracingradiosity

Sinceour framework allows arbitrary samplingmary othermethodscanbenefitfrom pathdif-
ferentials,in particularMonte Carloglobalillumination methods:

¢ In photonmapsthe footprint of eye pathscandeterminethe areaover which photonsmust
be consideredor illumination reconstruction.If too few photonsarefound the pathcanbe
extended.

e Importancecalculationscan also be performed. The footprint of an eye ray indicatesthe
densityof similar paths.A smallfootprint indicatesa high importancefor exampleby mag-
nificationthroughglass.

Anotherinterestindine of researctwould beto introducevisibility into theframework. As thefoot-
print is still basedon a point sample nearbyvisibility changesreignored. It would beinteresting
to adjustthefootprintby selectve visibility tests.

We explored only one possibledefinition of a path footprint: the areamadeup by a set of
perturbedvertices.Otherinterestingapproachesgre possiblesuchasusinga convolution of kernel
filters definedover the differentialvectors.
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A Derivative computation details

This appendixshovs how to computederivativesfor severalsamplingevents:
e Pixel sampling
e Raytransfer
e Directionsampling(Phonglobe sampling)
e Light sourcesampling
Thefollowing notationwill beusedthroughouthis appendix(seealsofigure2):
e D', V': Newly sampleddirectionandvertex.
e D, V: Previously sampleddirectionor vertex.

e X, y. Unit randomvariablesusedin the currentsamplingevent(e.g. randomnumbersusedin
BRDF sampling).

¢ Xj: Unit randomvariablesusedfor previoussamplingeventsin thepath.
e N: Shadinghormal.

e Ng: Geometricnormal.

R: Perfectlyspeculareflectionvector(givenanincomingdirectionD in a pathvertex V).

A.1 Pixel Sampling

Pixel samplingconstructsadirectionD’ by samplinga uniform pointon a certainpixel. Thederiva-
tive computatioris similarto pixel samplingin [8] exceptfor ascalefactorbecauseve computethe
derivativeswith respecto unit (random)variables.

Given 2D imagecoordinatequ,v) and a cameracoordinatesystem(View, Right,Up), a non
normalizedviewing directionis givenby:

d(x,y) = View+ uRight + vUp
Uniform samplingof a pixel usingrandomvariablesx, y givesimagecoordinates:
u = Xpix, + pix
vV =y piX,+ PiX
with pix,,, thewidth andheightof thepixel, and pix; ; theleft andtop coordinateof thepixel under

consideration.
Thenormalizedsampledirectionis:

Thedervativefor uis:
oD’ B oD’ du B oD’

X oudx  ou Pw

This differsfrom [8] only by a scalefactor pix,,. A similarexpressiorcanbe computedor oo’

ay -
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A.2 Transfer

Transfer computesa new pathvertex V' given a vertex V andan outgoingdirectionD. Transfer
doesnotinvolve new sampling,andtheresultfrom [8] canbe used.Of coursederivativeshaveto be
computedor all randomvariablesusedin the pathuptill thevertex V'.

V' =V +tD
Thederivativesare:
a_Vl — (6_V +ta_D) + ED
6Xj - 6Xj 6Xj an
with

v, 49D
ot (G +15) Ng

o D-Ng

Notethatg—i(’jl is alwaysperpendiculato thegeometricmormalNg. This canbeshovn by computing
thedot productusingthe formulasabove.

A.3 Directionsampling

Direction samplinginvolveschoosinga new directionD’ givenanincomingdirectionD in a vertex
V. In our renderingframeawork, a transformatiorto a samplingcoordinateframeis appliedfirst. A
new directionDj is generatedn the samplingframeandtransformedbackinto world coordinates
giving thedirectionD’

The derivationis givenfor Phonglobe sampling,but it is similar for otherdirectionsampling
methodge.g. uniform sampling, cosinesampling).

SectionA.3.1shavshow thetransformations handledvhencomputingderivatives.Phongobe
samplingin thelocal frameis detailedin sectionA.3.2.

A.3.1 Coordinate transformation

Figure 2 shavs sucha phonglobe (in 2D). Given the incomingdirectionD, a new directionD’ is
sampledproportionalto the cos>(a) lobe, whereS is the sharpnessf the lobe anda is the angle
betweerthe perfectlyreflecteddirectionR andD’.

First a coordinatetransformationTs (a rotation)is performedmaking R the new Z-axis. The
samplingitself is donein this shadingframe,andthe resultingvectorDs is transformedackusing
Ts_l(: TsT)-

Computingthe derivativesfollows the samesteps.As said,x; will be usedto denotevariables
introducedby previoussamplingeventsandx, y arethe new variablesusedin theactualsamplingof
thelobe.

ThereflecteddirectionR is givenby:

R=D—2(DN)N
To constructarotationmatrix Ts two otheraxesXs, Ys of the samplingframeneedto be constructed,

yielding:
Ts=[XsYsR]" and T;D’ = D}, )
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Derivativesfor x;  Sincex; is introducedby previoussampling derivativesexist for D, V andalso
N. To computethe derivative of D’ we derive equation?:

T, 9D _ 9D,

ox 0 T o T ax 3
oD __, aD. oTs
o (6_xj - a_ij) (4)
where:
T, _ 9% 2% R
an an 6Xj 6Xj

Computatiorof 373 is givenin [8]. Derivativesof Xs andYs dependon how they werechosen.This

will notbedetailednhere.
For phonglobe samplingD{, only depend®n new variablesx,y soequation4 reducedo:

o 0T,
a_Xj_Ts (_a_ij)

Derivativesfor x,y Sincex,y are newly introduced,we know that the shadingframe doesnot

depend)nthem((;’xi; = 0), sothat:

0D’ _ 1 0D;
oxy ° oxy

Now we only needto computethe derivativesof DY in the (corvenient)samplingframe.

A.3.2 Sampling D usingx,y

After transformationye needto samplea directionthathasa cos>(8) distribution givenx,y € [0,1]
and 6 asthe anglewith the Z-axis (In fact@ = a, but 0 is usedto indicatethatwe work in alocal
shadingframe).

This is awell known importancesamplingprocedurgseee.g[11]). Angles6 and g aredeter

minedasfollows:
cos(8) = x/(St1)

sin(B) = /1 — cos?(0)

0= 21y
ThedirectionDy is now:

D5 = (cos(¢)sin(8),sin(¢)sin(6), cos(8))

To computeD’, we just needto derive theseequationgor x andy (only nonzeroderivativesare
shawn):

ocosd _ 1 y—s/(s+1) — 1
ox — S+1 ~ (St+1)cosSo
0sin® _ 0c0sB /o
aSW = —cos* 55> /sind (5)

The derivativesfor D are easilycomputedrom this. Note againthatonly elementarycalculusis
neededo turn a samplingprocedurento derivative computations.
Two remarks:
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e Nearthe pole of the lobe, 8 becomedarge assind goesto 0. Limiting sind to a certain

smalle is sufficientto preventthis problem.

o Notethatc = cosf is choserwith a pdf p(c) = (S+ 1)cS. With x uniform over [0, 1] andP
the cumulative distribution ([ p), importancesamplingtells usthatc = P~1(x) is distributed
accordingto thedesiredpdf.

The derivative g—i is now simply 1/p(c) ascanbe verifiedin equation5. For non-separable
two dimensionapdf’sthe equialentrelationshipis morecomplex, but canstill be useful.

A.4 Light sampling

This sectiondetailsderivative computationgor light sourcesampling.
Samplinga pathvertex onalight sourceinvolvestwo stepschoosingalight sourcd (A.4.2)and
samplinga pointon this light source(A.4.1).

A.4.1 Choosinga point on a light source

We will demonstratéhe computatiorof derivativesfor aregularquadrilaterabndatriangle. Other
geometrycanbe handledsimilarly by differentiatingtheir samplingprocedures.

Quadrilateral  Givenaregularquadrilateralight source(i.e. a parallelogramwith verticesA, B,
C, D andgivenrandomnumbers,y, auniformly sampledrertex V/ andits derivativesaregivenby:

V' =A+x(B—A)+y(D—A)
o' _
-2

For irregular quadrilateralsthe samplingprocedureandits derivativesaremorecomplex. First
a mappingfrom uniform x,y to bilinear coordinatesnustbe performed.The pointis thensampled
usingthe standardilinearmapping:V' = x(B—A) +y(D — A) —xy(B— C+D — A). See[2] for
moreinformation.

Triangle A simpleprocedurdor samplinga uniform pointin atriangleA,B,C is givenby [17]:

if (x+y>1)thenx=1-x;y=1-y
V' =A+x(B—A)+y(C-A)

In facta pointis sampledn a parallelogramandonehalf (x+y > 1) is mirroredbackinto the tri-
angle.This doublegthe densityof pointscomparedo the densityin the parallelogramMultiplying
thederivativesby afactory/2 correctsfor this higherdensity Thederivativesare:

oV’
v’
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Supposdor instancethatN uniform samplesaregeneratedh thetriangle. The expecteddensity
p of pointsin apointV(x,y) in thetriangleis?:

N N N

P(V) = sr—vr = =
AT~ ABxAC/2  AredA,B,C)

A.4.2 Choosingthe light source

Supposeherearea numberof light sourceghatemitin total a flux ®or. Usuallylight sourcesare
choseraccordingo their emittedpower, resultingin a probability R for choosind:

_®
Dot

Note thatthis is a discretesamplingevent, and no derivatives canbe computed. We canhowever
accounffor this probability by scalingthe derivativesof the sampledointsthemseleswith afactor
+/B. Thisfactoraccountgor the lower densityof pointson asinglelight sourcd.

Note that other discretesamplingeventscan also be handledby scalingthe derivatives (cfr.
Russiarroulette).

2Notethatotherproceduregor samplinguniform pointsin a trianglearepossible(cfr. [17]). Theseresultin otherpartial
deriatives, but the density(i.e. the vectorproductof the dervatives) staysthe samefor all procedures.
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Figure5: Imageof ascenewith glossymaterialswithout the useof texturefiltering. Glossyreflec-
tionsandrefractionsarenoisy.

B ~
Figure6: For thisimagetexturefiltering is used basedn the footprint of the path.In someregions
thefootprintis over-estimatedgausingoo muchblurring (especiallytheglossytransparensquashed
sphereasshown in the magnification).

T

"
Figure 7: For this imagethe path gradientwas usedto reduceover-estimatedootprints and the
excessie blurringis effectively reduced.

~

Figure8: Referencémageusingmary moresamples.
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