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Abstra
tWe present an extension of the methods of Apt and Bezem for proving terminationof general logi
 programs, to the 
ase of abdu
tive general logi
 programs. We 
onsiderprograms exe
uted under SLDNFA resolution, an abdu
tive extension of SLDNF proposedby Dene
ker and De S
hreye, w.r.t. an arbitrary safe sele
tion rule. We show that thetermination 
onditions for SLDNF of Apt and Bezem, namely a
y
li
ity of the programand boundedness of the query, are not suÆ
ient for ensuring termination under SLDNFA.A third synta
ti
 
ondition, namely abdu
tive nonre
ursivity of the program and query, isproposed whi
h prevents the abdu
ing of an in�nite number of abdu
ible atoms. A
y
li
ityof the program, boundedness of the query and abdu
tive nonre
ursivity of the program andquery form our suÆ
ient termination 
ondition for SLDNFA. By the best of our knowledge,this is the �rst work on termination of an abdu
tive pro
edure for general logi
 programs.
Keywords : Logi
 Programming, Termination Analysis.CR Subje
t Classi�
ation : I.2.3, I.2.2



1 Introdu
tionThe role of abdu
tion as a reasoning paradigm in AI is widely a

epted. Abdu
tion is a form of reasoningwhi
h, given a knowledge base and an observation Q, �nds possible explanations of Q in terms of aparti
ular set of predi
ates, 
alled the abdu
ible predi
ates. In the 
ontext of logi
 programming,abdu
tive pro
edures have been used for a.o. planning [11, 17, 18℄, knowledge assimilation and beliefrevision [14℄, database updating [15℄, and reasoning in the 
ontext of temporal domains with un
ertainty[9℄. In [8℄, Dene
ker and De S
hreye present an abdu
tive extension of SLDNF [1℄, 
alled SLDNFA.We investigate the termination behaviour of general logi
 programs exe
uted under SLDNFA w.r.t. anarbitrary safe sele
tion rule. We show that the termination 
onditions for SLDNF of Apt and Bezem [3℄,namely a
y
li
ity of the program and boundedness of the query w.r.t. a level mapping, are not suÆ
ientfor ensuring termination under SLDNFA. In parti
ular, these 
onditions do not prevent an SLDNFA-derivation from abdu
ing an in�nite number of abdu
ible atoms. We propose a third, synta
ti
al
ondition, namely abdu
tive nonre
ursivity of the program and query. This 
ondition together withthe a
y
li
ity of the program and boundedness of the query are suÆ
ient for proving termination of anSLDNFA-derivation using a safe sele
tion rule. For de�nite programs and queries as well as for programsand queries without abdu
ible predi
ates, the 
ondition of abdu
tive nonre
ursivity is trivially satis�ed.So, in these 
ases, termination of SLDNFA 
omes down to a
y
li
ity of the program and boundedness ofthe query. By the best of our knowledge, this is the �rst work on termination of an abdu
tive pro
edurefor general logi
 programs.Besides SLDNFA, a number of other abdu
tive extensions of SLDNF resolution have been proposed,in
luding [20, 17, 15, 19, 21, 5℄. However, as dis
ussed in [8℄, either these pro
edures have not beenformalized and proved 
orre
t, or they 
an be proved 
orre
t only for a restri
ted 
lass of abdu
tivelogi
 programs, or they do not provide a way of 
he
king the 
onsisten
y of the abdu
tive answers, orthey do not provide a treatment for 
oundering abdu
tion (whi
h is an analog problem of the negation
oundering problem and arises when a nonground abdu
tive atom is sele
ted). An ex
eption is the i�pro
edure of [13℄. SLDNFA and i� are in many respe
ts 
omplementary. However, while SLDNFA isformalized in a logi
 programming style, i� is formalized as a rewrite pro
edure using 
ompletion. Werefer to [8℄ for a formal dis
ussion on these works and a detailed 
omparison with SLDNFA. Our 
hoi
efor SLDNFA is also motivated by the following reason. Similar to the de�nition of SLDNF [1℄, SLDNFAis based on a s
hema whi
h models the 
omputation pro
ess. This allows us to reason on and proveproperties of \run time behaviour", like termination, of derivations.The paper is stru
tured as follows. After a short se
tion of preliminaries, we re
all in Se
tion 3 theSLDNFA proof pro
edure as de�ned in [8℄. In Se
tion 4, we show that the termination 
onditions forSLDNF, as proposed in [3℄, are not suÆ
ient for proving termination of SLDNFA. We present a suÆ
ienttermination 
ondition, extending the 
ondition of [3℄, for SLDNFA exe
uted under an arbitrary safesele
tion rule. We 
on
lude in Se
tion 5. In the appendix, one 
an �nd some more examples illustrating
on
epts introdu
ed in this paper.2 PreliminariesWe assume familiarity with the basi
 
on
epts of logi
 programming [16, 2℄. Throughout the paper, Pwill denote a general logi
 program based on an alphabet �. Let �p � � denote the set of predi
atesymbols of �. For a set A � �p of predi
ate symbols, we denote with PA the abdu
tive general logi
program P with set of abdu
ible predi
ates A. In Se
tion 3, the SLDNFA proof pro
edure for abdu
tiveprograms [8℄ is de�ned.With UP , resp. BP , we denote the Herbrand Universe, resp. Herbrand Base, asso
iated with (� underly-ing) P . With :BP we denote the set of negative ground literals f:A j A 2 BP g. The extended HerbrandUniverse, UEP , and the extended Herbrand Base, BEP , asso
iated with P , were introdu
ed in [12℄. Theyare de�ned as follows. Let TermP and AtomP denote the set of respe
tively all terms and atoms that
an be 
onstru
ted from the alphabet underlying P (in
luding variables). The variant relation, denoted�, de�nes an equivalen
e. UEP and BEP are respe
tively the quotient sets TermP = � and AtomP = �.For any term t (or atom A), we denote its 
lass in UEP (BEP ) as ~t ( ~A). However, when no 
onfusion ispossible, we omit the tildes. Let :BEP = f:A j A 2 BEP g.2



With ground�(P ) we denote the set of �-ground instan
es of 
lauses of P . For a 
lause C of P , wedenote with Head(C) the atom o

urring in the head of C and with Body(C) the set of literals o

urringin the body of C.Let p; q be two predi
ate symbols of P . We say that p refers to q in P i� there is a 
lause in P with pin the head and q o

urring in the body. When ne
essary, we distinguish between two kinds of \refersto"-ar
s: there is a positive, resp. negative, ar
 from p to q i� there is a 
lause in P with p in the headand q o

urring positively, resp. negatively, in the body. We say that p depends on q in P , and writep w q, i� (p; q) is in the re
exive, transitive 
losure of the relation refers to. We write p ' q i� p w qand q w p (p and q are mutually re
ursive or p = q), and p = q i� p w q and q 6w p. If L is a literalp(t1; : : : ; tn) or :p(t1; : : : ; tn), then we de�ne Rel(L) = p. With a signed predi
ate of a set P of predi
atesymbols, we mean p or :p, where p 2 P . An atom of the form p(t) will be 
alled a p-atom.3 SLDNFAAn abdu
tive logi
 program PA based on � is a general program P based on � together with a subsetA of predi
ates of �p, 
alled abdu
ible. The other predi
ates in �p nA are 
alled nonabdu
ible. Withoutloss of generality, we assume that for any nonpropositional abdu
tive logi
 program PA, equality = isde�ned by one unit 
lause, X = X  , in P (without expli
itly stating this in the examples).In [8℄, the 3-valued 
ompletion semanti
s for abdu
tive logi
 programs and the notion of abdu
tivesolution for a query w.r.t. a program are de�ned. By the la
k of spa
e, we will not go into detail hereand we will only give the proof pro
edure, 
alled SLDNFA. This se
tion is based on [8℄ and we refer to[8℄ for the soundness and 
ompleteness results and for more details.An SLDNFA 
omputation 
an be understood as a pro
ess of deriving formulas 8(Q0  �), with  Q0the initial query and the 
onjun
tion � 
omposed of two types of unsolved queries:� For any query  Q for whi
h a derivation still needs to be 
omputed (in the sequel, a positivequery), � 
ontains the open formula Q (denoting the open 
onjun
tion of literals in Q).� For any query  Q for whi
h a failure tree still needs to be 
onstru
ted (in the sequel, a negativequery), � 
ontains the open formula 8X: Q with X a subset of the variables of Q.SLDNFA sele
ts unsolved positive or negative queries  Q and literals in  Q and rewrites thesequeries depending on the sort of sele
tion. These rewrite operations 
an be interpreted as theoremproving steps on �. Resolution is applied on nonabdu
ible atoms sele
ted in positive and negativequeries, as in SLDNF. Negative literals are deleted from positive queries and added as negative queriesand vi
e versa, just as in SLDNF. Abdu
ible atoms in positive queries are never sele
ted: they aretreated as residual atoms. They are 
alled abdu
ed atoms. The pro
ess of 
omputing an in
reasing setof residual abdu
ible atoms 
an be understood as the in
remental 
onstru
tion of a de�nition for theabdu
ible predi
ates. Abdu
ible atoms sele
ted in negative queries are resolved with the residual atomsin the positive queries.Note that � 
ontains two types of variables: free variables (universally quanti�ed in front of 8(Q0  �))and variables universally quanti�ed in a 
onjun
t of �. This distin
tion plays a 
ru
ial role in SLDNFA.The variables that appear free in � will be 
alled positive and the variables that appear universallyquanti�ed in � will be 
alled negative. Whether variables in queries in a derivation are positive ornegative depends on the way they are introdu
ed in the derivation. The positive variables are eithervariables of the initial query Q0 or are the variables of input program 
lauses used for resolution withpositive queries. The negative variables are the variables of program 
lauses used for resolution withnegative queries. What follows is a pre
ise des
ription of how the basi
 operations of uni�
ation andresolution are modi�ed to take the di�eren
e between positive and negative variables into a

ount.De�nition 3.1 (marking) A marking � is a partial fun
tion of the set of variables of an alphabet �to the set f+;�g. Given a marking �, a variable X is marked i� �(X) is de�ned. A marked atom,equality set, query, program 
lause is one in whi
h all variables are marked.3



Given a marking �, we denote with X+, resp. Y �, that �(X) = +, resp. �(Y ) = �. A marking 
anbe seen as a memo to inform uni�
ation and resolution in SLDNFA about the logi
al nature of thevariables.De�nition 3.2 (positive solved form; solvable equality set)An equality set is in solved form i� it is a set of equality atoms of the form X = t su
h that X is avariable di�erent from the term t and X o

urs only on
e at the left and not at the right.Given a marking �, a marked equality set is in positive solved form i� it is in solved form and it 
ontainsno atoms of the form X+ = Y �.An equality set Es is a (positive) solved form of an equality set E i� Es is in (positive) solved form andEs is a mgu of E. An equality set with a solved form is 
alled solvable; an equality set without solvedform is 
alled unsolvable. Two atoms p(t), p(s) are said to be uni�able i� ft = sg is solvable.It is straightforward that (given some marking �) a marked equality set has a solved form i� it has apositive solved form. Also, a 
orre
t uni�
ation algorithm 
an be extended to an algorithm 
omputinga positive solved form.De�nition 3.3 (positive resolution) Given is a marking �, a marked query  Q = B1; p(t); B2and C � p(s) B0 a marked 
lause. Q0 is derived from  Q and C by positive resolution on p(t) using � if the following holds: (1) � isa solved form of t = s and (2)  Q0 is the query �( B1; B0 ; B2). We 
all  Q0 the positive resolvent.In SLDNFA, positive resolution is applied to positive queries.If E is a marked equality set in positive solved form, de�ne E+, resp. E�, as the subset of E having apositive variable, resp. negative variable, at the left.De�nition 3.4 (negative resolution) Given is a marking �, a marked query  Q = B1; p(t); B2and C � p(s) B0 a marked program 
lause or a marked abdu
ible atom (B0 = f g). Q0 is derived from  Q and C by negative resolution on p(t) if the following holds: (1) t = s has apositive solved form E and (2)  Q0 is the query E�( B1; E+; B0 ; B2). We 
all  Q0 the negativeresolvent.De�nition 3.5 (irredu
ible equality atom) We 
all s = t irredu
ible when s is a positive variableand t is either a nonvariable term or another positive variable.Negative resolution is applied to negative queries. In su
h a negative query, an irredu
ible atom for-mulates a disequality 
onstraint on a positive variable. Negative resolution will never bind positivevariables; instead it generates disequality 
onstraints on them.Note that, for queries and program 
lauses that 
ontain only positive (resp. negative) variables, positive(resp. negative) resolution and 
lassi
al resolution 
oin
ide.The following notion of prederivation serves as a kind of skeleton for the notion of an SLDNFA-derivation.De�nition 3.6 (prederivation) Given is an abdu
tive logi
 program PA based on an alphabet �. Aprederivation K is a tuple ((�1; : : : ; �n); T; �) with (�1; : : : ; �n) a sequen
e of substitutions, T a tree oflabeled queries  Q and labeled ar
s, and � a marking of the variables of �. Ea
h query is labeledpositive or negative. A query  Q in the tree may or may not be labeled by a literal in  Q, 
alled thesele
ted literal.An ar
 from a negative query  Q1; L;Q2 with a sele
ted atom L arrives in a negative query  Q0 andis labeled with a program 
lause H  B (or an abdu
ible atom H), 
alled the applied resolvendus.  Q0is derived from  Q1; L;Q2 and H  B (resp. H) by negative resolution on L.The sequen
e of substitutions in a prederivation will be the sequen
e of substitutions 
omputed atpositive resolution steps.Given an abdu
tive logi
 program PA and a prederivation K, a resolvendus of a node N in K with anonabdu
ible sele
ted atom L is any program 
lause H  B of PA su
h that L and a variant of H areuni�able. If the sele
ted atom L of N is abdu
ible, then a resolvendus of N is any abdu
ible atom L0 ina positive query of K su
h that L and L0 are uni�able. For a negative query  Q in K, we distinguishbetween applied resolvendi (those appearing as applied resolvendi of ar
s leaving  Q in K) and theother, nonapplied resolvendi. 4



De�nition 3.7 (sele
tion) Given is a prederivation K.A �rst SLDNFA-sele
tion in K is a tuple (N;L), where N is a positive or negative query in K withoutsele
ted literal, and L is a literal in N . If N is a positive query, then L is not an abdu
ible atom.An SLDNFA-resele
tion in K is a tuple (N;C), where N is a negative query in K labeled with a sele
tedatom L and C is a nonapplied resolvendus of N (w.r.t. K and PA).An SLDNFA-sele
tion in K is a �rst sele
tion or resele
tion in K.Note that an abdu
ible atom in a positive query 
annot be sele
ted. The only queries that 
an besele
ted more than on
e are negative queries with a sele
ted atom for whi
h di�erent bran
hes of thefailure tree are to be explored.In [8℄ it is shown that the safety 
ondition on the sele
tion rule in SLDNF (namely that only groundnegative literals 
an be sele
ted) 
an be weakened in the SLDNFA pro
edure: positive variables mayappear in sele
ted negative literals. However, SLDNFA does not o�er a solution for the treatment ofnegative variables in positive queries. Therefore the following (weak) safety 
ondition is imposed on thesele
tion rule in SLDNFA.De�nition 3.8 (safe sele
tion) Given is a prederivation K. A sele
tion is safe i� it is a resele
tionor if it is a �rst sele
tion (N;L) su
h that L is not a negative literal 
ontaining negative variables.A program 
lause C 0 is 
alled a standardized apart variant of a program 
lause C w.r.t. a prederivationK = ((�1; : : : ; �n); T; �) i� C 0 is a variant of C and the variables in C 0 appear neither in C, nor in�1; : : : ; �n nor in T .De�nition 3.9 (SLDNFA-derivation) Let PA be an abdu
tive logi
 program and  Q0 be a query.An SLDNFA-derivation is de�ned by indu
tion:� The tuple (( ); T0; �0), with T0 a tree 
onsisting of a single positive query Q0 and �0 the markingthat marks the variables of Q0 positive, is an SLDNFA-derivation.� Given an SLDNFA-derivation K, an SLDNFA-extension of K using some safe sele
tion in K isan SLDNFA-derivation.An SLDNFA-extension of a pre-derivation K = ((�1; : : : ; �n); T; �) is de�ned as follows.Let (N;L) be a �rst sele
tion in K with N � Q.An SLDNFA-extension of K using �rst sele
tion (N;L) is a prederivation K 0 = ((�1; : : : ; �n; �); T 0 ; �0)su
h that T 0 is obtained from T by adding a set S with zero, one, or two des
endants to N , marking Nwith sele
ted literal L, and applying � on all queries and labels of T . �0 , � and the set of des
endants Ssatisfy one of the following 
onditions:� Let N be a positive query and L be an atom p(t) with p nonabdu
ible.�0 extends � by marking all variables of a standardized apart variant C 0 of a program 
lause C 2 Ppositive. S is a singleton 
ontaining a positive query  Q0 , whi
h is derived by positive resolutionfrom  Q and C 0 on p(t) using �.In all other 
ases � = � (the empty substitution) and �0 = �. Depending on the type of sele
tion,S satis�es the following 
onditions:� Let N be a positive query and L = :A.S is a pair 
onsisting of a negative query  A and a positive query  Q0 obtained by deleting :Ain  Q.� Let N be a negative query and L = :A.Either S is the singleton 
ontaining one positive query  A, or S is the singleton 
onsisting of anegative query  Q0 obtained by deleting :A in  Q.
5



� Let N be a negative query and L = p(t).S is empty1.Let (N;C) be a resele
tion in K where N � Q.An SLDNFA-extension of K using resele
tion (N;C) is the prederivation K 0 = ((�1; : : : ; �n; �); T 0 ; �0),su
h that T 0 is obtained from T by adding one new des
endant N 0 to N and labeling the ar
 from N toN 0 with C as applied resolvendus. N 0 is a negative query  Q0 , whi
h is derived as follows. Re
all thatby de�nition of resele
tion, N has a sele
ted atom A appearing in  Q.� If A is nonabdu
ible, then �0 extends � by marking the variables of a standardized apart variantC 0 of C negatively.  Q0 is derived from  Q and C 0 by negative resolution on A.� If A is abdu
ible, then �0 = � and  Q0 is derived from  Q and C by negative resolution on A.In [8℄, the following is proven: two di�erent queries of an SLDNFA-derivation K that do not o

ur inthe same bran
h may share positive but no negative variables; positive queries 
ontain only positivevariables; the substitutions �1; : : : ; �n of K 
ontain only positive variables.De�nition 3.10 (�nitely failed derivation) An SLDNFA-derivation K is �nitely failed if K 
on-tains a positive query that 
ontains a nonabdu
ible atom without resolvendi w.r.t. PA or if K 
ontainsthe empty negative query.A negative query N in an SLDNFA-derivation K is 
alled 
ompleted i� N has a sele
ted literal L andeither L is a negative literal or L is an atom su
h that ea
h resolvendus of L w.r.t. PA and K is anapplied resolvendus of N .De�nition 3.11 (SLDNFA-refutation) An SLDNFA-refutation K for a query  Q is an SLDNFA-derivation K for  Q su
h that all positive leaves 
ontain only abdu
ible atoms and all negative queriesare 
ompleted or they have no sele
ted literal and 
ontain an irredu
ible equality atom.In [8℄, it is shown in detail how to extra
t abdu
tive solutions from an SLDNFA-refutation. Roughly,an abdu
tive solution is extra
ted from an SLDNFA-refutation by 
ompleting the abdu
ed atoms andadding the irredu
ible equality atoms as 
onstraints (without going into detail, we mention that moregeneral answers 
an be derived, as shown in [8℄).In the following se
tion, we study termination under SLDNFA-exe
ution w.r.t. an arbitrary sele
tionrule. However, we put some natural 
onditions on the sele
tion in SLDNFA, namely:� no abdu
ible atom is sele
ted in a positive query (by De�nition 3.7 of sele
tion),� no negative literal 
ontaining negative variables is sele
ted in a negative query (by De�nition 3.9of SLDNFA-derivation: the sele
tion is safe).� no irredu
ible equality atom is sele
ted in a negative query (this is a reasonable 
ondition, sin
ethe des
endant in that 
ase would be identi
al to the negative query).For the rest of this paper, we 
onsider SLDNFA-derivations using a sele
tion rule satisfying the above
onditions.We illustrate the above 
on
epts with a small fault diagnosis problem of [8℄.Example 3.1 A faulty lamp problem is 
aused by a broken lamp or by a power failure of a 
ir
uitwithout ba
kup, that is, a loaded battery. The only 
ir
uit with battery is 
1; its battery is b1. A batteryis unloaded i� one of its energy 
ells is dry. This is formalized in P fbroken=1;power failure=1;dry 
ell=1g:lamp(l1)  battery(
1; b1)  faulty lamp  lamp(X); broken(X)faulty lamp  power failure(X);:ba
kup(X)ba
kup(X)  battery(X;Y );:unloaded(Y )unloaded(X)  dry 
ell(X)1K and K0 di�er by the fa
t that N in K has no sele
ted literal, whereas N in K0 has the sele
ted literal L. Bran
hesof the failure tree below N are added in later stages, when N is resele
ted.6



An SLDNFA-refutation for the query faulty lamp is shown in Figure 1. As a notational 
onvenien
e,we pre�x positive, resp. negative, queries with +, resp. -. The sele
ted literal in a query is underlined andthe ar
s are numbered to indi
ate the sequen
e of 
omputation steps. The answer that 
an be extra
tedfrom this refutation is that there is a power failure on a 
ir
uit X+ that is not 
1.
faulty_lamp

power_failure(X  ) , backup (X  )

backup(X  ) power_failure(X  )

battery(X  ,Y  ) , unloaded(Y  )

X  = c1 , unloaded(b1)

1

2 2

3

4Figure 1: SLDNFA-refutation for  faulty lamp.In Example 4.3, we will prove that all SLDNFA-derivations for  faulty lamp are �nite. In Example4.5, we will even show that for every query, all SLDNFA-derivations in P fbroken=1;power failure=1;dry 
ell=1gare �nite.4 SLDNFA-TerminationLet PA be an abdu
tive logi
 program and  Q be a query, both based on the alphabet �.De�nition 4.1 (SLDNFA-terminating program w.r.t. a query)PA is SLDNFA-terminating w.r.t.  Q i� all SLDNFA-derivations of  Q in PA are �nite.As in most termination analyses for logi
 programs (see [6℄ for a survey), our termination 
onditionrelies on the 
on
epts of level mapping and boundedness.De�nition 4.2 (level mapping) A level mapping for PA is a fun
tion j:j : BP [ :BP ! IN, withj:Bj = jBj for all B 2 BP .De�nition 4.3 (boundedness) Let j:j be a level mapping for PA.A literal L 2 BEP [:BEP is 
alled bounded w.r.t. j:j i� j:j is bounded on the set [L℄ of �-ground instan
esof L. If L is bounded w.r.t. j:j, then we de�ne jLj as the maximum j:j takes on [L℄. If jLj � k, withk 2 IN, then we say that L is bounded by k.A query  Q is 
alled bounded w.r.t. j:j i� all its literals are. If  Q = L1; : : : ; Ln is bounded w.r.t.j:j, then we de�ne jQj as the multiset fjL1j; : : : ; jLnjg. If jLij � k for all i 2 f1; : : : ; ng, with k 2 IN,then we say that  Q is bounded by k. With abuse of notation, we will sometimes write j Qj insteadof jQj.In [3℄, the 
on
ept of a
y
li
 general program was de�ned. This notion 
an also be applied to abdu
tivegeneral programs.De�nition 4.4 (a
y
li
 program) Let j:j be a level mapping for PA. PA is a
y
li
 w.r.t. j:j i�8H  L1; : : : ; Ln 2 Ground�(PA) and 8i 2 f1; : : : ; ng:jH j > jLij:PA is a
y
li
 i� there exists a level mapping j:j su
h that PA is a
y
li
 w.r.t. j:j.7



As noted in [7℄ in the 
ase of de�nite programs (note that in that 
ase a
y
li
ity is also 
alled re
urren
y),the 
ondition that the level mapping de
reases from 
lause heads to 
lause bodies, is used for two di�erentpurposes: (1) in (mutually) re
ursive 
alls, to ensure termination of (mutually) re
ursive pro
edures and(2) in non (mutually) re
ursive 
alls, to ensure that non (mutually) re
ursive pro
edures are 
alled withterminating queries. Although a de
reasing of the level mapping is apparently essential for the �rstpurpose, this is not the 
ase for the se
ond purpose, sin
e a weaker 
ondition 
an be adopted to ensurethat nonre
ursive pro
edures are properly 
alled. For the 
ase of de�nite programs (hen
e re
urren
y),this weaker 
ondition is given in [4℄; namely, semi-re
urren
y. It is shown in [4℄ that semi-re
urren
y isequivalent to re
urren
y. We follow the same approa
h as [4℄ for the 
ase of a
y
li
ity.De�nition 4.5 (semi-a
y
li
 program) Let j:j be a level mapping for PA. PA is semi-a
y
li
 w.r.t.j:j i� 8H  L1; : : : ; Ln 2 Ground�(PA) and 8i 2 f1; : : : ; ng:jH j > jLij if Rel(H) ' Rel(Li);jH j � jLij if Rel(H) = Rel(Li):PA is semi-a
y
li
 i� there exists a level mapping j:j su
h that PA is semi-a
y
li
 w.r.t. j:j.Note that abdu
ible predi
ates do not o

ur in the head of a 
lause and 
annot be re
ursive. So, in thesear
h for a level mapping su
h that PA is semi-a
y
li
, it 
an be safely assumed that abdu
ible literalsare assigned the value 0.Proposition 4.1 Let PA be a program. PA is a
y
li
 i� PA is semi-a
y
li
. In parti
ular, if PA issemi-a
y
li
 w.r.t. a level mapping j:j, there is a level mapping j:j� su
h that PA is a
y
li
 w.r.t. j:j�and all queries  Q that are bounded w.r.t. j:j are also bounded w.r.t. j:j�.Proof The proof is similar to the proof of [4, Lemma 4.4℄ (for the equivalen
e of re
urren
y andsemi-re
urren
y).): Trivial.(: Let j:j be a level mapping su
h that PA is semi-a
y
li
 w.r.t. j:j. Let l be a mapping from�p to IN su
h that l(p) > l(q) if p = q and l(p) = l(q) if p ' q. Note that su
h a mapping existssin
e �p is �nite and w is an equivalen
e relation. De�ne j:j� : BP [ :BP ! IN as follows:L 7! jLj� = jLj+ l(Rel(L)):Then it is easy to verify that PA is a
y
li
 w.r.t. j:j�.From the above proof it also follows that, for all L 2 BEP [ :BEP if L is bounded by k w.r.t. j:j,then L is bounded by k + l(Rel(L)) w.r.t. j:j�. 2In [3℄ it was proven that for an a
y
li
 general program P and a bounded query  Q, all SLDNF-derivations of  Q in P are �nite. In the following example we show that this is not the 
ase forSLDNFA.Example 4.1 Consider the following program:P fp=1g : � r  p(X);:q(X)q(X)  p(f(X))and the query  :r; p(X). Consider the following level mapping j:j for P fp=1g: jrj = 2, jq(t)j = 1 andjp(t)j = 0 for all t 2 UP (we assume that � 
ontains at least one 
onstant symbol). Then, P fp=1g isa
y
li
 w.r.t. j:j and the query  :r; p(X) is bounded by 2 w.r.t. j:j.An SLDNFA-derivation for  :r; p(X) in P fp=1g is shown in Figure 2. Note that the derivation is not�nite, sin
e there is an in�nitely bran
hing (negative) node.
8
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Figure 2: SLDNFA-derivation for  :r; p(X) in P fp=1g.As the above example suggests, an additional 
ondition (besides a
y
li
ity of the program and bound-edness of the query) is needed in order that the program is SLDNFA-terminating w.r.t. the query. Thatis, we have to impose a 
ondition whi
h prevents an SLDNFA-derivation from being in�nitely bran
hingin a node. Note that a derivation 
an only be in�nitely bran
hing in a node whi
h 
ontains a negativequery with a sele
ted abdu
ible p-atom and there are an in�nite number of abdu
ed p-atoms in positivequeries. Hen
e, the additional 
ondition should ensure that, for every derivation of  Q in PA, theset2 of abdu
ed atoms in the derivation is �nite. Note that for propositional programs and queries, this
ondition is naturally satis�ed. So, in the propositional 
ase, SLDNFA-termination is implied by thea
y
li
ity of the program and boundedness of the query. In the predi
ate 
ase however, the 
onditionthat the set of abdu
ed atoms in ea
h derivation is �nite, it is not easy to verify. Therefore, we intro-du
e a stronger, but synta
ti
al 
ondition, 
alled abdu
tive nonre
ursivity. We introdu
e the ne
essary
on
epts.De�nition 4.6 (redu
tions and paths) Let PA be a program and  Q be a query. Let start be anew (i.e. not o

urring in �p) predi
ate symbol of arity 0. We de�ne redu
tions between elements of theform �sp, where � 2 f+;�g and sp is a signed predi
ate symbol of �p [ fstartg. The redu
tions will bedenoted with an arrow \!", indexed with the query Q, a 
lause of PA, or the symbol s.� Suppose p(t);:q(s) 2 Q. Then we have the following !Q-redu
tions:+start !Q +p+start !Q +:q� Let C be a 
lause of PA. Suppose Head(C) = h(u) and p(t);:q(s) 2 Body(C). Then we have thefollowing !C-redu
tions: +h !C +p+h !C +:q �h !C �p�h !C �:q� For all predi
ate symbols p 2 �p, we have the following !s-redu
tions:+:p !s �p �:p !s +pA redu
tion sequen
e of the form+start!Q :(!s):!C :(!s):!C0 : : : : :(!s):!C00 : : : :2seen as a subset of AtomP ; so e.g. two atoms p(X) and p(Y ) with X 6= Y are di�erent.9



where C;C 0 ; C 00 are 
lauses of PA, is 
alled a path from  Q in PA.If there is a subpath (possibly of length 0) in a path from  Q in PA starting in �sp and ending in�0sq, where �; �0 2 f+;�g and sp; sq are signed predi
ates of �p [ fstartg, then we denote this with�sp!Q;P;s �0sq. If in this subpath from �sp to �0sq, no redu
tion of the sort !s o

urs, then we denotethis with �sp!Q;P �0sq (note that in this 
ase � = �0).We introdu
e some notation. Let K = ((�1; : : : ; �n); T; �) be an SLDNFA-derivation. A positive, resp.negative, query N in T will be pre�xed with +, resp. �; e.g. +N , resp. �N . If a query N (positive ornegative) in T 
ontains a literal p(t), resp. :p(t), then this will be denoted as N(p), resp. N(:p). If anode N is an an
estor of a node M in T , then this will be denoted with N ;M .Proposition 4.2 Let PA be a program and  Q be a query. Let K = ((�1; : : : ; �n); T; �) be anSLDNFA-derivation of  Q in PA. Let �M1(sp1) and �0M2(sp2) be nodes in T , with �; �0 2 f+;�gand sp1; sp2 signed predi
ates of �p n f=g.If �M1(sp1); �0M2(sp2), then there exists a predi
ate q 2 (�p nf=g)[fstartg su
h that �q !Q;P �sp1and �q !Q;P;s �0sp2.Proof Let T 0 be the tree obtained from T by adding the positive query  start as parent of  Qin T (so  start is the root of T 0). Then, K 0 = ((�1; : : : ; �n); T 0 ; �) is an SLDNFA-derivation of start in PA[fstart Qg. Note that the root of T 0 is a query 
onsisting of one atom, namelystart. Also, ea
h positive, resp. negative, query whi
h is a dire
t des
endant of a negative, resp.positive, query 
onsists of one atom (see De�nition 3.9 of SLDNFA-derivation).Given is that �M1(sp1) ; �0M2(sp2) in T , hen
e also in T 0 . De�ne + = � and � = +. Let �Nbe the highest an
estor of �M1(sp1) in T 0 su
h that there are no queries �W on the bran
h from�N to �M1(sp1). So, the parent of �N is of the form �V . Note that, by the remark above, �N
onsists of one atom, say q(t). By De�nition 3.9 of SLDNFA-derivation, De�nition 4.6 and thefa
t that sp1 is a signed predi
ate of �p n f=g, it is easy to see that �q !Q;P �sp1. We provethat �q !Q;P;s �0sp2. Let �0N2 be the highest an
estor of �0M2(sp2) in T 0 su
h that there are noqueries �0W on the bran
h from �0N2 to �0M2(sp2). So, the parent of �0N2 is of the form �0V .If �0N2 = �N , then �0 = � and �q !Q;P �sp2, hen
e �q !Q;P;s �sp2. Suppose that �0N2 6= �N .Again, by the remark above, �0N2 
onsists of one atom, say q2(t) and �0q2 !Q;P �0sp2. Note thatq2 2 �p n f=g. The parent of �0N2(q2) is of the form �0N3(:q2). Sin
e �0:q2 !s �0q2, we havethat �0:q2 !Q;P;s �0sp2. By indu
tively exploiting this argument (on �0N3(:q2)), we obtain that�q !Q;P;s �0:q2, hen
e �q !Q;P;s �0sp2. 2Note that Proposition 4.2 does not hold if sp1 or sp2 are equal to =. This is be
ause the sele
tion ofan atom in a negative query, might introdu
e an equality atom (by negative resolution) and this is nottaken into a

ount in the De�nition 4.6 of redu
tions. But this is not a problem, sin
e we will onlybe interested in the 
ase that sp1 and sp2 are signed predi
ates of A, the set of abdu
ible predi
atesymbols. The next de�nition introdu
es the synta
ti
al notion of abdu
tive re
ursive program andquery. The 
on
ept of abdu
tive nonre
ursive program and query will be the additional requirement inour termination 
ondition (Theorem 4.1).De�nition 4.7 (abdu
tive re
ursive program and query) Let PA be a program and  Q be aquery. We 
all PA [ f Qg abdu
tive re
ursive i� there are abdu
ible predi
ates p1; : : : ; pn 2 A andpredi
ates q1; : : : ; qn 2 �p n (A [ f=g), n � 1, su
h that�q1 !Q;P �p1�q1 !Q;P;s +p2 �q2 !Q;P �p2�q2 !Q;P;s +p3 : : : �qn !Q;P �pn�qn !Q;P;s +p1We 
all PA [ f Qg abdu
tive nonre
ursive i� PA [ f Qg is not abdu
tive re
ursive.Example 4.2 Re
all the program and query of Example 4.1. P fp=1g [f :r; p(X)g is abdu
tive re
ur-sive sin
e �r !Q;P �p and �r !Q;P;s +p. 10



For two more (slightly more 
ompli
ated) examples of abdu
tive programs and queries with in�niteSLDNFA-derivations, we refer to the appendix (Examples A.1 and A.2).The following is a 
orollary to Proposition 4.2. It gives the meaning of the notion of abdu
tive re
ursiveprogram and query in terms of SLDNFA-derivations.Corollary 4.1 Let PA be a program and Q be a query. Suppose there is an SLDNFA-derivation K =((�1; : : : ; �n); T; �) of  Q in PA with nodes �N1(p1), +M1(p2), �N2(p2), +M2(p3), : : :, �Nn(pn),+Mn(p1) in T with n � 1 and p1; p2; : : : ; pn 2 A, su
h that�N1(p1); +M1(p2) �N2(p2); +M2(p3) : : : �Nn(pn); +Mn(p1)Then, P [ f Qg is abdu
tive re
ursive.Proof Note that = is not an abdu
ible predi
ate, so by applying Proposition 4.2, there are predi
atesq1; : : : ; qn 2 (�p n f=g) [ fstartg su
h that�q1 !Q;P �p1�q1 !Q;P;s +p2 �q2 !Q;P �p2�q2 !Q;P;s +p3 : : : �qn !Q;P �pn�qn !Q;P;s +p1Note then that �start does not o

ur in a path from P in Q, so qi 6= start for all i 2 f1; : : : ; ng.Also, for p an abdu
ible predi
ate, �p 
annot be redu
ed further, so qi 62 A for all i 2 f1; : : : ; ng.2We are now able to formulate and prove the main theorem of this paper.Theorem 4.1 Let PA be a semi-a
y
li
 program w.r.t. a level mapping j:j, and let  Q be a boundedquery w.r.t. j:j. Suppose that PA[f Qg is abdu
tive nonre
ursive. Then, PA is SLDNFA-terminatingw.r.t.  Q.Proof We may assume that PA is a
y
li
 w.r.t. j:j (if PA is not a
y
li
 w.r.t. j:j, then we take thelevel mapping j:j� de�ned in the proof of Proposition 4.1 and PA is a
y
li
 w.r.t. j:j�; note that Q will also be bounded w.r.t. j:j�). Let k 2 IN su
h that  Q is bounded by k.Let j:j1 be the mapping from BP [ :BP to IN [ f�1g obtained from j:j as follows: jt = sj1 =jt 6= sj1 = �1 for all t; s 2 UP , and jLj1 = jLj for all L 2 BP [ :BP su
h that Rel(L) 6�=.Bounded literals and queries w.r.t. j:j1 and their level under j:j1 are de�ned like in De�nition 4.3for level mappings.Note then that, sin
e PA is a
y
li
 w.r.t. j:j, PA is a
y
li
 w.r.t. j:j1 (note that a
y
li
ity is onlyde�ned w.r.t. level mappings of the form of De�nition 4.2, but De�nition 4.4 of a
y
li
ity 
an beextended in the obvious way for mappings like j:j1). This is be
ause equality is de�ned by oneunit 
lause. Note also that, be
ause  Q is bounded by k w.r.t. j:j,  Q is also bounded by kw.r.t. j:j1.Consider the mapping j:j2 from BP [ :BP to (IN [ f�1g)� f0; 1g obtained from j:j1 as follows:jBj2 = (jBj1; 0), j:Bj2 = (j:Bj1; 1) for all B 2 BP . We 
onsider the lexi
ographi
al order <2 on(IN[f�1g)�f0; 1g: (z; b) <2 (z0; b0) i� z < z0 or z = z0 and b < b0. Note that <2 is well-founded.Bounded literals and queries w.r.t. j:j2 and their level under j:j2 are de�ned like in De�nition 4.3for level mappings.Be
ause PA is a
y
li
 w.r.t. j:j1, PA is a
y
li
 w.r.t. j:j2. Also, be
ause  Q is bounded by kw.r.t. j:j1,  Q is bounded by (k; 1) w.r.t. j:j2.Let �2 be the multiset ordering on �nite multisets of elements of (IN [ f�1g)� f0; 1g obtainedfrom ((IN [ f�1g)� f0; 1g; <2); i.e. �2 is the transitive 
losure of �02 withX �02 Y i� X = Y � f(z; b)g [ Z for some (z; b) 2 Y and Z su
h that (z0; b0) <2 (z; b)for (z0; b0) 2 Z, 11



where X;Y; Z are �nite multisets of elements of (IN[f�1g)�f0; 1g. Be
ause <2 is well-founded,the multiset ordering �2 is well-founded (see [10℄).Let K be an SLDNFA-derivation with all queries bounded w.r.t. j:j2 by (k; 1). Let K 0 be anSLDNFA-extension of K. Let Ns be the sele
ted node in K. For a node N in K, denote withN 0 its 
orresponding node in K 0 . So, in parti
ular, N 0s is the node in K 0 
orresponding to thesele
ted node Ns in K. In the following, we prove that all queries in K 0 are also bounded by(k; 1), and that jN 0 j2 �2 jN j2 or jN 0 j2 = jN j2 for all nodes N in K. We also show the relationshipbetween jN 0sj2 and jN 0dj2, where N 0d is a des
endant of N 0s in K 0 added in the SLDNFA-extensionstep. Let Ls be the sele
ted literal in Ns. By de�nition of SLDNFA-extension, K 0 is obtainedfrom K in one of the following ways:1. Ns is a positive query and Ls is an atom p(t) with p nonabdu
ible.Suppose Ns = L; Ls;K (note that possibly L or K are empty). Let C = H  L1; : : : ; Lnbe a standardized apart variant of a program 
lause of PA and let � be the mgu of H andLs (note that we use positive resolution). Then N 0s = L�; Ls�;K� and the des
endant ofN 0s in K 0 is N 0d = L�; L1�; : : : ; Ln�;K�. For every node N in K, the 
orresponding nodeN 0 in K 0 is obtained from N by applying � on it: N 0 = N�.It is easy to see that for every node N in K, jN 0 j2 �2 jN j2 or jN 0 j2 = jN j2, sin
e for everyliteral L, jL�j2 �2 jLj2.We prove that jN 0dj2 �2 jN 0sj2. Sin
e PA is a
y
li
 w.r.t. j:j2 and sin
e Ls and hen
e alsoLs� are bounded w.r.t. j:j2, Li� is bounded for all i 2 f1; : : : ; ng and jLi�j2 <2 jLs�j2. Also,for all literals F in L or K, jF�j2 �2 jF j2. By de�nition of �2, jN 0dj2 �2 jN 0sj2.From the above it follows that, if all queries in K are bounded by (k; 1), then also all queriesin K 0 are bounded by (k; 1).2. Ns is a positive query and Ls is a negative literal, Ls = :A.In this 
ase, we have for all nodes N in K that the 
orresponding node N 0 is equal to N .So obviously, jN 0 j2 = jN j2.N 0s = Ns has one or two des
endants: a negative query N 0d1 = A and (possibly, if Ns 6= :A) a positive query N 0d2 obtained from N 0s by deleting :A. We prove that jN 0d1j2 �2 jN 0sj2and jN 0d2j2 �2 jN 0sj2. Suppose Ns = L;:A;K (note that possibly L or K are empty).By de�nition of j:j2, j:Aj2 = (jAj1; 1) and jAj2 = (jAj1; 0). So, j:Aj2 >2 jAj2 and hen
e,jN 0d1j2 = f(jAj1; 0)g �2 jN 0sj2. Also, it is easy to see that N 0d2 = L;K, hen
e jN 0d2j2 �2jN 0sj2.Again, it follows from above that, if all queries in K are bounded by (k; 1), then also allqueries in K 0 are bounded by (k; 1).3. Ns is a negative query and Ls is a negative literal, Ls = :A.There are two possible extensions in this 
ase (see below). In both 
ases we have for allnodes N in K that the 
orresponding node N 0 is equal to N . So obviously, jN 0 j2 = jN j2.Let us 
onsider now the two possibilities for the des
endant N 0d of N 0s:� N 0d is the positive query  A.We 
an apply the same reasoning as in the previous 
ase for the des
endant N 0d1.� N 0d is the negative query obtained from Ns = N 0s by deleting :A.Again, the same reasoning as in the previous 
ase for the des
endant N 0d2 
an be applied.Again, it follows from above that, if all queries in K are bounded by (k; 1), then also allqueries in K 0 are bounded by (k; 1).4. Ns is a negative query and Ls is an atom p(t) with p nonabdu
ible and p 6�=.Again, we have for all nodes N in K that the 
orresponding node N 0 is equal to N . Soobviously, jN 0 j2 = jN j2.Suppose Ns = L; p(t);K (note that possibly L or K are empty). Let C = p(s)  L1; : : : ; Ln be a standardized apart variant of a program 
lause of PA. Let E = E+ [E� be12



the positive solved form of t = s. Then, the des
endant N 0d of Ns = N 0s in K 0 is the negativequery  E�(L); E+; E�(L1); : : : ; E�(Ln); E�(K) (note that we use negative resolution).First, note that for all literals F from L or K, jE�(F )j2 �2 jF j2. Also, note that, sin
e allvariables in C are marked as negative E(p(s)) = E�(p(s)) and E(Li) = E�(Li) for all i 2f1; : : : ; ng. Hen
e, be
ause PA is a
y
li
, jp(t)j2 �2 jE(p(s))j2 = jE�(p(s))j2 >2 jE�(Li)j2for all i 2 f1; : : : ; ng. Sin
e we assumed that p 6�=, jp(t)j2 �2 (0; 0). Be
ause for all equalityatoms t0 = s0 in E+, jt0 = s0 j2 = (�1; 0), we have that jp(t)j2 >2 jt0 = s0 j2. So, putting allthings together, we 
an 
on
lude that jN 0dj2 �2 jN 0sj2.Again, it follows from above that, if all queries in K are bounded by (k; 1), then also allqueries in K 0 are bounded by (k; 1).5. Ns is a negative query and Ls is an atom p(t) with p abdu
ible.The same reasoning 
an be applied as in the previous 
ase (note that p 6�=, so againjp(t)j2 �2 (0; 0)).6. Ns is a negative query and Ls is a redu
ible equality atom t = s.Again, we have for all nodes N in K that the 
orresponding node N 0 is equal to N . Soobviously, jN 0 j2 = jN j2.Suppose Ns = L; t = s;K (note that possibly L or K are empty). Note that thereis only one 
lause, namely X = X  , for equality in PA. Let E = E+ [ E� be thepositive solved form of t = s. Then, the des
endant N 0d of Ns = N 0s in K 0 is the negativequery  E�(L); E+; E�(K) (note that we use negative resolution). First, noti
e that forall literals F from L or K, jE�(F )j2 �2 jF j2. So, jE�(L)j2 �2 jLj2 or jE�(L)j2 = jLj2,and the same holds for K and E�(K). Con
erning the sele
ted equality atom t = s, wehave that jt = sj2 = (�1; 0). And for every equality t0 = s0 in E+, we also have thatjt0 = s0 j2 = (�1; 0). So we 
an not 
on
lude that jN 0dj2 �2 jN 0sj2 in this 
ase, sin
e it ispossible that jE�(L)j2 = jLj2 and jE�(K)j2 = jKj2 and E+ 
onsists of 1 or more equalityatoms.Note that we 
an 
on
lude however, that, if all queries in K are bounded by (k; 1), then alsoall queries in K 0 are bounded by (k; 1).We will now prove that there is no in�nite sequen
e of SLDNFA-extensions of  Q in PA, orequivalently, the limit of a sequen
e of SLDNFA-extensions 
onsists of a �nite tree.Let K0 = (( ); T0; �0) be the SLDNFA-derivation of length 0 of  Q in PA. Let K0;K1; : : : ;Kn; : : : be a sequen
e of SLDNFA-extensions starting with K0. In the sequel, we will sometimesidentify an SLDNFA-derivation Ki = ((�1; : : : ; �i); Ti; �i) with its tree Ti. Note that the onlyquery  Q in K0 is bounded w.r.t. j:j2 by (k; 1). So, by the previous, for all n � 0, all queries inKn are bounded by (k; 1). We prove the following:(a) In the limit of the sequen
e K0;K1; : : : ;Kn; : : : there is no in�nite bran
h with its tail 
on-sisting only of positive queries.Suppose that, in the limit, there is an in�nite bran
h with its tail 
onsisting of only positivequeries. Then a 
ontradi
tion follows from point 1 above, the fa
t that all queries arebounded by (k; 1), and the fa
t that �2 is well-founded.(b) In the limit of the sequen
e K0;K1; : : : ;Kn; : : : there is no in�nite bran
h 
onsisting of anin�nite number of positive and an in�nite number of negative queries.Suppose that, in the limit, there is an in�nite bran
h 
onsisting of an in�nite number ofpositive and an in�nite number of negative queries. This means that in this bran
h, aftera �nite number of positive queries, there is a negative query, and after a �nite number ofnegative queries, there is a positive query. In point 1, we proved that by adding a positivequery as des
endant of a positive query in a SLDNFA-extension step, the level mappingj:j2 de
reases w.r.t. �2. Also, in point 2, resp. point 3, we proved that the level mappingde
reases when we add a negative, resp. positive, query as des
endant of a positive, resp.negative, query. Also, the sele
tion of a nonequality atom in a negative query resulting in13



a negative des
endant, gives a de
rease of the level mapping j:j2 w.r.t. �2 (points 4 and 5).The only problem o

urs when an equality atom is sele
ted in a negative query (point 6): inthat 
ase, the level j:j2 of the literals in the query will not in
rease, but a �nite number ofequality atoms (with level (�1; 0)) might be added to the query. But, this 
an only o

ur a�nite number of times before a negative literal :A in the negative query is sele
ted (whi
hresults in a de
rease sin
e jAj2 <2 j:Aj2, see point 3). Hen
e, sin
e all queries are boundedby (k; 1) and �2 is well-founded, we 
an 
on
lude that no bran
h with an in�nite number ofpositive and an in�nite number of negative queries exists.(
) In the limit of the sequen
e K0;K1; : : : ;Kn; : : : there is no in�nitely bran
hing node.Suppose that in the limit of the sequen
e K0;K1; : : : ;Kn; : : : there is an in�nitely bran
hingnode. We prove a 
ontradi
tion with the fa
t that PA [ f Qg is abdu
tive nonre
ursive.Note �rst that the tree 
an only be in�nitely bran
hing in a negative query with a sele
tedabdu
ible atom p1(t1), and there are in�nitely many positive queries with abdu
ible p1-atoms. Be
ause of the previous two proven fa
ts (points (a) and (b) above), there 
an onlybe an in�nite number of positive queries as the result of in�nitely bran
hing nodes. So, in thelimit there must be a negative query �N2(p2) with a sele
ted abdu
ible atom p2(t2) whi
his in�nitely bran
hing and from whi
h a positive query +M2(p1) with an abdu
ible p1-atomdes
ends; i.e. �N2(p2); +M2(p1) (note that there must be a tree Tn whi
h already 
ontainsthe nodes (
orresponding to) �N2(p2) and +M2(p1) with �N2(p2); +M2(p1)). There aretwo possibilities: either p2 = p1 and by Corollary 4.1 we obtain that PA[f Qg is abdu
tivere
ursive whi
h gives a 
ontradi
tion, or p2 6= p1 and we apply the same reasoning on p2.That is, in the limit there is a negative query �N3(p3) with a sele
ted abdu
ible atom p3(t3)whi
h is in�nitely bran
hing and from whi
h a positive query +M3(p2) with an abdu
ible p2-atom des
ends; i.e. �N3(p3); +M3(p2) (note that there must be a tree Tm whi
h already
ontains the nodes (
orresponding to) �N3(p3) and +M3(p2) with �N3(p3) ; +M3(p2);we 
ontinue with the tree Tmax(n;m)). We have three possibilities now: either p3 = p1 orp3 = p2, and by Corollary 4.1 we obtain that PA [ f Qg is abdu
tive re
ursive whi
hgives a 
ontradi
tion, or p3 6= p1 and p3 6= p2 and we apply the same reasoning on p3.We 
ontinue this reasoning. Sin
e there are �nitely many predi
ates, and in parti
ular�nitely many abdu
ible predi
ates, eventually, we obtain a 
ontradi
tion with the fa
t thatPA[f Qg is abdu
tive nonre
ursive. So, we 
an 
on
lude that in the limit of the sequen
eK0;K1; : : : ;Kn; : : : there is no in�nitely bran
hing node.(d) In the limit of the sequen
e K0;K1; : : : ;Kn; : : : there is no in�nite bran
h with its tail 
on-sisting only of negative queries.Suppose that in the limit of the sequen
e K0;K1; : : : ;Kn; : : : there is an in�nite bran
h withits tail 
onsisting only of negative queries. We prove a 
ontradi
tion. Note that, in thetail of this in�nite bran
h, always positive literals are sele
ted. Be
ause of points 4 and5, if a nonequality atom is sele
ted in a negative query, there is a de
rease between thelevel j:j2 of the sele
ted negative query and the added des
endant. If a redu
ible equalityatom is sele
ted (see point 6), possibly some equality-atoms are added and a substitutionis applied on the remaining literals in the negative query. So, if we have in the limit ofthe sequen
e K0;K1; : : : ;Kn; : : : an in�nite bran
h with its tail 
onsisting of only negativequeries, then in this tail, there are a �nite number of sele
tions of nonequality atoms, andan in�nite number of sele
tions of redu
ible equality atoms. That is, this tail has itself atail where only redu
ible equality atoms are sele
ted. Note that, after resolving a redu
ibleequality atom, the added equality atoms (those from E+) are all irredu
ible. Note alsothat the appli
ation of a uni�er of the form E� on an irredu
ible equality atoms will notturn it into a redu
ible equality atom (only uni�ers whi
h instantiate positive variables, likepositive uni�ers, 
an make irredu
ible equality atoms redu
ible). So, there has to be anin�nite number of positive uni�ers, obtained by positive resolution in positive queries. Thismeans that there has to be an in�nite number of positive queries in the limit of the sequen
eK0;K1; : : : ;Kn; : : :. Be
ause of the previous three proven fa
ts (points (a), (b) and (
))this 
annot be the 
ase, so a 
ontradi
tion follows and we 
an 
on
lude that in the limit ofthe sequen
e K0;K1; : : : ;Kn; : : : there is no in�nite bran
h with its tail 
onsisting only of14



negative queries.From points (a), (b), (
) and (d) above, it follows that in the limit of a sequen
e K0;K1; : : : ; Kn;: : : of SLDNFA-extensions, the tree is �nite. Or, a sequen
e of SLDNFA-extensions of  Q inPA is �nite. 2Example 4.3 Re
all the program and query of Example 3.1. Let j:j be the following level mapping:jbroken(t)j = jpower failure(t)j = jdry 
ell(t)j = 0, jlamp(t)j = jbattery(t; s)j = junloaded(t)j =1, jba
kup(t)j = 2 and jfaulty lampj = 3, with t; s 2 UP . P is a
y
li
 w.r.t. j:j and the query faulty lamp is bounded by 3 w.r.t. j:j. One 
an easily verify that P [ f faulty lampg is ab-du
tive nonre
ursive, so, P SLDNFA-terminates w.r.t.  faulty lamp. In Example 4.5, we prove thatP SLDNFA-terminates w.r.t. all queries.Example 4.4 Re
all the program P fp=1g of Example 4.1. As we already noted in Example 4.2, P fp=1g[f :r; p(X)g is abdu
tive re
ursive. Consider next the query r. Note that P fp=1g[f rg is abdu
tivenonre
ursive. By the fa
t that P fp=1g is a
y
li
 and r is bounded by 2 w.r.t. the level mapping proposedin Example 4.1, we have that P fp=1g SLDNFA-terminates w.r.t.  r.Note that, in 
ase A = ;, a program P f g and query  Q are trivially abdu
tive nonre
ursive. So, thetermination 
ondition of Theorem 4.1 boils down to the termination 
ondition of Apt and Bezem [3℄ forSLDNF in that 
ase.Note also that a de�nite program and query are trivially abdu
tive nonre
ursive. So, termination inthat 
ase is ensured by the (semi-)a
y
li
ity of the program (note that for de�nite programs, the notionof (semi-)a
y
li
ity is 
alled (semi-) re
urren
y in [4℄) and boundedness of the query.The notion of abdu
tive re
ursivity of De�nition 4.7 depends on the program and the query in question.We refer to Example 4.4 where a program and two queries are given su
h that the program and �rstquery are abdu
tive re
ursive (and do not SLDNFA-terminate) whereas the program and se
ond queryare abdu
tive re
ursive (and do SLDNFA-terminate). However, for some programs, a 
ondition 
an bestated on the program only, whi
h we will also 
all abdu
tive nonre
ursivity (but now with no referen
eto a parti
ular query; see De�nition 4.9), su
h that the program PA is abdu
tive nonre
ursive (De�nition4.9) i� for all queries  Q, PA [ f Qg is abdu
tive nonre
ursive (De�nition 4.7).De�nition 4.8 (paths II) A redu
tion sequen
e (see De�nition 4.6) of the form:(!s):!C :(!s):!C0 : : : : :(!s):!C00 : : : :where C;C 0 ; C 00 are 
lauses of PA, is 
alled a path in PA.If there is a subpath (possibly of length 0) in a path in PA starting in �sp and ending in �0sq, where�; �0 2 f+;�g and sp; sq are signed predi
ates of �p, then we denote this with �sp!P;s �0sq. If in thissubpath from �sp to �0sq, no redu
tion of the sort !s o

urs, then we denote this with �sp !P �0sq(note that in this 
ase � = �0).De�nition 4.9 (abdu
tive re
ursive program) We 
all the program PA abdu
tive re
ursive i� thereare abdu
ible predi
ates p1; : : : ; pn 2 A and predi
ates q1; : : : ; qn 2 �p n (A [ f=g), n � 1, su
h that�q1 !P �p1�q1 !P;s +p2 �q2 !P �p2�q2 !P;s +p3 : : : �qn !P �pn�qn !P;s +p1We 
all PA abdu
tive nonre
ursive i� PA is not abdu
tive re
ursive.The above de�nition 
an be understood in terms of the dependen
y relation as follows. Note that, for�; �0 2 f+;�g with + = � and � = +, and for all predi
ates p; q we have: �q !P �p i� �q !P �p and�q !P;s �0p i� �q !P;s �0p. So, a statement of the form \�q !P �p" in the above de�nition 
an berepla
ed by \q depends on p in P and there is a dependen
y of q on p whi
h 
onsists of positive ar
sonly". A statement of the form \�q !P;s +p" in the above de�nition 
an be repla
ed by \q dependson p in P and there is a dependen
y of q on p whi
h 
onsists of an odd number of negative ar
s".15



Proposition 4.3 The program PA is abdu
tive nonre
ursive i� for all queries  Q, PA [ f Qg isabdu
tive nonre
ursive. Or, PA is abdu
tive re
ursive i� there is a query  Q su
h that PA [ f Qgis abdu
tive re
ursive.Proof Suppose that there is a query  Q su
h that PA [ f Qg is abdu
tive re
ursive. Thenwe prove that PA is abdu
tive re
ursive. This follows from the fa
t that for every path Pathfrom  Q in PA, the redu
tion sequen
e obtained from Path by deleting the �rst element andredu
tion, namely +start!Q, is a path in PA and from the De�nitions 4.7 and 4.9.Suppose next that PA is abdu
tive re
ursive. We prove that there is a query  Q su
h thatPA[f Qg is abdu
tive re
ursive. There are abdu
ible predi
ates p1; : : : ; pn 2 A and predi
atesq1; : : : ; qn 2 �p n (A [ f=g), n � 1, su
h that�q1 !P �p1�q1 !P;s +p2 �q2 !P �p2�q2 !P;s +p3 : : : �qn !P �pn�qn !P;s +p1Let  Q be the following query  :q1(t1); : : : ;:qn(tn) (with ti, i 2 f1; : : : ; ng, an arbitrarysequen
e of terms with length equal to the arity of qi). Then, for all i 2 f1; : : : ; ng, +start !Q+:qi !s �qi is a path from  Q in PA. Hen
e, together with the above, we have that�q1 !Q;P �p1�q1 !Q;P;s +p2 �q2 !Q;P �p2�q2 !Q;P;s +p3 : : : �qn !Q;P �pn�qn !Q;P;s +p1and PA [ f Qg is abdu
tive re
ursive. 2Hen
e, as a 
orollary to the main theorem (Theorem 4.1) and Proposition 4.3, we 
an state the followingtermination 
ondition.Theorem 4.2 Let PA be a semi-a
y
li
 program w.r.t. a level mapping j:j. Suppose that PA is abdu
tivenonre
ursive. Then, for all bounded queries  Q w.r.t. j:j, PA is SLDNFA-terminating w.r.t.  Q.Example 4.5 Re
all the program of Example 3.1. Note that the program is abdu
tive nonre
ursive. Aswe showed in Example 4.3, the program is a
y
li
 w.r.t. the level mapping j:j proposed in Example 4.3.Note also that all queries are bounded (by 3) w.r.t. j:j. So, by Theorem 4.2, the program is SLDNFA-terminating w.r.t. all queries.5 Con
lusions and future workWe presented an extension of the methods of Apt and Bezem [3℄ for proving termination of generallogi
 programs exe
uted under SLDNF, to the 
ase of abdu
tive general logi
 programs exe
uted underSLDNFA [8℄. Whereas the 
onditions of Apt and Bezem (i.e. a
y
li
ity of the program and boundednessof the query) are also suÆ
ient for proving termination of SLDNFA in the 
ase of de�nite programsand queries, in the propositional 
ase, as well as in the 
ase of the empty set of abdu
ible predi
ates,their 
onditions are not suÆ
ient in general for proving SLDNFA-termination. We proposed a third,synta
ti
al 
ondition, namely abdu
tive nonre
ursivity of the program and query, whi
h together withthe a
y
li
ity of the program and boundedness of the query imply termination of SLDNFA. By thebest of our knowledge, this is the �rst work on termination of an abdu
tive pro
edure for general logi
programs.Our termination 
ondition (Theorem 4.1) is suÆ
ient but not ne
essary. In parti
ular, there are (semi-)a
y
li
 programs and bounded queries whi
h SLDNFA-terminate, but whi
h are abdu
tive re
ursive.Consider for instan
e the following program:P fp=1g : � r  p(X);:q(X)q(X)  p(X)and the query :r; p(X). Noti
e the similarity with the program and query of Example 4.1 (whi
h doesnot SLDNFA-terminate). P fp=1g is a
y
li
 and  :r; p(X) is bounded w.r.t. the same level mapping as16



in Example 4.1. Also, P fp=1g [ f :r; p(X)g is abdu
tive re
ursive. But, P fp=1g SLDNFA-terminatesw.r.t. :r; p(X). It remains a topi
 for future work to re�ne the notion of abdu
tive re
ursivity and to�nd a ne
essary and suÆ
ient 
ondition for SLDNFA-termination. Another topi
 for future resear
h isto study termination of SLDNFA w.r.t. a parti
ular sele
tion rule. Finally, we want to note that, besidesabdu
tive nonre
ursivity, other 
onditions 
an be found whi
h, together with a
y
li
ity of the programand boundedness of the query, imply SLDNFA-termination. We refer to the dis
ussion after Example4.1 on page 9. There, we noted that the additional 
ondition should ensure that, for every derivation of Q in PA, the set of abdu
ed atoms in the derivation is �nite. This is, as we noted, trivially true inthe propositional 
ase. In the predi
ate 
ase, this is for instan
e true if the set of abdu
ed atoms in ea
hderivation is a �nite set of ground atoms (whi
h 
ould e.g. be derived from mode or type information).Further resear
h in this dire
tion and in 
ombining the di�erent 
onditions should be done.Referen
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A Some more examplesIn this appendix two examples of abdu
tive re
ursive programs and queries with in�nite SLDNFA-derivations are given. Note that for both examples, a level mapping 
an be found su
h that the programis a
y
li
 and the query is bounded w.r.t. that level mapping. Hen
e, both examples also illustrate thefa
t that the 
onditions for termination of SLDNF of Apt and Bezem [3℄ (namely a
y
li
ity of theprogram and boundedness of the query) are not suÆ
ient for proving termination of SLDNFA.Example A.1 The following program and query are abdu
tive re
ursive with a 
y
le 
onsisting of twoabdu
ible predi
ates (n = 2 in De�nition 4.7). Noti
e the similarity with Example 4.1.P fp1=1;p2=1g : 8>><>>: r1  p1(X);:q1(X)r2  p2(X);:q2(X)q1(X)  p2(f(X))q2(X)  p1(f(X))Consider the query  :r1;:r2; p1(X). Then P fp1=1;p2=1g [ f :r1;:r2; p1(X)g is abdu
tive re
ursivesin
e �r1 !Q;P �p1, �r1 !Q;P;s +p2 and �r2 !Q;P �p2, �r2 !Q;P;s +p1. Note that the SLDNFA-derivation of  :r1;:r2; p1(X) in P fp1=1;p2=1g (see Figure 3) is in�nite.
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Figure 3: SLDNFA-derivation for  :r1;:r2; p1(X) in P fp1=1;p2=1g.Example A.2 In this example we illustrate how an in�nitely bran
hing node in an SLDNFA-derivation
an give rise to an in�nite bran
h.P fp=2g : � r  p(X;Y );:q(X;Y )q(f(X); f(Y ))  p(X;Y )Consider the query  p(X;Y );:X = Y;:r. Then P fp=2g [ f p(X;Y );:X = Y;:rg is abdu
tivere
ursive sin
e �r !Q;P �p, �r !Q;P;s +p. The SLDNFA-derivation of  p(X;Y );:X = Y;:r inP fp=2g, shown in Figure 4, 
ontains an in�nitely bran
hing node and an in�nite bran
h. Con
erningthe notation used in this �gure: note that a mgu obtained in a positive resolution step is applied to allthe nodes in the SLDNFA-derivation. When an appli
ation of su
h a positive uni�er instantiates a leafin the tree and enables the sele
tion of an atom in that leaf, we write this instan
e together with thenumber of the 
orresponding positive resolution step under that leaf.18
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Figure 4: SLDNFA-derivation for  p(X;Y );:X = Y;:r in P fp=2g.
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